Course Syllabus Skoltech

Course Title Integrable Many-Body Systems and Nonlinear Equations
Course Title (in Russian) NHTerpnpyemble MHOro4acTUUHbIe CUCTEMbI U HEJTUHENHbIE
ypaBHeHus

Lead Instructor Zabrodin, Anton

1. Annotation

Course Description

This course is devoted to many-body integrable systems of classical mechanics such as Calogero-Moser,
Ruijsenaars-Schneider and their spin generalizations. These systems play a significant

role in modern mathematical physics. They are interesting and meaningful from both mathematical and
physical points of view and have important applications and deep connections with different problems in
mathematics and physics. The history of integrable many-body systems starts in 1971 from the famous
Calogero-Moser model which exists in rational, trigonometric or hyperbolic and (most general) elliptic
versions. Later it was discovered that there exists a one-parametric deformation of the Calogero-Moser
system preserving integrability, often referred to as relativistic extension. This model is now called the
Ruijsenaars-Schneider system. In its most general version the interaction

between particles is described by elliptic functions.

The integrable many-body systems of Calogero-Moser type have intimate connection with nonlinear
integrable equations such as

Korteveg-de Vries and Kadomtsev-Petviashvili (KP) equations. Namely, they describe dynamics of poles of
singular solutions (in general, elliptic solutions) to the nonlinear integrable partial differential equations.
The Ruijsenaars-Schneider system plays the same role for singular solutions to the Toda lattice equation.

In this course the algebraic structure of the integrable many-body systems will be presented. The Lax
representation and interrals of motion will be obtained using the corerspondence with the equations of the
KP type. The necessary material about the latter will be given in the course. The construction of the
spectral curves will be discussed.

Course Description (in Russian)

STOT KypC NOCBSALLEH UHTErPUPYEMbBIM MHOMOYACTUYHbIM CUCTEMAM KJ1aCCUYECKOM MeXaHUKN TakKuM
Kak cucteMbl Kanogykepo-Mo3sepa, PyinceHapca-LLHangepa 1 ux cnmHoBble 0606LeHNsSI. TN CUCTEMDI
UrparoT 3HAYMTENIbHYIO POJSib B COBpPeMeEHHOM MaTeMaTnyeckon dunsmke. OHM MHTEPECHbI U
copepyaTenbHbl Kak C MaTeMaTUYECKOM, TaK U ¢ GU3NYECKON TOUYEK 3PEHUS U UMEIOT BaXKHble
NPUNOXKEHNS U rNy6OoKMNe CBA3K C pa3/iMyHbIMK NpobaeMammn B MaTtemaTuke u ¢pusmke. Uctopus
WMHTErpMpyemMbiX CUCTEM MHOIMMX YacTul, HaumHaeTcs B 1971 rogy co 3HaMeHuTon Mogenu Kanomxepo-
Mo3sepa, KoTopasi CyLeCTBYET B paUMOHaIbHOW, TPUrOHOMETPUYECKON UK rMnepboIMyYecKon un
(Hanbonee obLel) annmMnTuyeckor sepcusix. NosgHee 661710 06HAPYXKEHO, YTO CyLLLECTBYET
opgHonapamMeTpuyeckas gedhopmanms cuctembl Kanogxepo-Mosepa, coxpaHsatoLwas MHTErpupyeMOCTDb,
KOTOpas M3BECTHa TaKXXe KaK ee peniaTMBUCTCKOe 0606LLeHMe. B HacToswee BpeMs aTa MOAeENb
Ha3blBaeTcsa cuctemon PyinceHapca-lLHangepa. B ee Hanbonee obuien Bepcun B3anMogencTene Mexay
yacTuuaMu onucbliBaeTCa ANANNTUYECKUMU DYHKLNAMMN.

UHTerpmpyemble cuctembl Tvna Kanog)xepo-Mosepa MMerOT TECHYIO CBSA3b C HEJTMHENHbBIMU
WUHTErpupyemMbiMUn ypaBHEHUAMU TaKUMU KaK ypaBHeHUe KopTeBera-ae ®pusa u ypaBsHeHne KagomueBa-



MeTtBuawsunu (KIM). A UMEHHO, OHM OMUCbIBAOT AVHAMMKY MOJIKOCOB CUHTYSPHbIX PeLLeHNit (B 06LLEM
cnyyae aNIMNTUYECKNX) HENMTMHENHbBIX UHTETPUPYEMbIX YPaBHEHWUIA B YaCTHbIX NPOU3BOAHbIX. CucTemMa
PyinceHapca-LLUHangepa urpaet Ty e posib ANA CUHTYNSAPHbBIX PeLleHnin ypaBHEHNSA peweTkn Toabl.

B naHHOM Kypce 6yaeT npeacTaBfieHa anrebpanyeckasi CTpyKTypa MHTErpupyeMbiX MHOrOYacTUYHbIX
cucTeM. C noMoLLbo COOTBETCTBUSA C ypaBHeHMsAMM Tuna KIM 6yaeT nonyyeHo npeactaBneHune Jlakca u
HalaeHbl UHTErpanbl ABMXeHUSA. Heo6XoaMMbIi MaTepuan 0 HENIMHENHbBIX MHTErPUPYEMbIX YPpaBHEHUAX
6y[eT AaH B Kypce. byzeT Takxxe 06CyXAaTbCa KOHCTPYKLNUS CNEKTPanbHbIX KPUBbIX.



2. Basic Information

Course Academic Level MSc  PhD

Number of ECTS credits 6

Course Prerequisites / Recommendations
Students should be familiar with linear algebra and complex analysis.

Type of Assessment Graded

Mapping from grades to percentage:

A: 86

B: 76

C 66

D: 56

E 46

F: 0

Term Term 3-4

Students of Which Programs do You Recommend to Consider this Course as an Elective?
BSc Programs Masters Programs PhD Programs

Mathematics and Mechanics

Maximum Number of Students

Maximum Number of Students
Overall: 10

Per Group (for seminars and labs): 10

Course Stream Entrepreneurship and Innovation (E&lI)

3. Course Content

Lecture, lab and seminar hour distribution among topics



Topic

Calogero-Moser
system

Ruijsenaars-
Schneider system

Spin
genaralization of
systems of
Calogero-Moser

type

Equations of KP
type

Elliptic solutions
to the KP equation

Elliptic solutions
to the Toda
equation

Hamiltonian
structure

Matrix KP
equation

Summary of Topic

Introduction to
Calogero-Moser
systems (rational,
trigonometric and
elliptic)

Introduction to the
Ruijsenaars-
Schneider
systems
(relativistic
extension of
Calogero-Moser)

Spin
generalization of
systems of
Calogero-Moser
type: integrals of
motion, spectral
curves

Nonlinear
integrable
equations of KP
and Toda type:
Lax
representation,
auxiliary linear
problems

Derivation of
dynamics of poles
of elliptic
solutions to the
KP equation

Derivation of pole
dynamics of
elliptic solutions
to the Toda
equation

Hamiltonian
structure of
integrable many-
body systems

Dynamics of poles
of elliptic
solutions to the
matrix KP
equation

4. Learning Outcomes

Lectures (# of
hours)

Seminars (# of
hours)

Labs (# of hours)



Please choose framework for learning

Knowledge-Skill-Experience
outcomes

Knowledge

Students will understand the algebraic structure of integrable many-body systems

Skill

Students will be able to derive the dynamics of poles of singular solutions to nonlinear partial
differential equations

Experience

The experience of algebraic analysis of integrable systems

Learning outcomes of the course are specified in the steering document of the educational program in
accordance with the Federal State Educational Standard on the website in Education section /
PesynbTaTbl 0CBOEHUSI MO y4ebHOMY anemMeHTy B cooTBeTcTBME ¢ GIOC OTpaxeHbl B onMcaHumn
obpasoBaTefibHON NporpaMmmbl B pasaene O6pasoBaHue

5. Assignments and Grading

Assignment Types

Assignment Type Assignment Summary % of Final Course Grade
Exercise Problems for home work on 50
each topic
Final Exam Exam in the end of the course 50

6. Assessment Criteria

Select Assignment 1 Type Problem Set

Input or Upload Sample of Assigment 1:

Input Sample of Assignment 1
To obtain equations of motion for the Calogero-Moser model from the Lax equation.

Assessment Criteria for Assignment 1
The complete and correct derivation.

Select Assignment 2 Type Homework Assignments

Input or Upload Sample of Assigment 2:

Input Sample of Assignment 2
To obtain the Lax representation for the Ruijsenaars-Schneider system

Complete and correct derivation
Input or Upload Sample of Assigment 3:

Input or Upload Sample of Assigment 4:


https://www.skoltech.ru/sveden/education
https://www.skoltech.ru/sveden/education

Input or Upload Sample of Assigment 5:
Input or Upload Sample of Assigment 6:
Input or Upload Sample of Assigment 7:
Input or Upload Sample of Assigment 8:
Input or Upload Sample of Assigment 9:

In the next question we ask you to define general categories of the course. What does your course teaches
in broad terms?

7. Textbooks and Internet Resources

You can request at most two required textbooks. Additionaly, you can suggest up to nine recommended
textbooks.

Required Textbooks ISBN-13 (or ISBN-10)

A.M. MNepenomoB, NHTerpupyemble
CUCTEMbI KJTACCUYECKON MEXAHUKU N 5-02-013826-6
anre6psbl JIn, MockBa, Hayka, 1990

Papers DOI or URL

A.Zabrodin, Elliptic
solutions to
integrable nonlinear
equations and many-
body systems,Journal
of Geometry and
Physics 146 (2019)
103506

10.1016/j.geomphys.2019.103506

8. Facilities

Software

None

9. Additional Notes



