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1. Annotation

Course Description
This is a continuation of the subject started in "Some Uses of Twistors in Field Theory", 2024.

The subject of this course will be mainly twistors and the complex geometry. The word 'twistor' should be
properly understood as 'twistor transform'. The latter in short means the following.

To certain 4-dimansional Riemannian (or pseudo-Riemannian, but Riemannian case is still more
convenient) manifolds one can associate a 3-dimensional complex manifold. In this setting, the points of
a 4-fold M are in 1:1 correspondence with "real" lines in the complex 3-fold P. For example, to the
Riemannian 4-fold M=S* one gets associated complex 3-fold P=CP3, while for M=R*=S*\{00} one gets
M=CP3\{a line}. In this context M plays the role of a (Euclidian version of) the space-time, whereas P is
called the twistor space. As a matter of fact, this construction can be carried out for certain 4n-
dimensional Riemannian metrics, yielding a complex manifold the twistor space) of dimension 2n+1. This
correspondence allows one to rewrite some interesting equation of Mathematical Physics for fields on M
in terms of complex geometry of P. This transition can be called the twistor transform.

In this course we shall consider a number of examples of such a character.

You can find a more detailed plan in an attached file in § 9.

Course Description (in Russian)

MNpeaMeT 3Toro Kypca - TBUCTOPbI M KOMIMIeKCHas reomMeTpusi. CnoBo "TBMUCTOpbI" cneayeT NoHMMaTb
Kak 6onee onpeaeneHHoe NoHATME "TBUCTOPHOE Npeobpa3oBaHue”. Peyb 0 cnegyrowem.

C HeKOTOpPbIMU 4-MePHbIMU PUMAHOBbIMU (MK NCEBAOPUMAHOBbLIMU, HO PUMaHOBbI y106HEe)
MHOroo6pasusiMmn MOXXHO onpegesnieHHbIM 06pa3oM cBsAi3aTb 3-MepHOe KOMIMJIEKCHOe MHOroobpasue,
HasblBaeMOe TBUCTOPHbIM MPOCTPaHCTBOM. [MpKn 3TOM ToUKKN 4-MepHOro M HaxoaaTcs B 1:1
COOTBETCTBUM C "BeLLECTBEHHbIMU" MPSAMbIMU B KOMMNEKCHOM 3-MepHOM P. Hanpumep, pumaHoBy
MHOroo6pasuto M=S* oTBe4yaeT KOMMIEKCHOE NpoeKTUBHOe npocTpaHcTBo P=CP3, a ecnn M=R*=S*\{oo},
10 P=CP3\{npsimas}. B 3ToM KOHTeKCTe M urpaet posib MPOCTPaHCTBA-BpeMEHM (B €BKINA0BOM BEpCcUn),
P Ha3bIBaeTCA TBUCTOPHbIM MPOCTPAHCTBOM. Ha caMoM fiene, MOXXHO paccMaTpmBaTh He TONbKO 4-
MepHbIIA Cnyyail, a U HeKOoTopble 4n-MepHble METPUKMU, MO KOTOPbIM CTpouTcs (2n+1)-MepHoe
KOMMeKCcHoe (TBUCTOPHOE) MHOroo6pasue.

Takas cBA3b NO3BOMIAET NepenncaTb HEKOTOPble MHTEpPeCHbIe ypaBHEHUA MaThU3nKKN Ansa noner Ha M B
TepMMHaxX KOMMJIEKCHOM reoMeTpun Ha P. 3TOT nepexo MOXXHO HasBaTb TBUCTOPHbLIM
npeobpasoBaHUEM.

B aTOM Kypce Mbl pacCMOTPMM psf NPMMEPOB TaKoro xapakTtepa.



bonee petanbHbIN NnaH - B NpuKpenieHHom daine B § 9.



2. Basic Information

Course Academic Level MSc  PhD

Number of ECTS credits 6

Course Prerequisites / Recommendations
Student should be familiar with basic differential and especially complex geometry.

Type of Assessment Graded

Mapping from grades to percentage:

A: 86

B: 76

C 66

D: >0

£ 46

F: 0

Term Multiterm (Terms 3-4)

Students of Which Programs do You Recommend to Consider this Course as an Elective?
BSc Programs Masters Programs PhD Programs

Mathematical and Theoretical Mathematics and Mechanics
Physics Physics

Maximum Number of Students

Maximum Number of Students
Overall: 10

Per Group (for seminars and labs): 10

3. Course Content

Non-contact
Contact Contact Contact Hours: Stude

Topic Summary of Topic Hours: Lec Hours: S Hours: nt's
tures eminars Labs Independent
Study
s Construction of twistor transform 20 20 41

theory



Contact Contac \on-contact

Contact Hours: t Hours: Stude
Topic Summary of Topic Hours: Le Semi ) H . nt's
ctures en:nar I(_):t:: Independent
Study
Basics on :
complex ?C())rllc;r:qgrlghlc vector bundles, related 20 20 a1
geometry 9y
4. Learning Outcomes
Skoltech Learning Outcomes are indicated as per Skoltech Learning_ Outcomes Framework.
1. FUNDAMENTAL KNOWLEDGE
1.1. KNOWLEDGE OF MATHEMATICS AND NATURAL SCIENCES
5. Assignments and Grading
Physical Attendance Requirement 60
(% of classes)
Assignment Type Assignment Summary % of Final Course Grade

Final Exam solving problems 100

6. Assessment Criteria

Assignment 1 Type Final Exam

Assessment Criteria for Assignment 1

Solving problems from a list provided by the instructor. Students prepare solutions in advance,
before the examination. They are encouraged to start solving problems during the semester.
This normally leads to a higher grade because there is time to discuss their solutions and
make corrections. However, all the estimates are made by the time of exam.

The main goal of the examination is to force students to consider the material of the course
in all detail and to achieve a better understanding, which usually comes from "active thinking",
rather than "passive". The problems to be solved for this assignment are not technically
complicated and, in principle, can be found in literature. However, the main point is how

a student understands what he/she has written as a solution.

This is easily seen when the discussion with the examiner on the final exam comes.

7. Textbooks and Internet Resources

You can request at most two required textbooks. Additionaly, you can suggest up to nine recommended
textbooks.

Required Textbooks ISBN-13 (or ISBN-10)

some textbook


https://drive.google.com/file/d/1X7xTm259keOUNEpg_Sdjrb2GMYP1IPoi/view?usp=sharing

Recommended Textbooks ISBN-13 (or ISBN-10)

Principles of Algebraic Geometry.
Author(s):. Phillip Griffiths, Joseph 9780471050599
Harris

M.ATbs, l[eomMeTpus nonen Axra-

Mwunnca, . _
B: M.ATbs, leomMeTpus y310B U pu13nKa, 5-03-002892-7

MockBa, «Mup», 1995

R.Ward, Integrable Systems and

Twistors

In: Integrable Systems: Twistors, Loop

Groups, and Riemann Surfaces (Oxford

Graduate Texts in Mathematics, Vol. 4) 978-0199676774
(Oxford Graduate Texts in Mathematics

(No. 4)) 1st Edition, by N. J. Hitchin, G.

B. Segal, R. S. Ward

8. Facilities
9. Additional Notes

The proposed course 1) has explicit academic content and requirements for receiving credits,
2) is in alignment with the program's learning outcomes, 3) adheres to policies and Skoltech
regulations.

Lead Instructor confirms



