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Äâóìåðèçîâàííàÿ öåïî÷êà Òîäû è åå ýëëèïòè÷åñêèå

ðåøåíèÿ

Ïîäîáíî ñèñòåìå ÊÌ, ïîëó÷àþùåéñÿ êàê äèíàìè÷åñêàÿ ñèñòåìà äëÿ ïîëþñîâ ñèíãó-
ëÿðíûõ ðåøåíèé ÊÏ, ñèñòåìà ÐØ òîæå ìîæåò áûòü ïîëó÷åíà êàê äèíàìèêà ïîëþñîâ
ñèíãóëÿðíûõ ðåøåíèé íåëèíåéíûõ óðàâíåíèé. Âìåñòî óðàâíåíèÿ (è èåðàðõèè) ÊÏ
íóæíî ðàññìîòðåòü åãî �ðàçíîñòíûé àíàëîã� � óðàâíåíèå äâóìåðèçîâàííîé öåïî÷êè
Òîäû (è ñîîòâåòñòâóþùóþ èåðàðõèþ).

Äâóìåðèçîâàííàÿ öåïî÷êà Òîäû

Èåðàðõèÿ äâóìåðèçîâàííîé öåïî÷êè Òîäû ïðåäñòàâëÿåò ñîáîé áåñêîíå÷íûé íàáîð
ñîâìåñòíûõ íåëèíåéíûõ äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé. Ìíîæåñòâî íåçà-
âèñèìûõ ïåðåìåííûõ âêëþ÷àåò íåïðåðûâíûå âðåìåíà t = {t1, t2, t3, . . .} (�ïîëîæè-
òåëüíûå� âðåìåíà), t̄ = {t̄1, t̄2, t̄3, . . .} (�îòðèöàòåëüíûå� âðåìåíà), ïî êîòîðûì óðàâ-
íåíèÿ èåðàðõèè äèôôåðåíöèàëüíûå, è �íóëåâîå� âðåìÿ t0 = x , êîòîðîå îáû÷íî ñ÷è-
òàåòñÿ ïðîñòðàíñòâåííîé ïåðåìåííîé è ïî êîòîðîìó óðàâíåíèÿ èåðàðõèè ðàçíîñò-
íûå. Åñëè îòðèöàòåëüíûå âðåìåíà çàìîðîæåíû (ïîëîæåíû ðàâíûìè íóëþ), óðàâ-
íåíèÿ, âêëþ÷àþùèå ïåðåìåííûå x è t îáðàçóþò ìîäèôèöèðîâàííóþ èåðàðõèþ ÊÏ
(ìÊÏ), êîòîðóþ ìîæíî ðàññìàòðèâàòü êàê ïîäèåðàðõèþ äâóìåðèçîâàííîé öåïî÷êè
Òîäû.

Íàïîìíèì îñíîâíûå ñâåäåíèÿ î äâóìåðèçîâàííîé öåïî÷êå Òîäû. Áîëåå ïîäðîáíîå
èçëîæåíèå ìîæíî íàéòè â ðàáîòå [31]. Â ôîðìàëèçìå Ëàêñà-Ñàòî îñíîâíûå îáúåêòû
� äâà îïåðàòîðà Ëàêñà L è L̄, êîòîðûå â îòëè÷èå îò èåðàðõèè ÊÏ ÿâëÿþòñÿ íå
ïñåâäîäèôôåðåíöèàëüíûìè, à ïñåâäîðàçíîñòíûìè îïåðàòîðàìè, ò.å. áåñêîíå÷íûìè
ëèíåéíûìè êîìáèíàöèÿìè îïåðàòîðîâ ñäâèãà âèäà

L = eη∂x +
∑
k≥0

Uk(x)e
−kη∂x , L̄ = c(x)e−η∂x +

∑
k≥0

Ūk(x)e
kη∂x ,

ãäå η � ïàðàìåòð (�ïîñòîÿííàÿ ðåøåòêè�), eη∂x � îïåðàòîð ñäâèãà, îïðåäåëåííûé äåé-
ñòâèåì íà ôóíêöèþ f(x) êàê e±η∂xf(x) = f(x ± η), è êîýôôèöèåíòíûå ôóíêöèè
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c(x), Uk, Ūk � ôóíêöèè îò x, t è t̄. Óðàâíåíèÿ èåðàðõèè � ýòî äèôôåðåíöèàëüíî-
ðàçíîñòíûå óðàâíåíèÿ íà ôóíêöèè c(x), Uk, Ūk, çàêîäèðîâàííûå â óðàâíåíèÿõ Ëàêñà

∂tmL = [Bm,L], ∂tmL̄ = [Bm, L̄] Bm = (Lm)≥0,

∂t̄mL = [B̄m,L], ∂t̄mL̄ = [B̄m, L̄] B̄m = (L̄m)<0,

ãäå
(∑
k∈Z

Uke
kη∂x

)
≥0

=
∑
k≥0

Uke
kη∂x ,

(∑
k∈Z

Uke
kη∂x

)
<0

=
∑
k<0

Uke
kη∂x . Íàïðèìåð,

B1 = eη∂x + U0(x), B̄1 = c(x)e−η∂x .

Ñóùåñòâóåò ýêâèâàëåíòíàÿ ôîðìóëèðîâêà â âèäå óðàâíåíèé Çàõàðîâà-Øàáàòà íà
ðàçíîñòíûå îïåðàòîðû Bm, B̄m:

∂tnBm − ∂tmBn + [Bm,Bn] = 0,

∂t̄nBm − ∂tmB̄n + [Bm, B̄n] = 0,

∂t̄nB̄m − ∂t̄mB̄n + [B̄m, B̄n] = 0.

Â ÷àñòíîñòè, ïðè m = n = 1 èç âòîðîãî óðàâíåíèÿ èìååì
∂t1 log c(x) = v(x)− v(x− η)

∂t̄1v(x) = c(x)− c(x+ η),

ãäå v(x) = U0(x). Èñêëþ÷èâ v(x), ïîëó÷àåì äèôôåðåíöèàëüíî-ðàçíîñòíîå óðàâíåíèå
âòîðîãî ïîðÿäêà íà c(x):

∂t1∂t̄1 log c(x) = 2c(x)− c(x+ η)− c(x− η),

÷òî åñòü îäíà èç ôîðì óðàâíåíèÿ äâóìåðèçîâàííîé Òîäû. Ïîñëå ïîäñòàíîâêè c(x) =
eφ(x)−φ(x−η) îíî ïðèîáðåòàåò íàèáîëåå èçâåñòíûé âèä

∂t1∂t̄1φ(x) = eφ(x)−φ(x−η) − eφ(x+η)−φ(x).

Óðàâíåíèÿ Çàõàðîâà-Øàáàòà � óñëîâèÿ ñîâìåñòíîñòè ëèíåéíûõ çàäà÷

∂tmψ = Bm(x)ψ, ∂t̄mψ = B̄m(x)ψ,

ãäå âîëíîâàÿ ôóíêöèÿ ψ çàâèñèò îò ñïåêòðàëüíîãî ïàðàìåòðà z: ψ = ψ(z; t). Îíà
èìååò ñëåäóþùåå ðàçëîæåíèå ïî ñòåïåíÿì z:

ψ = zx/ηeξ(t,z)
(
1 +

ξ1(x, t, t̄)

z
+
ξ2(x, t, t̄)

z2
+ . . .

)
,

ãäå
ξ(t, z) =

∑
k≥1

tkz
k.

Ïðè öåëûõ x/η ýòî ìåðîìîðôíàÿ ôóíêöèÿ, ïðè íåöåëûõ îíà èìååò âåòâëåíèå â ∞.
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Óäîáíî ââåñòè âîëíîâîé (îäåâàþùèé) îïåðàòîð êàê ïñåâäîðàçíîñòíûé îïåðàòîð
âèäà

W(x) = 1 + ξ1(x)e
−η∂x + ξ2(x)e

−2η∂x + . . .

ñ òåìè æå êîýôôèöèåíòàìè ξk, ÷òî è â ðàçëîæåíèè âîëíîâîé ôóíêöèè; òîãäà âîë-
íîâàÿ ôóíêöèÿ ïðåäñòàâèòñÿ â âèäå

ψ = W(x)zx/ηeξ(t,z).

Äâîéñòâåííàÿ âîëíîâàÿ ôóíêöèÿ ψ∗ îïðåäåëÿåòñÿ ôîðìóëîé

ψ∗ = (W†(x−η))−1z−x/ηe−ξ(t,z),

ãäå ñîïðÿæåííûé ðàçíîñòíûé îïåðàòîð ââîäèòñÿ ïî ïðàâèëó (f(x)◦enη∂x)† = e−nη∂x ◦
f(x). Îíà èìååò ðàçëîæåíèå

ψ∗ = z−x/ηe−ξ(t,z)

(
1 +

ξ∗1(x, t, t̄)

z
+
ξ∗2(x, t, t̄)

z2
+ . . .

)
.

Ëèíåéíûå çàäà÷è äëÿ äâîéñòâåííîé âîëíîâîé ôóíêöèè èìåþò âèä

−∂tmψ∗ = B†
m(x−η)ψ∗.

Â ÷àñòíîñòè,
∂t1ψ(x) = ψ(x+ η) + v(x)ψ(x),

−∂t1ψ∗(x) = ψ∗(x− η) + v(x− η)ψ∗(x),

∂t̄1ψ(x) = c(x)ψ(x− η).

Îáùåå ðåøåíèå èåðàðõèè äâóìåðèçîâàííîé öåïî÷êè Òîäû äîñòàâëÿåòñÿ òàó-ôóíê-
öèåé τ = τ(x, t, t̄). Â òåðìèíàõ òàó-ôóíêöèè èåðàðõèÿ êîäèðóåòñÿ ïðîèçâîäÿùèì
áèëèíåéíûì ñîîòíîøåíèåì∮

C∞
z

x−x′
η

−1eξ(t,z)−ξ(t′,z)τ
(
x, t− [z−1], t̄

)
τ
(
x′ + η, t′ + [z−1], t̄′

)
dz

=
∮
C0

z
x−x′

η
−1eξ(t̄,z

−1)−ξ(t̄′,z−1)τ
(
x+ η, t, t̄− [z]

)
τ
(
x′, t′, t̄′ + [z]

)
dz

ñïðàâåäëèâûì äëÿ âñåõ t, t′, t̄, t̄′ è x, x′ òàêèõ, ÷òî (x − x′)/η ∈ Z. Ìû èñïîëüçóåì
îáîçíà÷åíèå

t± [z] =
{
t1 ± z, t2 ± 1

2
z2, t3 ± 1

3
z3, . . .

}
,

êîòîðîå óæå ââîäèëîñü ïðè îáñóæäåíèè èåðàðõèè ÊÏ. Êîíòóð èíòåãðèðîâàíèÿ â
ëåâîé ÷àñòè � áîëüøàÿ îêðóæíîñòü âîêðóã ∞, êîòîðàÿ ðàçäåëÿåò ñèíãóëÿðíîñòè,
èäóùèå èç ýêñïîíåíöèàëüíîãî ôàêòîðà (îíè íàõîäÿòñÿ ñíàðóæè êîíòóðà) è èç òàó-
ôóíêöèé. Êîíòóð èíòåãðèðîâàíèÿ â ïðàâîé ÷àñòè � ìàëàÿ îêðóæíîñòü âîêðóã íóëÿ,
ðàçäåëÿþùàÿ ñèíãóëÿðíîñòè, èäóùèå èç ýêñïîíåíöèàëüíîãî ôàêòîðà (îíè íàõîäÿòñÿ
âíóòðè êîíòóðà) è èç òàó-ôóíêöèé.
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Ñëåäñòâèÿìè èíòåãðàëüíîãî ñîîòíîøåíèÿ ÿâëÿþòñÿ áèëèíåéíûå óðàâíåíèÿ òèïà
Õèðîòû-Ìèâû. Îäíî èç íèõ ïîëó÷àåòñÿ, åñëè â èíòåãðàëüíîì áèëèíåéíîì ñîîòíî-
øåíèè ïîëîæèòü x′ = x, t̄′ = t̄, t− t′ = [λ−1] + [µ−1], òàê ÷òî

eξ(t,z)−ξ(t′,z) =
λµ

(λ− z)(µ− z)
.

Âû÷èñëåíèå èíòåãðàëîâ ïî âû÷åòàì äàåò óðàâíåíèå (ôóíêöèîíàëüíîå ñîîòíîøåíèå)

µτ(x+ η, t+ [λ−1]− [µ−1], t̄)τ(x, t, t̄)− λτ(x+ η, t, t̄)τ(x, t+ [λ−1]− [µ−1], t̄)

+ (λ− µ)τ(x+ η, t+ [λ−1], t̄)τ(x, t− [µ−1], t̄) = 0.

Äðóãîå âàæíîå óðàâíåíèå ïîëó÷àåòñÿ àíàëîãè÷íûì îáðàçîì, åñëè ïîëîæèòü x′ =
x− η, t− t′ = [λ−1], t̄− t̄′ = [ν]. Îíî èìååò âèä

τ(x, t− [λ−1], t̄)τ(x, t, t̄− [ν])− τ(x, t, t̄)τ(x, t− [λ−1], t̄− [ν])

= νλ−1τ(x+ η, t, t̄− [ν])τ(x− η, t− [λ−1], t̄).

Óðàâíåíèÿ èåðàðõèè ïîëó÷àþòñÿ ðàçëîæåíèåì ýòèõ ñîîòíîøåíèé ïî ñòåïåíÿì λ, µ,
ν.

Êîýôôèöèåíòíûå ôóíêöèè îïåðàòîðîâ Ëàêñà âûðàæàþòñÿ ÷åðåç òàó-ôóíêöèþ.
Íàïðèìåð:

U0(x) = v(x) = ∂t1 log
τ(x+ η)

τ(x)
, c(x) =

τ(x+ η)τ(x− η)

τ 2(x)
.

Óðàâíåíèå Òîäû â òåðìèíàõ òàó-ôóíêöèè ïðèíèìàåò âèä

∂t1∂t̄1 log τ(x) = −τ(x+ η)τ(x− η)

τ 2(x)
.

Âîëíîâûå ôóíêöèè âûðàæàþòñÿ ÷åðåç òàó-ôóíêöèþ ñëåäóþùèì îáðàçîì:

ψ = zx/ηeξ(t,z)
τ(x, t− [z−1], t̄)

τ(x, t, t̄)
,

ψ∗ = z−x/ηe−ξ(t,z) τ(x, t+ [z−1], t̄)

τ(x, t, t̄)
.

Ìîæíî òàêæå ââåñòè äîïîëíèòåëüíûå âîëíîâûå ôóíêöèè ψ̄, ψ̄∗ ôîðìóëàìè

ψ̄ = zx/ηeξ(t̄,z
−1) τ(x+ η, t, t̄− [z])

τ(x, t, t̄)
,

ψ̄∗ = z−x/ηe−ξ(t̄,z−1) τ(x− η, t, t̄+ [z])

τ(x, t, t̄)
.

Îíè óäîâëåòâîðÿþò òåì æå ëèíåéíûì óðàâíåíèÿì, ÷òî è ψ, ψ∗. Íàì áóäåò áîëåå
óäîáíî ðàáîòàòü ñ äîïîëíèòåëüíûìè âîëíîâûìè ôóíêöèÿìè, íîðìèðîâàííûìè ïî-
äðóãîìó:

ϕ(x) =
τ(x)

τ(x+ η)
ψ̄(x) = zx/ηeξ(t̄,z

−1) τ(x+ η, t, t̄− [z])

τ(x+ η, t, t̄)
,

4



ϕ∗(x) =
τ(x)

τ(x− η)
ψ̄∗(x) = z−x/ηe−ξ(t̄,z−1) τ(x− η, t, t̄+ [z])

τ(x− η, t, t̄)
.

Îíè óäîâëåòâîðÿþò ëèíåéíûì óðàâíåíèÿì

∂t̄1ϕ(x) = ϕ(x− η)− v̄(x)ϕ(x), −∂t̄1ϕ∗(x) = ϕ∗(x+ η)− v̄(x− η)ϕ∗(x),

ãäå v̄(x) = ∂t̄1 log
τ(x+ η)

τ(x)
.

Íàêîíåö, óêàæåì ïîëåçíûå ñëåäñòâèÿ èíòåãðàëüíîãî áèëèíåéíîãî ñîîòíîøåíèÿ,
êîòîðûå áóäóò èñïîëüçîâàòüñÿ äàëåå. Ïðîäèôôåðåíöèðîâàâ èíòåãðàëüíîå áèëèíåé-
íîå ñîîòíîøåíèå ïî tm è ïîñëå ýòîãî ïîëîæèâ x = x′, t = t′ t̄ = t̄′, ïîëó÷èì:

1

2πi

∮
C∞

zm−1τ
(
x, t− [z−1], t̄

)
τ
(
x+ η, t+ [z−1], t̄

)
dz

= ∂tmτ(x+ η, t, t̄)τ(x, t, t̄)− ∂tmτ(x, t, t̄)τ(x+ η, t, t̄)

èëè

res
∞

(
zmψ(x)ψ∗(x+ η)

)
= −∂tm log

τ(x+ η)

τ(x)
.

Ýêâèâàëåíòíûì îáðàçîì ýòî ñîîòíîøåíèå ìîæíî çàïèñàòü â âèäå

ψ(x)ψ∗(x+ η) = 1 +
∑
m≥1

z−m−1∂tm log
τ(x+ η)

τ(x)
.

Àíàëîãè÷íî, ïðîäèôôåðåíöèðîâàâ èíòåãðàëüíîå áèëèíåéíîå ñîîòíîøåíèå ïî t̄m è
ïîëîæèâ x = x′, t = t′, t̄ = t̄′, ïîëó÷èì

res
0

(
z−mϕ(x)ϕ∗(x+ η)

)
= −∂t̄m log

τ(x+ η)

τ(x)
.

Çäåñü res
∞
, res

0
îò ðÿäà Ëîðàíà îïðåäåëÿþòñÿ êàê res

∞
(z−n) = −δn1, res

0
(z−n) = δn1.

Ñèñòåìà ÐØ èç äèíàìèêè ïîëþñîâ ñèíãóëÿðíûõ ðåøåíèé

Ñðåäè âñåõ ðåøåíèé äâóìåðèçîâàííîé öåïî÷êè Òîäû îñîáûé èíòåðåñ ïðåäñòàâëÿþò
ðåøåíèÿ, èìåþùèå êîíå÷íîå ÷èñëî ïîëþñîâ ïî ïåðåìåííîé x â ôóíäàìåíòàëüíîé
îáëàñòè êîìëåêñíîé ïëîñêîñòè. Â ÷àñòíîñòè, ìîæíî ðàññìàòðèâàòü ðàöèîíàëüíûå,
òðèãîíîìåòðè÷åñêèå èëè ýëëèïòè÷åñêèå ðåøåíèÿ ñ ïîëþñàìè, çàâèñÿùèìè îò âðåìåí
t, t̄.

Òðèãîíîìåòðè÷åñêèå ðåøåíèÿ äâóìåðèçîâàííîé öåïî÷êè Òîäû: ñîîòâåò-

ñòâèå ñ ñèñòåìîé ÐØ íà óðîâíå èåðàðõèé. Ìû íà÷íåì ñ òðèãîíîìåòðè÷åñêèõ
ðåøåíèé äâóìåðèçîâàííîé öåïî÷êè Òîäû ïî ïðîñòðàíñòâåííîé ïåðåìåííîé x è ïî-
êàæåì, ÷òî äèíàìèêà èõ ïîëþñîâ â çàâèñèìîñòè îò âðåìåí tk, t̄k ñîâïàäàåò ñ äèíàìè-
êîé òðèãîíîìåòðè÷åñêîé ñèñòåìû ÐØ. Îïèøåì ýòîò ðåçóëüòàò áîëåå ïîäðîáíî. Òàó-
ôóíêöèÿ äâóìåðèçîâàííîé öåïî÷êè Òîäû äëÿ òðèãîíîìåòðè÷åñêèõ ðåøåíèé èìååò
âèä

τ(x, t, t̄) = exp
(
−
∑
k≥1

ktk t̄k
) N∏
i=1

(
e2γx − e2γxi(t,t̄)

)
,
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ãäå γ ïàðàìåòðèçóåò ïåðèîä ðåøåíèé. (Íóëè xi òàó-ôóíêöèè � ïîëþñà ðåøåíèÿ.)
Ïðåäåë γ → 0 ñîîòâåòñòâóåò ðàöèîíàëüíûì ðåøåíèÿì. Ìû ïîêàæåì, ÷òî ýâîëþöèÿ
xi âî âðåìåíè tm îïèñûâàåòñÿ ãàìèëüòîíîâûì ïîòîêîì ñ ãàìèëüòîíèàíîì

Hm = − sinh(mγη)

mγη
trLm,

ãäå

Lij =
γη eηpi

sinh(γ(xi − xj − η))

∏
l ̸=i

sinh(γ(xi − xl + η))

sinh(γ(xi − xl))

� ìàòðèöà Ëàêñà òðèãîíîìåòðè÷åñêîé ñèñòåìû ÐØ. Â ÷àñòíîñòè,

H1 =
∑
i

eηpi
∏
l ̸=i

sinh(γ(xi − xl + η))

sinh(γ(xi − xl))

ïðåäñòàâëÿåò ñîáîé ñòàíäàðòíûé ãàìèëüòîíèàí ñèñòåìû ÐØ. Àíàëîãè÷íî, ýâîëþ-
öèÿ íóëåé òàó-ôóíêöèè xi âî âðåìåíè t̄m îïèñûâàåòñÿ ãàìèëüòîíîâûì ïîòîêîì ñ
ãàìèëüòîíèàíîì

H̄m = − sinh(mγη)

mγη
trL−m.

Íèæå ìû äàåì âûâîä ýòèõ ðåçóëüòàòîâ.

Äèíàìèêà ïî âðåìåíè t1. Ðàññìîòðèì ñíà÷àëà äèíàìèêó ïî ïîëîæèòåëüíûì
âðåìåíàì è ïîëîæèì t̄ = 0. Òàó-ôóíêöèÿ äëÿ òðèãîíîìåòðè÷åñêèõ ðåøåíèé èìååò
âèä

τ(x, t) =
N∏
i=1

(
e2γx − e2γxi(t)

)
.

Êàê è ðàíåå, óäîáíî ïåðåéòè ê ïåðåìåííûì

w = e2γx, wi = e2γxi .

Â ýòèõ ïåðåìåííûõ òàó-ôóíêöèÿ ñòàíîâèòñÿ ïîëèíîìîì ñòåïåíè N îò w ñ êîðíÿ-
ìè wi, êîòîðûå ñ÷èòàþòñÿ ðàçëè÷íûìè: τ =

∏
i

(w − wi). Ôóíêöèÿ v(x) äàåòñÿ òîãäà

ôîðìóëîé

v(x) = ∂t1 log
τ(x+ η)

τ(x)
=
∑
i

(
ẇi

w − wi

− ẇi

qw − wi

)
,

ãäå
q = e2γη.

Çäåñü è äàëåå â ýòîì ðàçäåëå òî÷êà íàä áóêâîé îçíà÷àåò ïðîèçâîäíóþ ïî t1.

Íà÷íåì ñ èññëåäîâàíèÿ äèíàìèêè ïîëþñîâ ïî t1. Ïîëþñíîé àíçàö äëÿ âîëíîâîé
ôóíêöèè èìååò âèä

ψ = zx/ηet1z
(
1 +

∑
i

2γci
w − wi

)
,

ãäå ìû ïîëîæèëè tk = 0 ïðè k ≥ 2. Êîýôôèöèåíòû ci ìîãóò çàâèñåòü îò t è îò z.
Ïîäñòàâèâ ψ è v â ëèíåéíîå óðàâíåíèå

−∂t1ψ(x) + ψ(x+ η) + v(x)ψ(x) = 0,
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ïîëó÷èì:

−z
∑
i

ci
w − wi

−
∑
i

ċi
w − wi

−
∑
i

ẇici
(w − wi)2

+
∑
i

q−1ci
w − q−1wi

+
1

2γ

∑
i

(
ẇi

w − wi

− ẇiq
−1

w − q−1wi

)
+
∑
i

(
ẇi

w − wi

− ẇiq
−1

w − q−1wi

)∑
k

ck
w − wk

= 0.

Ëåâàÿ ÷àñòü � ðàöèîíàëüíàÿ ôóíêöèÿ îò w, ðàâíàÿ íóëþ íà áåñêîíå÷íîñòè, ñ ïðîñòû-
ìè ïîëþñàìè â òî÷êàõ w = wi è w = q−1wi (ïîëþñà âòîðîãî ïîðÿäêà ñîêðàùàþòñÿ
òîæäåñòâåííî). Äëÿ äîñòèæåíèÿ ðàâåíñòâà íóæíî ïðèðàâíÿòü âñå âû÷åòû ê íóëþ.
Ýòî äàåò ñëåäóþùóþ ñèñòåìó ëèíåéíûõ óðàâíåíèé íà êîýôôèöèåíòû ci:

zci − q
∑
k

ẇick
wi − qwk

=
1

2γ
ẇi

ċi = ci

∑
k ̸=i

ẇk

wi − wk

−
∑
k

ẇk

qwi − wk

+
∑
k ̸=i

ẇick
wi − wk

− q
∑
k

ẇick
wi − qwk

.

Àíàëîãè÷íûì îáðàçîì, ñîïðÿæåííîå ëèíåéíîå óðàâíåíèå

∂t1ψ
∗(x) + ψ∗(x− η) + v(x− η)ψ∗(x) = 0

ñ ïîëþñíûì àíçàöåì äëÿ ψ∗-ôóíêöèè

ψ∗ = z−x/ηe−t1z

(
1 +

∑
i

2γc∗i
w − wi

)

ïðèâîäèò ê ñèñòåìå ëèíåéíûõ óðàâíåíèé íà êîýôôèöèåíòû c∗i :

zc∗i −
∑
k

ẇic
∗
k

wk − qwi

= − 1

2γ
ẇi

ċ∗i = c∗i

∑
k ̸=i

ẇk

wi − wk

+
∑
k

qẇk

wi − qwk

+
∑
k ̸=i

ẇic
∗
k

wi − wk

−
∑
k

ẇic
∗
k

qwi − wk

.

Ïîñëå ïðåîáðàçîâàíèÿ c̃i = ciw
−1/2
i , c̃∗i = c∗iw

−1/2
i ýòè ëèíåéíûå ñèñòåìû ìîãóò áûòü

çàïèñàíû â ìàòðè÷íîé ôîðìå(
zI − q1/2L

)
c̃ = ẊW 1/2e, ∂t1 c̃ =M c̃,

c̃∗Ẋ−1
(
zI − q−1/2L

)
= −eTW 1/2, ∂t1 c̃

∗ = −c̃∗M̃,

ãäå c̃ = (c̃1, . . . , c̃N)
T � âåêòîð-ñòîëáåö, c̃∗ = (c̃∗1, . . . , c̃

∗
N) � âåêòîð-ñòðîêà, e = (1, 1, . . . , 1)T,

è ìàòðèöû X, W , L, M , M̃ èìåþò âèä

X = diag (x1, x2, . . . , xN), W = diag (w1, w2, . . . , wN),

Lij = 2γq1/2
ẋiw

1/2
i w

1/2
j

wi − qwj

,
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Mij = γδij

∑
k ̸=i

wi+wk

wi−wk

ẋk−
∑
k

qwi+wk

qwi−wk

ẋk

+ 2γ
ẋiw

1/2
i w

1/2
j

wi − wj

(1−δij)− 2γq
ẋiw

1/2
i w

1/2
j

wi − qwj

,

M̃ji = −γδij

∑
k ̸=i

wi+wk

wi−wk

ẋk−
∑
k

wi+qwk

wi−qwk

ẋk

+ 2γ
ẋiw

1/2
i w

1/2
j

wj − wi

(1−δij)− 2γ
ẋiw

1/2
i w

1/2
j

wj − qwi

.

Ñëåäóþùåå êîììóòàöèîííîå ñîîòíîøåíèå ìîæåò áûòü ïðîâåðåíî íåïîñðåäñòâåííî:

q−1/2WL− q1/2LW = W−1/2ẆEW 1/2.

Çäåñü, êàê è ðàíåå, E = eeT � ìàòðèöà ðàíãà 1 ñ ìàòðè÷íûìè ýëåìåíòàìè Eij = 1.
Ýòî êîììóòàöèîííîå ñîîòíîøåíèå áóäåò èñïîëüçîâàíî â äàëüíåéøåì.

Ëèíåéíàÿ ñèñòåìà äëÿ âåêòîðà c̃ ïåðåîïðåäåëåíà. Ïðîäèôôåðåíöèðîâàâ ïåðâîå
óðàâíåíèå ïî t1 è ïîäñòàâèâ âòîðîå óðàâíåíèå, ïîëó÷èì óñëîâèå ñîâìåñòíîñòè ñè-
ñòåìû â âèäå (

L̇+ [L,M ]
)
c̃+ q−1/2

(
Ẍ + γẊ2 −MẊ

)
W 1/2e = 0.

Ïðÿìîå âû÷èñëåíèå ïîêàçûâàåò, ÷òî

L̇+ [L,M ] = RL,(
Ẍ + γẊ2 −MẊ

)
W 1/2e = RẊW 1/2e,

ãäå
R = ẌẊ−1 +D+ +D− − 2D0

è äèàãîíàëüíûå ìàòðèöû D±, D0 èìåþò âèä

D±
ij = δijγ

∑
k ̸=i

q±1wi + wk

q±1wi − wk

ẋk, D0
ij = δijγ

∑
k ̸=i

wi + wk

wi − wk

ẋk.

Ñëåäîâàòåëüíî, óñëîâèå ñîâìåñòíîñòè ïðèíèìàåò âèä Rc̃ = 0, à ýòî îçíà÷àåò, ÷òî
Rii = 0 äëÿ âñåõ i. Ýòî äàåò óðàâíåíèÿ äâèæåíèÿ òðèãîíîìåòðè÷åñêîé ñèñòåìû ÐØ

ẍi = −γ
∑
k ̸=i

ẋiẋk
(
coth(γ(xik + η)) + coth(γ(xik − η))− 2 coth(γxik)

)

=
∑
k ̸=i

ẋiẋk
2γ sinh2(γη) cosh(γxik)

sinh(γxik) sinh(γ(xik + η)) sinh(γ(xik − η))
,

Ìàòðè÷íîå óðàâíåíèå L̇+ [L,M ′] = 0 ñ

Lij =
γẋi

sinh(γ(xij − η))
,

M ′
ij = γδij

∑
k ̸=i

ẋk coth(γxik)−
∑
k

ẋk coth(γ(xik + η))

+ (1− δij)
γẋi

sinh(γxij)

ñëóæèò ïðåäñòàâëåíèåì Ëàêñà äëÿ íèõ. Ýòè óðàâíåíèÿ ãàìèëüòîíîâû ñ ãàìèëüòî-
íèàíîì

H1 =
∑
i

eηpi
∏
k ̸=i

sinh(γ(xik + η))

sinh(γxik)

Èç óðàâíåíèÿ Ëàêñà ñëåäóåò, ÷òî çàêîíû ñîõðàíåíèÿ èìåþò âèä trLm. Â ðàáîòå [20]
äîêàçàíî, ÷òî îíè íàõîäÿòñÿ â èíâîëþöèè.
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Äèíàìèêà ïî ïîëîæèòåëüíûì âðåìåíàì. Äëÿ àíàëèçà äèíàìèêè ïî âûñøèì
ïîëîæèòåëüíûì âðåìåíàì tk, k ≥ 2, ìû âîñïîëüçóåìñÿ ðàíåå ïîëó÷åííûì ñîîòíîøå-
íèåì

res
∞

(
zmψ(x)ψ∗(x+ η)

)
= −∂tm log

τ(x+ η)

τ(x)
,

êîòîðîå äëÿ òðèãîíîìåòðè÷åñêèõ ðåøåíèé ïðèíèìàåò âèä

1

2πi

∮
C∞

zm−1

(
1 +

∑
i

2γci
w − wi

)(
1 +

∑
k

2γc∗k
qw − wk

)
dz =

∑
i

(
∂tmwi

w − wi

− ∂tmwi

qw − wi

)
.

Îáå ÷àñòè � ðàöèîíàëüíûå ôóíêöèè îò w ñ ïðîñòûìè ïîëþñàìè ïðè w = wi è w =
q−1wi, ðàâíûå íóëþ íà áåñêîíå÷íîñòè. Ïðèðàâíèâàÿ âû÷åòû â ïîëþñàõ, ïîëó÷àåì:

∂tmxi = −2γ res
∞

(
zmc̃∗i ẇ

−1
i c̃i

)
.

Ðåøàÿ ëèíåéíûå óðàâíåíèÿ íà âåêòîðû c̃, c̃∗, áóäåì èìåòü:

c̃ =
1

2γ
(zI − q1/2L)−1ẆW−1/2e, c̃∗ = − 1

2γ
eTW 1/2(zI − q−1/2L)−1ẆW−1.

Ïîäñòàâèâ ýòî â ôîðìóëó äëÿ ∂tmxi, ïîëó÷èì:

∂tmxi = − 1

2γ
res
∞

∑
k,k′

[
zmw

1/2
k

( 1

zI − q−1/2L

)
ki
w−1

i

( 1

zI − q1/2L

)
ik′
ẇk′w

−1/2
k′

]

= − 1

2γ
res
∞

tr

(
zmẆW−1/2EW 1/2 1

zI − q−1/2L
EiW

−1 1

zI − q1/2L

)
,

ãäå Ei � äèàãîíàëüíàÿ ìàòðèöà ñ ìàòðè÷íûìè ýëåìåíòàìè (Ei)jk = δijδik. Èñïîëüçóÿ
êîììóòàöèîííîå ñîîòíîøåíèå

q−1/2WL− q1/2LW = W−1/2ẆEW 1/2,

èìååì:

∂tmxi = − 1

2γ
res
∞

tr

(
zm(q−1/2WL− q1/2LW )

1

zI − q−1/2L
EiW

−1 1

zI − q1/2L

)

= − 1

2γ
res
∞

tr

(
zm
(
Ei

1

zI − q−1/2L
− Ei

1

zI − q1/2L

))
.

Äàëåå, ñ ïîìîùüþ ëåãêî ïðîâåðÿåìîãî òîæäåñòâà

EiL = ẋi
∂L

∂ẋi
= η−1 ∂L

∂pi

ïðîäîëæàåì öåïî÷êó ðàâåíñòâ:

∂tmxi = − 1

2γη
res
∞

tr

(
zm

(
∂L

∂pi

L−1

zI − q−1/2L
− ∂L

∂pi

L−1

zI − q1/2L

))

=
1

2γη
(q−m/2 − qm/2) tr

(
∂L

∂pi
Lm−1

)
= −sinh(mγη)

mγη

∂

∂pi
trLm.
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Ýòî äàåò ïåðâóþ ïîëîâèíó ãàìèëüòîíîâûõ óðàâíåíèé äëÿ ïîòîêà ïî tm:

∂tmxi =
∂Hm

∂pi
, Hm = −sinh(mγη)

mγη
trLm.

Âûâîä âòîðîé ïîëîâèíû ãàìèëüòîíîâûõ óðàâíåíèé áîëåå òðóäîåìîê. Èäåÿ âûâî-
äà áûëà ïðåäëîæåíà â ðàáîòå [32] äëÿ ðàöèîíàëüíûõ ðåøåíèé öåïî÷êè Òîäû. Ïðåæäå
âñåãî, çàìåòèì, ÷òî ïåðâàÿ ïîëîâèíà ãàìèëüòîíîâûõ óðàâíåíèé ìîæåò áûòü çàïèñà-
íà â âèäå

∂tmxi = −mηκmtr (EiL
m), κm =

sinh(mγη)

mγη
.

Äèôôåðåíöèðóÿ ïî t1 è èñïîëüçóÿ óðàâíåíèÿ Ëàêñà, èìååì:

∂tm ẋi = −mηκmtr (Ei[M
′, Lm]) = −mηκmtr (Lm[Ei,M

′]).

Òåïåðü ïîäåéñòâóåì ïðîèçâîäíîé ∂tm íà óðàâíåíèå

log ẋi = ηpi +
∑
k ̸=i

log
sinh(γ(xik + η))

sinh(γxik)
+ log η.

Ìû ïîëó÷èì:

∂tmpi = η−1∂tm log ẋi − η−1
∑
j

∑
l ̸=i

∂

∂xj
log

sinh(γ(xil + η))

sinh(γxil)
∂tmxj

= −mκmẋ−1
i tr (Lm[Ei,M

′]) +mκm
∑
j

∑
l ̸=i

∂

∂xj
log

sinh(γ(xil + η))

sinh(γxil)
tr (EjL

m)

= −mκm tr
(
A(i)Lm−1

)
,

ãäå ìàòðèöà A(i) èìååò âèä

A(i) = ẋ−1
i (LEiM

′ −M ′EiL)−
∑
j

∑
l ̸=i

∂

∂xj
log

sinh(γ(xil + η))

sinh(γxil)
EjL.

Çàìåòèì, ÷òî äèàãîíàëüíàÿ ÷àñòü ìàòðèöû M ′ íå äàåò âêëàäà, òàê ÷òî âìåñòî ìàò-
ðèöû M ′ ñþäà ìîæíî ïîäñòàâèòü åå âíåäèàãîíàëüíóþ ÷àñòü

Aij = 2γ(1− δij)
ẋiw

1/2
i w

1/2
j

wi − wj

.

Íàéäåì ìàòðè÷íûå ýëåìåíòû:

(LEiA)jk = γẋiLjk

(
wi + wk

wi − wk

− qwi + wk

qwi − wk

)
(1− δik),

(AEiL)jk = −γẋiLjk

(
wi + wj

wi − wj

− wi + qwk

wi − qwk

)
(1− δij),

∑
l

∑
r ̸=i

∂

∂xl
log

sinh(γ(xir + η))

sinh(γxir)
(ElL)jk
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= γδijLjk

∑
r ̸=i

(
qwi + wr

qwi − wr

− wi + wr

wi − wr

)
− γ(1− δij)Ljk

(
qwi + wj

qwi − wj

− wi + wj

wi − wj

)
.

Ñîáèðàÿ âñå âìåñòå, ïîëó÷èì ìàòðè÷íûå ýëåìåíòû ìàòðèöû A(i):

A
(i)
jk = γLjk

(
wi + wk

wi − wk

(1− δik)−
wi + qwk

wi − qwk

(1− δij) +
qwi + wj

qwi − wj

(δik − δij)

−δij
∑
r ̸=i

(
qwi + wr

qwi − wr

− wi + wr

wi − wr

).
Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî ïîêàçàòü, ÷òî

A(i) = − ∂L

∂xi
− [C(i), L],

ãäå ìàòðèöà C(i) ñëåäóþùàÿ:

C(i) = γ
∑
l

qwl + wi

qwl − wi

El − γ
∑
l ̸=i

wl + wi

wl − wi

El.

Äåéñòâèòåëüíî,

∂Ljk

∂xi
= γLjk

(
wj + qwk

wj − qwk

(δik − δij) +
wi + qwj

wi − qwj

(1− δij)−
wi + wj

wi − wj

(1− δij)

+ δij
∑
r ̸=i

(
qwi + wr

qwi − wr

− wi + wr

wi − wr

) ,
[C(i), L]jk = γLjk

(
qwj + wi

qwj − wi

− qwk + wi

qwk − wi

− wj + wi

wj − wi

(1− δij) +
wk + wi

wk − wi

(1− δik)

)
,

è îòñþäà âèäíî, ÷òî A(i) + ∂L/∂xi + [C(i), L] = 0. Èç äîêàçàííîãî ñîîòíîøåíèÿ

A(i) = − ∂L

∂xi
− [C(i), L]

çàêëþ÷àåì, ÷òî

∂tmpi = −mκm tr
(
A(i)Lm−1

)
= mκm tr

(
∂L

∂xi
Lm−1

)
= κm

∂

∂xi
trLm.

Ýòî äàåò âòîðóþ ïîëîâèíó ãàìèëüòîíîâûõ óðàâíåíèé äëÿ âûñøèõ ïîòîêîâ:

∂tmpi = −∂Hm

∂xi
.
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Äèíàìèêà ïî îòðèöàòåëüíûì âðåìåíàì. Äëÿ àíàëèçà äèíàìèêè íóëåé òàó-
ôóíêöèè ïî îòðèöàòåëüíûì âðåìåíàì ìû ñíà÷àëà ðàññìîòðèì ýâîëþöèþ ïî t̄1. Áó-
äåì ðàáîòàòü ñ äîïîëíèòåëüíûìè âîëíîâûìè ôóíêöèÿìè ϕ, ϕ∗, äëÿ êîòîðûõ èñïîëü-
çóåì àíçàö

ϕ(x) = zx/ηet̄1z
−1

(
1 +

∑
i

2γbi
qw − wi

)
,

ϕ∗(x) = z−x/ηe−t̄1z−1

(
1 +

∑
i

2γb∗i
q−1w − wi

)
,

ãäå bi, b
∗
i � íåêîòîðûå êîýôôèöèåíòû, çàâèñÿùèå îò z è îò âðåìåí, íî íå îò x. Ïîäñòà-

âèâ ýòè âîëíîâûå ôóíêöèè â ëèíåéíûå çàäà÷è, àíàëîãè÷íî ïðåäûäóùåìó ïîëó÷èì
ëèíåéíûå ñèñòåìû íà âåêòîðû b, b∗ êàê óñëîâèÿ ñîêðàùåíèÿ ïîëþñîâ. Óðàâíåíèÿ
íà bi ïîëó÷àþòñÿ òàêèå æå, êàê íà c∗i , ïðè çàìåíå z íà −z−1, w íà qw è ∂t1 íà ∂t̄1 .

Óðàâíåíèÿ íà b∗i è ci ñâÿçàíû ïîõîæèì îáðàçîì. Ïåðåéäÿ ê b̃i = w
−1/2
i bi, b̃

∗
i = w

−1/2
i b∗i ,

èìååì, ïîñëå íåêîòîðûõ âû÷èñëåíèé:

b̃T(∂t̄1X)−1(z−1I + q−1/2L̄) = eTW 1/2,

(z−1I + q1/2L̄)b̃∗ = −∂t̄1XW 1/2e,

ãäå ìàòðèöà L̄ èìååò âèä

L̄ij = 2γq1/2
∂t̄1xiw

1/2
i w

1/2
j

wi − qwj

.

Ýòà ìàòðèöà óäîâëåòâîðÿåò êîììóòàöèîííîìó ñîîòíîøåíèþ

q−1/2WL̄− q1/2L̄W = W−1/2∂t̄1W EW 1/2.

Èñïîëüçóÿ ñîîòíîøåíèå

res
0

(
z−mϕ(x)ϕ∗(x+ η)

)
= −∂t̄m log

τ(x+ η)

τ(x)
,

íàõîäèì, àíàëîãè÷íî ïðåäûäóùåìó:

∂t̄mxi = −2γ res
0

(
z−m−2b̃∗i (∂t̄1wi)

−1b̃i
)
.

Ïîäñòàâèâ ñþäà ðåøåíèÿ ëèíåéíûõ ñèñòåì è ïîâòîðÿÿ âû÷èñëåíèÿ, ïðîäåëàííûå
äëÿ ïîëîæèòåëüíûõ âðåìåí, áóäåì èìåòü:

∂t̄mxi = (−1)m
sinh(mγη)

γ
tr (EiL̄

m).

Âûâåäåì ñîîòíîøåíèå ìåæäó ìàòðèöàìè L è L̄. Äëÿ ýòîãî íàì ïîòðåáóåòñÿ ñîîò-
íîøåíèå ìåæäó ñêîðîñòÿìè ẋi = ∂t1xi è ∂t̄1xi, êîòîðîå ìîæíî ïîëó÷èòü èç óðàâíåíèÿ
Òîäû

∂t1∂t̄1 log τ(x) = −τ(x+ η)τ(x− η)

τ 2(x)
.
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Ïîäñòàâèâ ñþäà òàó-ôóíêöèþ â âèäå τ =
∏
i

(w − wi), ïîëó÷èì:

∑
i

∂t1∂t̄1wi

w − wi

+
∑
i

∂t1wi ∂t̄1wi

(w − wi)2
=
∏
k

(qw − wk)(q
−1w − wk)

(w − wk)2
.

Ñðàâíèâàÿ êîýôôèöèåíòû ïðè ñòàðøèõ ïîëþñàõ, ïîëó÷èì ñîîòíîøåíèå

∂t1wi ∂t̄1wi =

∏
k(qwi − wk)(q

−1wi − wk)∏
l ̸=i(wi − wl)2

èëè

∂t1X ∂t̄1X =
1

4γ2
W−2U+U−,

ãäå U± � äèàãîíàëüíûå ìàòðèöû

(U±)ij = δij

∏
k(wi − q±1wk)∏
l ̸=i(wi − wl)

.

Íàì òàêæå íóæíà ôîðìóëà äëÿ ìàòðèöû, îáðàòíîé ìàòðèöå Êîøè

Cij =
1

wi − qwj

.

Îíà èìååò âèä

C−1
ij =

1

qwi − wj

∏
k(qwi − wk)(wj − qwk)

qN−1
∏

l ̸=j(wj − wl)
∏

l′ ̸=i(wi − wl′)

èëè
C−1 = −qU−C

TU+.

Òåïåðü ïèøåì L = 2γq1/2∂t1XW 1/2CW 1/2 è íàõîäèì:

L−1 =
q−1/2

2γ
W−1/2C−1W−1/2(∂t1X)−1

= −2γq1/2W−1/2U−C
TW−1/2∂t̄1XW 2U−1

−

= −2γq1/2W−1U−
(
∂t̄1XW 1/2CW 1/2

)T
(W−1U−)

−1

= −W−1U− L̄
T(W−1U−)

−1.

Ìû âèäèì, ÷òî ìàòðèöà −L̄T ñâÿçàíà ñ L−1 ïðåîáðàçîâàíèåì ïîäîáèÿ. Èñïîëüçóÿ
òîò ôàêò, ÷òî EiL̄ = −η−1∂L̄/∂pi, ìû ìîæåì ïåðåïèñàòü óðàâíåíèÿ

∂t̄mxi = (−1)m
sinh(mγη)

γ
tr (EiL̄

m)

êàê

∂t̄mxi = −sinh(mγη)

mγη

∂

∂pi
trL−m =

∂H̄m

∂pi
,

÷òî åñòü ïîëîâèíà ãàìèëüòîíîâûõ óðàâíåíèé äëÿ ïîòîêîâ ïî îòðèöàòåëüíûì âðåìå-
íàì.
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Âûâîä âòîðîé ïîëîâèíû ãàìèëüòîíîâûõ óðàâíåíèé íå ïðåäñòàâëÿåò ïðîáëåì ïî-
ñëå ïðîâåäåííîãî âûâîäà äëÿ ïîëîæèòåëüíûõ âðåìåí. Çàìåòèì, ÷òî

∂t̄mxi = mηκm tr (EiL
−m).

Â ïîëíîé àíàëîãèè ñ ïðîâåäåííûìè âûøå âû÷èñëåíèÿìè ïîëó÷àåì, ÷òî

∂t̄mpi = mκm tr (A(i)L−m−1)

ñ òîé æå ñàìîé ìàòðèöåé A(i). Â ñèëó ñîîòíîøåíèÿ

A(i) = − ∂L

∂xi
− [C(i), L]

èìååì:

∂t̄mpi = −mκm tr
( ∂L
∂xi

L−m−1
)
= mκm tr

(∂L−1

∂xi
(L−1)m−1

)
= κm

∂

∂xi
trL−m,

÷òî äàåò ãàìèëüòîíîâû óðàâíåíèÿ

∂t̄mpi = −∂H̄m

∂xi
.

Â ÷àñòíîñòè,

H̄1 =
sinh2(γη)

γ2η2
∑
i

e−ηpi
∏
k ̸=i

sinh(γ(xik − η))

sinh(γxik)
.

Ýëëèïòè÷åñêèå ðåøåíèÿ. Ðàññìîòðèì ðåøåíèÿ, êîòîðûå ÿâëÿþòñÿ ýëëèïòè÷å-
ñêèìè ôóíêöèÿìè îò x è íàéäåì äèíàìèêó èõ ïîëþñîâ êàê ôóíêöèé îò t1. Äëÿ
ýëëèïòè÷åñêèõ ðåøåíèé êîýôôèöèåíòíàÿ ôóíêöèÿ v(x) â ëèíåéíîé çàäà÷å

∂t1ψ(x) = ψ(x+ η) + v(x)ψ(x)

èìååò âèä
v(x) =

∑
i

ẋi
(
ζ(x− xi)− ζ(x− xi + η)

)
,

ãäå òî÷êà îçíà÷àåò ïðîèçâîäíóþ ïî t1. Ýòî äâîÿêîïåðèîäè÷åñêàÿ ôóíêöèÿ îò x, òàê
÷òî ðåøåíèÿ íóæíî èñêàòü ñðåäè äâîÿêîáëîõîâñêèõ ôóíêöèé. Êàê è ðàíåå, ðàçëî-
æèì ðåøåíèå ïî ýëåìåíòàðíûì äâîÿêîáëîõîâñêèì ôóíêöèÿì

Φ(x, λ) =
σ(x+ λ)

σ(λ)σ(x)
e−ζ(λ)x.

Ýòî ðàçëîæåíèå èìååò âèä

ψ = kx/ηet1k
∑
i

ciΦ(x− xi, λ),

ãäå k � âòîðîé ñïåêòðàëüíûé ïàðàìåòð, êîòîðûé îêàæåòñÿ ñâÿçàííûì ñ λ óðàâíåíèåì
ñïåêòðàëüíîé êðèâîé. Ïîäñòàâèâ ýòîò àíçàö â ëèíåéíóþ çàäà÷ó, íàéäåì óñëîâèÿ
ñîêðàùåíèÿ ïîëþñîâ ïðè x = xi è x = xi − η â âèäå

kci + ċi = ẋi
∑
j ̸=i

cjΦ(xi − xj) + ci
∑
j ̸=i

ẋjζ(xi − xj)− ci
∑
j

ẋjζ(xi − xj + η)

kci − ẋi
∑
j

cjΦ(xi − xj − η) = 0,
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ãäå ìû äëÿ êðàòêîñòè îïóñòèëè âòîðîé àðãóìåíò ó ôóíêöèè Φ. Ýòè óñëîâèÿ ìîãóò
áûòü çàïèñàíû â ìàòðè÷íîì âèäå êàê ñèñòåìà ëèíåéíûõ óðàâíåíèé äëÿ âåêòîðà
c = (c1, . . . , cN)

T: 
L(λ)c = kc

ċ =M(λ)c,

ãäå N×N ìàòðèöû L, M èìåþò âèä

Lij(λ) = ẋiΦ(xi − xj − η, λ),

Mij(λ) = δij
(∑
l ̸=i

ẋlζ(xi − xl)−
∑
l

ẋlζ(xi − xl + η)
)

+ (1− δij)ẋiΦ(xi − xj, λ)− ẋiΦ(xi − xj − η, λ).

Ìû óçíàåì çäåñü ïàðó Ëàêñà äëÿ ýëëèïòè÷åñêîé ñèñòåìû ÐØ èç ðàçäåëà 2.2. Óñëî-
âèå ñîâìåñòíîñòè ëèíåéíîé ñèñòåìû íà âåêòîð c � óðàâíåíèå Ëàêñà L̇ + [L,M ] = 0.
Ïîñëåäíåå ñëàãàåìîå â ìàòðèöå M íåñóùåñòâåííî è ìîæåò áûòü îòáðîøåíî, ò.ê. îíî
ïðîïîðöèîíàëüíî ìàòðèöå L è ñîêðàùàåòñÿ â óðàâíåíèè Ëàêñà.

Ñîîòâåòñòâèå ýëëèïòè÷åñêèõ ðåøåíèé äâóìåðèçîâàííîé Òîäû è ýëëèïòè÷åñêîé
ñèñòåìû ÐØ íà óðîâíå èåðàðõèé áûëî äîêàçàíî â ðàáîòå [33]. Ðåçóëüòàòû âûãëÿ-
äÿò ñëåäóþùèì îáðàçîì. Äèíàìèêà ïîëþñîâ ïî âñåì âðåìåíàì t, t̄ ãàìèëüòîíîâà,
è ñîîòâåòñòâóþùèå ãàìèëüòîíèàíû ÿâëÿþòñÿ âûñøèìè ãàìèëüòîíèàíàìè ýëëèïòè-
÷åñêîé ñèñòåìû ÐØ. Èõ ïðîèçâîäÿùåé ôóíêöèåé ÿâëÿåòñÿ λ(z), ãäå ñïåêòðàëüíûå
ïàðàìåòðû λ, z ñâÿçàíû óðàâíåíèåì ñïåêòðàëüíîé êðèâîé

det
N×N

(
zeηζ(λ)I − L(λ)

)
= 0.

Ñïåêòðàëüíàÿ êðèâàÿ � èíòåãðàë äâèæåíèÿ ïî âñåì âðåìåíàì. Òî÷êà ñïåêòðàëüíîé
êðèâîé � ýòî ïàðà P = (z, λ), ãäå z, λ ñâÿçàíû ýòèì óðàâíåíèåì. Íà ñïåêòðàëüíîé
êðèâîé åñòü äâå âûäåëåííûå òî÷êè: P∞ = (∞, 0) è P0 = (0, Nη). Ãàìèëüòîíèàíû, ïî-
ðîæäàþùèå äèíàìèêó ïî ïîëîæèòåëüíûì âðåìåíàì t � êîýôôèöèåíòû ðàçëîæåíèÿ
ôóíêöèè λ(z) ïî îòðèöàòåëüíûì ñòåïåíÿì z âáëèçè òî÷êè P∞, à ãàìèëüòîíèàíû, ïî-
ðîæäàþùèå äèíàìèêó ïî îòðèöàòåëüíûì âðåìåíàì t̄ � êîýôôèöèåíòû ðàçëîæåíèÿ
ôóíêöèè λ(z) ïî ïîëîæèòåëüíûì ñòåïåíÿì z âáëèçè òî÷êè P0.
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