Integrable systems of particles and nonlinear
equations. Lecture 9

A. Zabrodin*

The KP hierarchy

The KP equation is the first member of a whole infinite hierarchy of so-called higher KP
equations that are compatible with it. One of the ways to introduce the hierarchy is the
technique of pseudo-differential operators.

Pseudo-differential operators. A pseudo-differential operator is a series of the form

o0
Z vkﬁg_k, where v are functions, and the operator 0, has the standard commutation
k=0
relation with any function: 0, f = f' + f0,. Multiplying both sides of this equality from
the right and from the left by d;!, one can understand it as a rule of moving the operator

9, ! through a function: 9, ' f = 9! — 9, f'0,;'. Repeating this procedure, we arrive at
the commutation rule

O f = fO, — f10,% + 10, +

Pseudo-differential operators are multiplied as Laurent series, taking into account that
the symbol 0, does not commute with the coefficient functions. For brevity we right
0. f, meaning the composition of the operator of multiplication by the function f and
the differential operator 0,. We hope that this will not lead to a misunderstanding. In
the more detailed notation the composition is written as d, o f, but, in our opinion, a
systematic use of this notation makes it more difficult to read formulas.

Problem. For any functions f, g prove the following identities in the algebra of pseudo-
differential operators:

a) (O —g)'f= Z D" (8, —g) ",
b) efojtel = (0 + )7

o)  Oif=> ( L ) fRopt, n>o0,
k=0
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d) 9" f=d (-1

k>0

k+n—1
k

) fOo-n=k pn > 0.
|
Here ( Z ) = M is the binomial coefficient. Note that identities c¢) and d) can
l(n —k)!

be unified in one identity by extending the definition of binomial coefficients to arbitrary
complex numbers n with the help of the formula

(1) -ttt

then at n < 0 ( Z ) = (=1)* ( k_Z_l ) To prove identities ¢) and d), one can use

induction in n.

oo

Given a pseudo-differential operator P = Z vkaiv_k, we call the number N the order
k=0

of the operator. Let P, be its differential part (i.e. sum of the terms with non-negative

N

powers of 0,: P, = Z ve0Y7F), then P. = P — P, is sum of the terms with negative
k=0

powers. The operation of conjugation defined as 9 = —d,, fI = f, (AB)" = BTAT can

be extended to the algebra of pseudo-differential operators:

o T o
<Z vka;V—’f> =Y (=0,)" Fup.
k=0 k=0

The KP hierarchy: Lax equations and zero curvature representation. Consider
a pseudo-differential operator £ of the form

L=0, + w0, +u0;%+ ...,

in which the coefficients u; are functions of x. It is called the Lax operator of the KP
hierarchy. Introduce evolution in the space of functions of x by the Lax equations

0 L=1[(L™s, L], m=123,....

Here t,, are evolution parameters (“times”). Each of these equations define an infinite
system of evolution equations for the infinite set of functions u; of the form 8t].ui =
Pij({w}), where P;;({w;}) are some differential polynomials of «;. The generators of the
t-flows,

Ap = (L")+,

are differential operators of order m. For example, A, = 0,, Ay = 0% + 2uy, Az =
3;2‘ + 3U181; + Us.

The Lax eqiation for m = 1 states that 0, L = [0, L], or O, u; = O,u;, which allows
one to identify ¢; with x. More precisely, the evolution in ¢; simply shifts the argument
x of all functions: u;(z) — wu;(x +t1). The evolution in higher times can not be expressed
in such a simple form.



There is another representation of the KP hierarchy which is equivalent to the one
given above. In this alternative representation the Lax operator does not participate in
an explicit form, only the differential operators A,, take part. We will show that the Lax
equations imply the equations

Oy An — 0y, Ay — [Am, A = 0

n

for all m,n > 1, which are called the Zakharov-Shabat equations, or zero curvature
equations. For the proof we note that by virtue of the Lax equations it holds 0, L" =
[A,,, L] for all n, and then

Or, (L") 4 = 00, (L) 4 = [Am, An]

Ory L7 = 0y, L7 — [y Ad])

(
= ([Am £ = [An, £7] = [Am. A])
(HAm, £7=A] = [An, £7])

(

[(£™) 4, (£7)-] = [(£7)+, £™])

= (lem (em-)+1em (em)y]), = (lemm), = 0.

The inverse statement is also true: the full collection of the Zakharov-Shabat equations
imply the Lax equations. Clearly, the Zakharov-Shabat equations are equivalent to the
commutation relation [0,,, — Ay, 0y, — An] = 0.

Each of the Zakharov-Shabat equations provides a closed system of a finite number of
differential equations for a finite number of unknown functions. However, this system in
general can not be represented in an evolution form; it contains derivatives with respect
to three times = = ¢y, t,,, t,. For n > m, the system contains n — 1 equations for the
functions wuy, us, ..., u,_1. These systems are usually referred to as equations of the KP
hierarchy. The simplest non-trivial case is m = 2, n = 3. Denoting t; =z, to =y, i3 =t
u = 2uy, W = ug, we arrive at a system of two equations for v and w, from which w can
be excluded. The resulting equation for u is the KP equation. In general case the system
can not be reduced to a single equation.

Linear problems and tau-function. The Zakharov-Shabat equations are compatibility
conditions for a system of linear problems for a wave function :

atmw = Amw

Compatibility means existence of a large set of common solutions. They can be found as
a series in a spectral parameter z. The spectral parameter plays a very important role,
although it does not enter the linear equations explicitly. Let t denote the set of times
tm, t = {t1,%2,t3,...}. The following standard notation is useful:

£t 2) = > 2"

k>1



The wave function can be found in the form
Y(x,t; 2) = em ) (1 + & ()2 + Sn,t) 22+ )

Introduce also the conjugated (dual) wave function ¢* (hereafter the star does not mean
the complex congugation). It satisfies the conjugate linear equations

—0,,, " = Al
and can be represented as a series of the form

V(b 2) = e (14 (o t)2 7 + G t)2 2+ ).

It can be shown that the set of all linear problems is equivalent to the following
integral relation:

$ vt (e ¥ 2)dz =0,

which holds for all t,t’, and where the contour C,, is a big circle around oo of radius
R — o0. In other words, the coefficient at 1/z in the expansion of the expression under
the integral in a Laurent series is equal to 0. In its turn, this integral relation implies
existence of a function 7(z,t) such that

zz+€(t,2) T(l’,t — [Z_l})

¢($at; Z) =e T(%,t) )

e t+[z71)
* t: — xz—E(t,2) T(‘T7
w (:U7 7Z) € T(x7 t) Y

where we use the notation
t+ [Z_l] = {tl + Z_l,tg + 52_27253 + %2_3, .. }

The function 7(z,t) is the tau-function of the KP hierarchy. The integral relation for the
wave functions is then rewritten as the following bilinear integral functional relation for
the tau-function:

f S (2t — [z )7 (, 6 + [27])dz = 0.
Coo

It serves as a generating relation for all equations of the KP hierarchy. Differential
equations of the hierarchy are obtained by expansion of the integral bilinear relation
in powers of t — t’. The coefficient functions u; in the Lax operator are expressed as
combinations of derivatives of the tau-function with respect to the times. For example,

3, .
up = 02log T, Uy = 5(6;2 log T + 0,,0, log 7).

(Recall that 0, = 0y,. )

Later we will need a corollary of the integral bilinear relation, which is obtained from
it by differentiating with respect to t,, and setting t’ = t after that. As a result, we
obtain the relation

1
—}{ 2" (x, t; 2)Y* (2, t; 2)dz = 0,0, log T(z, t).

2w Jo
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Correspondence with the CM system on the level of hierarchies

We have seen that the dynamics of poles of rational with respect to x = t; solutions of
the KP equation in the time ¢, coincides with the Hamiltonian flow of the rational CM
system with the Hamiltonian Hy = trL?. It turns out that this correspondence can be
extended to the whole hierarchy: the dynamics of poles of rational with respect to x = t;
solutions in any of the higher times ¢,, coincides with the Hamiltonian flow of the rational
CM system with the Hamiltonian H,, = trL™. This result was obtained by Shiota [13]
in 1994. Here we present the proof in a modified form.

The tau-function for rational solutions with poles at x; is a polynomial with the roots
Xj:
N
7(w,t) = [[(z — x;(t)),
j=1
SO
al 1
Up=—-» ————.
2 a0
The wave functions 1, ©* have simple poles at z;. They can be represented in the form

w: mz—&-{(tz)(l_i_]zlxcxj(t))’
W* = e T gtz<1+jzlx xj( ))

Plugging them in the relation

e 20 (o 2)dz = 0,00 Tog (1, ),

2 Jo

obtained above, we get:

27”% dz 2™ 1+Z )(1—1—2

Equating the coefficients at the highest poles, we obtain:

1
O, xj = 2—%0 2"ciedz.

Yy’

) Z atmxj
x—xj x—xj ~ (v — ;)

The coefficients ¢;, c; can be regarded as components of the vectors

*

c=(cp,...,en)", c"=(c,...,cy)
From the analysis of the pole dynamics in y = ¢ with other times fixed, we have:
c=—(zI — L) e, ct=e'(zl - L),

where L is the Lax matrix of the rational CM system (with g = 1). Then

1 1
Oy = rféskzzm(zf — L>kj(z[ — L)jk’

kl




S 1
= ISt (2 EZI—LEjz]—L>’

where F is the matrix whose all entries are equal to 1, and Ej is the diagonal matrix

with 1 at the place jj and zeros otherwise. Recall that E; = —dL/Jp;, as well as the
commutation relation [L, X] = E — I, from which we have

E=LX-XL+1.

Now we find:

1 1
E.
7 ) e

(sgtgtge) (e mng )

21 — LOpjzl —L
1 oL L L 0L 1 1 oL L
=—tr(X — +tr| X — — tr -—
21 — LOpjzl —L 21 — LOpjzI —L 21 — LOpjzI —L

A S B S D
— zI — L Op; g Op; zI — L Ip; I

Since X and 0L/0p; are diagonal matrices, the first two terms cancel each other due to
the cyclic property of the trace, and we are left with

5 0 ( iy 1 > 9, LM 0H,,
x; =———res | 2"tr = —tr" = )
tmJ Op; = zI — L op; Op;

We have obtained the first half of the Hamiltonian equations for the t,,-flow.

To derive the other half, we differentiate the relation

O, r; = — rgos(zmc;fcj)
with respect to t:
&gmztj = — roeoS(Zm(C;kC] + C;C]>)

(the to-derivative is denoted by the dot).

From the analysis of the pole dynamics in ¢, it follows that ¢ = Mc, ¢* = —c*M,
where M is the M-matrix of the Lax pair fot the rational CM system (with g = 1). Hence

O,,pj = 55),57,@]- =-3 ngs(z (c; Mjrcy, — CkMijj))
k

1 1 1
~ ves |2 (BE——[E; M]——
9 ' {Z tr( AL ]ZI—L)]

1 0L 1
—ves |2™tr (LX — XL+ 1 .
ro%S[Z tr( - )zl—LaszI—Lﬂ

Note that the matrix [}, M| = 20L/0x; has matrix elements

i — 0
E. M), =924 %
[ VR }lk (xl—xk)2



This expression has the same form as the one for 0;, z;, but instead of derivative with
respect to p; we now have the derivative with respect to z;. Repeating the chain of
equalities given above, we finally obtain:

0 0H,,
8tmpj = —% trl™ = — L .
J J

This is the second half of the Hamiltonian equations. Therefore, we have shown that
the t,,-flows of the KP hierarchy correspond to the higher Hamiltonian flows of the CM
system generated by the Hamiltonians H,, = trL™.

The correspondence between the KP flows and Hamiltonian flows of the CM system
can be extended to the trigonometric and elliptic cases. However, in these cases its form
is not so simple, and the proofs become technically more difficult. In the trigonometric
case, the t,,-flows of the KP hierarchy correspond to CM flows with the Hamiltonians

— # m+1 _ m+1
%”mm+nf4@+7” (L —~D)™*),

which are linear combinations of H,, = trL™. The detailed proof can be found in [14].
The elliptic case was addressed in [15|. The result is as follows. Introduce the function
A(z) which is defined from the equation of the spectral curve

det((z+ (A = L(\)) =0

with the Lax matrix of the elliptic CM system L(\) depending on the spectral parameter
A. As z — o0, this function has the expansion

ANz)=—=Nz""+ > H,z" L

m>1

It is the generating function of the Hamiltonians
Hm = —1es(2"A(2))

of the elliptic CM system, which generate the dynamics of poles of elliptic solutions in
the times t,,.

Matrix KP hierarchy and elliptic solutions of the matrix KP equ-
ation

The KP equation (and the whole hierarchy) has a matrix generalization, when the
coefficient functions in the pseudo-differential Lax operator are matrices of size n x n. We
will show that elliptic solutions of the matrix KP equation lead to the spin CM system
as the dynamics of the poles and matrix coefficients in front of the poles.

Multi-component KP hierarchy. We begin with a more general multi-component
KP hierarchy; the matrix hierarchy is its subhierarchy. The independent variables are n
infinite sets of continuous times

t:{tl,tg,...,tn}, ta:{ta,lytoa,%ta,?n---}a (I:]_,...?n.

7



In addition, it is convenient to introduce a variable z such that

(9x - Z atml.
a=1

The hierarchy is an infinite set of compatible evolution equations in the times t for matrix
functions of the variable x.

In the Lax-Sato formalism, the main object is the pseudo-differential operator with
matrix coefficients of the form

L=0, +uw0, " +u0;%+ ...,

where the coefficients u; = w;(z,t) are nxn matrices. They depend on = and on all the
times:
Uk<17,t) = Uk<1’ + tl,la T —f- t2717 Lo, X —|— tn,l; t1,27 e ,tmg; .. )

One should also introduce n matrix pseudo-differential operators mMaTpw9IHBIX TICEBIO-
nuddepeHnuaabHbIX 0nepaTopoB Ry, ..., R, of the form

Ra:Ea+ua,la;;1+ua,2a;2+-”7

where E, is the diagonal nxn matrix in which the element (o, «) is equal to 1, and all
other elements are 0. The operators £, R, ..., R, are constrained by the conditions

LRy =Rol, RoRs=00sRar > Ra=1.
a=1

The Lax equations are as follows:

Orail = [Aas £, 0y Rs = [Aags R, Aage = (£Ra) . k=123,

a,k

It is instructive to introduce the matrix pseudo-differential “wave operator” (or dressing
operator) W with matrix elements

Wag = ag + Y Erap(,£)0, ",

k>1

where & op(x,t) are some matrix functions. The operators £ and R, are obtained from
the “bare” operators 10, and E, by the “dressing” with the help of the wave operator:

L£=WoW1 R, =WE WL

It is clear that there is a freedom in the definition of the wave operator: it can be multiplied
from the right by an arbitrary pseudo-differential operator with constant coefficients, i.e.,
by a series in inverse powers of 0, starting from I such that it commutes with F, for all
.

An important role in the theory is played by the wave function ¥ and its dual W*. The
wave function is defined as the result of action of the wave operator to the exponential
function:

U(z, t;2) = Wexp(xz] + i Eaf(ta,z)).
a=1

8



By definition, the operators 9, act as 9, %e™ = 2 Fe®

wave function as z — oo has the following form:

. Clearly, the expansion of the

\I/a5<x, t; Z) = €$Z+£(t5’z) (5a6 -+ éLagZil -+ §27a6272 + .. )

The dual function is introduced by the formula
U*(z,t;2) = exp(—xz] — > Eu&(ta, Z))W_l.
a=1

Here we adopt the convention that the operators 0, that are contained in W™! act not
$—
to the right but to the left. The left action is defined as f 9,= —0,f.

It can be proved that the wave function satisfy the linear equations

at \I/(l’,t,Z) = Aa,m\D<x>t;Z)a

a,m

where A, ,,, is the differential operator oneparop A, = (WEQGQ”W’l)JF, and the dual
function satisfy the conjugated equation

—0 V(2,6 2) = W (2, t; 2) Agm.-

Here the operator A, ,, acts to the left.

Matrix KP hierarchy. The matrix KP hierarchy is a subhierarchy of the multi-
component KP which is obtained by the following restriction of the independent variables:

tam = tm for all @ and m, so that the vector field 0;,, coincides with Z Ot n- The wave
a=1
function of the matrix KP hierarchy has the expansion

o5z, t; 2) = e HE2) (éag +&ap(t)z + 0(272)) :

where £(t, 2) = Z tp2". The wave function and its dual satisfy the linear equations
k>1

O, V(t; 2) = A V(t; 2), —0,,, Ui (t; 2) = Ui(t; 2) By, m>1,

m

where A,, is the differential operator A,, = (W@fW‘l)Jr. At m = 1 we have 0, ¥ = 0, U,
N
so we can identify 0, = 0, = Z O4,,- This means that the evolution in #; is simply a

a=1
shift of x: & (z,t1,ts,...) = (T + 1, ta,...). At m = 2 we have the linear equations
O, U = 02U + 2V (z,t) 0,

—0, 0" = 02" + 20V (x, t)

(note that U, U* and V' are matrices, and the order is important), which have the form
of matrix non-stationary Schrodinger equations with the potential

V(z,t) = =06 (x, t).

9



Elliptic solutions. Consider solutions that are elliptic functions of x, and find their
evolution in the time ¢5. Unlike in the scalar case, where the coefficient in front of each
pole was equal to a fixed constant, in the matrix case these coefficients are dynamical
variables, and their dynamics should be found together with the dynamics of poles. This
problem was solved in the paper [17|, where it was shown that this dynamics coincides
with that of the spin CM system.

Like in the scalar case, we address the linear problems. Suppose that the wave
functions W, ¥* (and the coefficient &), as functions of x, have simple poles at N points
xi, © = 1,..., N. One can show (here we omit the arguments) that the residues at the
poles are matrices of rank 1. Then it is natural to parametrize them by column vectors
a; = (al,a?,...,aM)T b, = (b}, 0%,...,0M)7T:

19 ) 1771

é-l af — aﬁ - Zaabﬁg SL’ - 'rl)
where S,s does not depend on x. Therefore,

Vas(z,t) Zaabﬁ (x — xy).

Components of the vectors a;, b; are going to be the spin variables in the spin CM system.

Like in the scalar case, the wave functions can be represented as linear combinations
of the elementary double-Bloch functions:

W5 = 2 HEb2) Zaacﬁq) (x — x4, M),

\I]Zﬁ = e—Zz—f(t,Z) Z C:abf(b(l‘ — 2, _)\)’

where ¢, ¢

7

(Cfl C’."")T.

5 v Uy

are components of some z-independent vectors c; = (c1 ”)T, cl =

i &y

Consider first the linear equation for W. Substituting the explicit form of ¥ and V/,
we see that the both sides have poles at x = z; up to the third order. Equating the
coefficients in front of the poles of different orders, we arrive at the conditions

e at EETALE bYa? = 1;

1. V
. (m_lwi)zz —§xicf -2 _baj J(I)< — 15, ) = 2¢;
i#i
eat i Ou(afe]) = p(Nage]
— 23" albyal e (v — x5, N) — 26 > albiaSp(a; — ),
s JF#i

where dot means the t-derivative. Here and below summation over repeated Greek
indices is assumed. In a similar way, cancellation of poles in the linear problem for the
dual wave function U* leads to the conditions

° af bYa? =1 (as above);

T—x;)3 "

10



e at 7(%13%)2: i Zc*ab” YO(x;—wi, \) = 26

J#
e at x_lx GtQ(Cbef) = —p()\)c;-‘o‘bf
+23°alb) (z; — @i, \) + 26 > b alb (s — ;).
J#i J#i

We have used the obvious property ®(x, —\) = —®(—x, ). The conditions coming from
cancellation of the third order poles are constraints on the vectors a;, b;. The other
conditions in matrix form can be written as follows:

(21 — L(N\))cP =0, c*(zI — L(\)) =0,
&# = MNP, ¢ = M*(N),
where ¢ = (¢],..., 3T, ¢ = (¢, ..., i) are N-component vectors, and L()\), M()\),

M*(\) are N x N matrices

1 . v _ UV
LZJ<>\) = —5 xl5w — (1 — 52J)bz CL]»(D(ZEi — l‘j, )\),
Mi;(N) = (p(A) = Ni)di; — 2(1 — 05)b} a @' (z; — x5, N),
M5(N) = —(p(A) = A})dij + 2(1 — 8i5)b} aff @' (z; — 5, ).
Here

al/l/ l/l/ba
R I I

a; i jF#i
does not depend on the index « (in these formulas there is summation over v but no
summation over «). In fact A; = Af, so M*(A\) = —M(A). Indeed, multiplying the
formulas for A;, AY by a?b¢ (no summation!), summing over o and then summing the

two equations, we get A; — AF = 9, (a$b®) = 0 by virtue of the constraint afb$ =

The condition of compatibility of the linear system states that
(L + [L, M])c? = 0.
Write the equations for A;, A} in the form

ag = Naf —2) " aSbial p(x; — x;),
J#i
b = — b+ 2> Balbip(x; — ;)
i
(in this form they look like equations of motion for the spin variables). They guarantee
vanishing of the off-diagonal matrix elements of the matrix L + [L, M]. Vanishing of the
diagonal elements provides equations of motion for the poles x;:
B =4) Waiblal o' (z; — x;).
J#i

11



to
The gauge transformation a® — afq;, b¢ — b%q; ' with ¢; = exp (/ A,»dt) gets rid of A,

so we can put A; = 0. This gives the equations of motion:

af = =2 afbialp(z; —x;), b =2 baibfp(z — ;)
J#i Jj#i

obtained from the Lax equation before.
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