Integrable systems of particles and nonlinear
equations. Lecture 14

A. Zabrodin*

The CM and RS systems in discrete time

As we argued in the previous sections, one can derive the dynamics of poles of elliptic
solutions to nonlinear integrable equations from the auxiliary linear problems for these
equations. For this, the wave function (the solution to the linear problem) should be
parametrized by residues at the poles x;, which obey a system of linear equations. An
alternative approach is to parametrize the wave function by its zeros y;, rather than by
the residues, and try to derive equations of motion for these zeros. For example, in the
rational case instead of the function ¢ in the form

1/126’”(1—1-2 G )

i r —XT;

one can consider the function

ke 7T £ — Yi

Q/) - ° l:[ r — T;
and substitute it into the linear equation in this form. As we shall see, this yields a
system of equations connecting the zeros with the poles, and this system is symmetric
under the exchange z; <> y;. Hence the zeros obey the same equations of motion as the
poles do, i.e., the equations of motion of the CM or RS system. This fact allows us to
regard the transformation x; — y; (from poles to zeros) as a Backlund transformation of
the CM or RS systems. In its turn, such transformation can be interpreted as a shift of
the discrete time n € Z by one step. More precisely, denote x; = 7, y; = 7, then the
Bicklund transformation means evolution in the discrete time 27 — . This is the
idea of constructing the integrable time discretization of the CM and RS systems. The
equations of motion in discrete time connect 7, 27! and x| and their properly taken
continuous limit yields the CM or RS equations of motion. This construction is discussed

in the works 27, 28, 29|.

The CM system in discrete time

We begin with the CM system in its most general elliptic version.
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The Backlund transformation. Consider the linear equation
O = 0% + 202 log T

for the wave function v, where t = ¢5. Let us represent the wave function as the ratio
1 = 7/7, then the linear equation acquires the form

2
O log T - 02 log(T7) + (8_% log z) :
T T
For elliptic solutions the tau-function is

7= @0 [Lo(x —ai(t))

where Q(x,t) is some quadratic form in x, t. Tts explicit form is not important for us here.
Since 1 should be a double-Bloch function, the general form of 7 is

7 — Q@ t)+az+pt HO’(CIJ _ yz’(t));

with some constants C, «, 3, so
i o aac+6t ‘T - y1
T H o(r —xz;)
Substituting this into our equation, we have:

Z(I'z'C(x — ;) — GiC(e —m) = — Z(@(x — ) + plz — ;)

(2

+ <Z(§(m —xz;) — C(r —y; )) + QQZ( r—ux;) —((z — y,)) + const .
Equating coefficients at the poles at the points x = x; and = = y;, we get the following
system of first order differential equations:

i =2 ((z; — xy) —22( )+ 2a,
J#

Ui =—2> C(yi —yj +22( )+ 2a.
J#i

Redefining x; — z; 4+ 2at, y; — y; +2at, one can put a = 0 without any loss of generality.
x; <> y; (with the simultaneous inversion of time ¢ — —t). Note that in the trigonometric
and rational cases the number of the x;’s can be not necessarily equal to the number of
y;’s because some of them may go to infinity.

Let us show that these equations imply the equations of motion for the CM system
for the x;’s and for the y;’s, too. Indeed, taking the time derivative of the first equation,
we have:

B o= =2 (& —@;)p(x; — ;) +2 Z(% — U)o — ;)

J#i

= =43 (Y Gl — ) =Y (= )= Gy — 2+ Y Sl — w) ) ol — ;)

j#i k#i k k#£j k
A (30 s — ma) =3 s — w) + D0 Cyy — ) — 2 Sy — ) ) (s — u)-
J o k#i k k#j k



It will be shown below that the right-hand side is equal to 42@’(9@- —xj), i.e., x;’s
J#i

satisfy the CM equations of motion. By virtue of the symmetry, the same holds for y;’s.

Therefore, the transformation x; — y; is a Backlund transformation for the CM system.

It sends any solution to another solution of the same system of equations.

This statement is based on the identity

=D (X s = ) =20 i = y) = 3 Gy — )+ D (g — )l — )

J#i ki k k#j k
32 (X Gl = i) =D Gl — wi)+ 20 Sy — ) =D Sy — ) ) ols — v)
J ki k k#j k
—> ¢ (i —x;) =0,
J#
where x1,...,ZnN, Y1,...,YyN are arbitrary variables.

Proof of the identity. Let us prove this identity.

The first nontrivial case is N = 2. Put ¢« = 1 and consider the left-hand side as a
function of z;. It is easy to see that it is an elliptic function of x;. Its possible poles may
be at x1 = x9, ¥1 = Y1, ¥1 = Y. Setting r1 = x5 + £ and expanding the expression as
e — 0, one can check that the left-hand side is actually regular at z; = x5 and, moreover,
is of order O(e), so at x; = x5 it vanishes. In a similar way, we can prove that the
left-hand side is regular at x; = y;, 1 = yo. Therefore, it is identically equal to 0.

Passing to the general case, we denote the left-hand side by
F(z) = F](\;)(ZL‘l, s INLYL,y - ,yN),

and consider it as a function of z;. It is easy to see that it is an elliptic function of z;.
[ts possible poles may be at z; = z;, (ip =1,..., N, ig # i) and x; = y;, (ip =1,..., N).
Setting ©; = x;, + €, x; = y;, + € and expanding it as ¢ — 0, one can check that F](Vi)
is regular, i.e., the singular terms cancel and FY = O(1) as € — 0. Therefore, F](Vi) is a
function that does not depend on z;. To find it, expand F](\f) near x;, up to terms of order
gl

F](\;) :F](\;O)l(l‘l,... ii,...,]}N,yl,...,gi,...,y]\])+G%021+O<€),

where Z;, 1; means that the arguments x;, y; are omitted, and

GN 1—G]\Z[O)1(Z'1,... j;i,...,xN,yl,...,yN)
is given by
%0)1 = Z@ xzo - Y Z @ xlo +C($Zo - )p(xzo _yi>
k:;ézzo
= 2 (Clig = ) = iy — i) + (s — ) )9l — )
J#i,%0



+Z( Tiy — C(xio - ) + C( ))p<xlo - yj)

J#i

+( > Clwig — ) = > Cwig —ye) + D Clui —ww) — D <( -—xk) (Tiy — i)

k#i,i0 k#i k#i k#i,io
In the second and the third line we can use the identity

C(z) = ¢ly) = ¢z —y) = 1@ +¢')

2 p(z) —py)’
which allows us to transform sum of the expressions in these lines to the form
1 1
Z (2 O (zip — ) — 2 o' (Tiy — yj)

J#ii0
(G0 = 1) + €l = 1) = Gy — 23) — oy — i)l — ) )
+(C @i = 9i0) = Clwig — i) + C(yz’o —4:))o(@io — yio).

Substituting this back into the expression for Gl N 1, we obtain, after some cancellations:

i 1 1
vao_)l = 5 p/(fﬁio - yi) + 5 @/(l’io - yio)

+(C sy = i) = Clwiy — i) + Cwio — 90)) (90 — i) — (i — 14))-
Using the identity connecting the (- andg-functions again, we see that G%O,)l = 0.

To finish the proof, we use the induction: suppose that F](\f) . = 0 (as we know, this
holds for N = 3), then F](\;) = O(e) as € — 0 and, therefore, FN = 0.

Béicklund transformations as dynamics in discrete time. The Bicklund trans-
formation x; — y; can be regarded as a shift in the discrete time n € Z by one step.
Having this in mind, denote z; = 27, y; = 27", then the equations that define the
Béacklund transformation acquire the form

—ZZCx — —QZC — ”+1

J#

n+1 —9 ZC n+l }H—l) ) Z €($?+1 _ x;l)
J#i J

Shifting n — n — 1 in the second equation and subtracting them after that, we obtain

equations of motion for the CM system in discrete time which connects x7, 2 and
-1
E Q(x?—x?“)—i— E C(x?—x?’l) -2 E ((z; — %) =0. (0.1)
J J J#i

Remarkably, these equations coincide with the system of nested Bethe ansatz equations
for the elliptic quantum Gaudin model associated with the root system A,,. In this case
the discrete time n may take only values 0,1, ..., m+1. At present it is not clear whether
this coincidence is caused by some profound reasons.

The Hamiltonian approach to time discretization of integrable many-body systems is
discussed in the book [5].



Continuum limit. The equations just obtained admit different continuum limits to
continuous time. As is easy to see, the simplest naive limit gives trivial equations of
motion ; = 0. In order to obtain something less trivial, one should take the limit in a
more clever way. To wit, put t = nd, ' — z;(t) + en, so that

o =z £ ek 6dy + $6%E +

as €,0 — 0, with § = O(g?). Separating the terms with j = ¢ in the sums entering the
equations of motion and those with j # ¢, and expanding them separately, we obtain in
the first non-vanishing order:

1 1 E
_ B —
e+ 0d; — 56%%; £+ 00+ L0%F ]; o (i — ;)
or, after cancellation of singular terms,
2

J#i

These are familiar equations of motion of the elliptic CM system in continuous time.

The RS system in discrete time

In this case the main idea is the same as for the CM system with the only difference that
instead of the linear problem for the KP equation one should consider the one for the 2D
Toda chain.

The Béacklund transformation. Consider the first linear problem for the 2D Toda

chain: ( )
T(T+n
— = Y(x
f ),
where ¢ = t;. Let us represent the wave function in the form ¢ = 7/7 and substitute it
into the linear equation:

o(x) = (x4 n) + 0 log

oo T2 _ Fatm)r(a)

T(x+n) 7(x+n)7(x)

For elliptic solutions

= Q) H o(x — x4(t))

where Q(x,t) is some quadratic form in z, ¢, which is not important for us here. Since v
should be a double-Bloch function, the general form of 7 is

- AeQ(az,t)+a:c+ﬁt HO’(% N yi(t)),

with some constants A, «, 5, so that

RN

aac—i—ﬁt H .Z' B yl
oz —x;)



Substituting this into the equation, we have:

o — il — ) = o o(x —xz)o(x —y; +n) cons
> (#iC(x =z 1) = 4iC(x — wi) Ha(m—yi)g(x—xi+n)+ t.

K3 3

Equating residues at the poles at © = x; — n and x = y;, we get the system of equations
of the following form:

- o(ri — xp — 1) o(ri — yj)
€T; = G s
,};[i o(x; — xy) 1;[ o(z; —y; —n)
. J(yz Yk + 77) U(yz - $j)
= C
Y ;};[ o(yi — Yr) 1;[ o(yi — x5 +n)

with some constant C, which can be put equal to 1 without loss of generality (this can
be achieved by a rescaling of time). These equations are symmetric with respect to the
simultaneous exchange x; <> y; and n — —1. As before, in the trigonometric and rational
cases the number of x;’s may be not necessarily equal to the number of y;’s.

The equations just obtained imply that the both sets of variables, x;’s and y;’s,
satisfy the RS equations of motion, i.e., the transformation x; — y; is indeed a Bécklund
transformation. To prove this, we need some special technique. Introduce the function

which differs from the LamZHermite function only by an exponential multiplier. After a
proper rescaling of time, the system obtained above can be written in the form

ki J

i == 11 o —yr,m) [T &(yi — 2 +n, —n),
ki j
while the RS equations of motion acquire the form
' ¢(wr — x5, —n)  d(vi — a8, —1) )

Ti et

where ¢'(x,y) = 0.¢(x,y). Note that the rescaling of time does not make any effect since
the equations are homogeneous in time. Taking the time derivative of the first equation,
we have:

Li e 9@ —xg, ) @i -y —n.n)
; ].;;Z;ﬁz(wl ) o(xi — Tk, —1) " zk:(l“z i) (i — yr —n,1m)

_ ka (¢/($k —xi,—n) ¢z — —77)>

d(xy — x4, —0) ¢(x; — g, —1)

_ A ) -ﬁbl(%‘ ) Lo ¢ (i — yx — 1)
kzﬁxk P E— g”j FY e — zk:m i) oz —yr—n,n)
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Comparing with the RS equations of motion, we see that it is necessary to prove that
the sum in the third line is actually zero. This follows from the identity

Zﬂﬂz = Zyz

or

Z(I_M —xg, =) [[o(wi—y;—n,n) + [T d(vi—vk,n )Hszﬁ(yi—xﬁn,—n))—O,

7 k#1 J k#i J

which is proved below. Indeed, taking the derivative of this identity with respect to z;
and using the equations of the system, we just see that the sum in the third line is zero.
Our identity is a particular case of a more general one, which has the form

H ¢(w17 Zi) = Z ¢(w17 Z Zk) H ¢<w] — Wi, ZJ)
i=1 i=1 k=1 j#i
It will be proved below. The initial identity can be obtained from this more general one

by putting n = 2N — 1. It is then convenient to take the sum over ¢ = 2,... 2N. Let us
choose the variables in the following way:

2N
29 = ... = ZN = —1], ZN+4+1 = ... = 29N = 1], so that ZZ]C:’O,
k=2
Wy =21 —X2y...,WN =21 —TN, WNy1=T1 — Y1 —1,...,WaN =T1 — YN — 1]

N N N N
Then the identity yields: Z T; = Zyl B popme T = — Zﬂvz + Z Yi-

i=1
The fact that the y;’s satisfy the same RS equations of motion follow from the
symmetry x; <> ;.

Proof of the identity. We begin with the simplest case n = 2.
Problem. Prove the identity

d(wr, 21)p(wa, 22) = P(wr, 21 + 22)P(wa — wr, 22) + P(wa, 21 + 22)P(wy — wa, 21).

In the general case the proof can be done by induction. Suppose that the identity holds
at some n and prove that this implies that it holds also for n — n + 1:

ntl n+1 n+1 n+1
H ¢(wia Zi) = Z Qb(wiy Z Zk) H Qb(wj — Wy, Zj).
=t i=1 k=1 A

By the induction assumption, we can transform the left-hand side:

n+1 n n n
H ¢(wla Z’L) = Z ¢(wn+17 ZnJrl (wu Z ) H ¢(w] — Wy, Zj)
=1 i=1 k=1 jF#i
n n+1 n
= Z ¢(wn+1 — Wy, Zn+1)¢(wz'7 Z Zk) H <Z5(wj — w, Zj)
i=1 k=1 jAi



n+1

+z”: ¢(’wi — Wn41, Zn: Zk>¢(wn+1, Z Zk) ﬁ o(w; — wy, zj),
i=1

k=1 k=1 j#i
where we have used the identity from the problem above. Consider the right-hand side
of the identity and write the first n terms of the sum separately:

n+1 n+1 n+1
Z¢(wzazzk> H ¢ wiyzj)
k=1 JF#i
n n+1 n+1 n+1 n
=> ¢(wi; > Zk) 1T ¢(w; — wi, 2;) + ¢(wn+17 > Zk) I o(w; — wy1, 25).
=1 k=1 jFi k=1 j=1

Comparing with the left-hand side, we see that the first terms in these expressions
coincide. Therefore, we should prove that

n

Z ¢(wz Wn+1, Z ) (wn-l-b Z ) ﬁ ¢(wj - Wi, Zj)

i=1 k=1 k=1 j#i
n+1 n
= ¢(wn+17z ) H wnJrlqu)'
n+1
After cancellation of the common multiplier ¢(wn+1, Z zk> we see that the equality
k=1

follows from the induction assumption after the change w; — w; — wy41.

The Bicklund transformation as a dynamics in discrete time. As in the case
of the CM system, the Backlund transformation x; — y; can be regarded as a shift of
the discrete time n € Z by one step. Denote z; = x7', y; = 21 then the equations that
determine the Bécklund transformation acquire the form

P G k) PG 7

i ki o'(:r;? — :L‘Z) ; O'(I? _ :L‘;-H_l _ 77)’
YA, | ofai™ — a4 1) 0 o(ap ™t —ap)

Z ki ozt — CUZH) j ozt —at +n)

Shifting n — n — 1 in the second equation (then the left-hand side become identical) and
equating the right-hand sides after that, we obtain the equations of motion for the RS
system in discrete time:

ﬁ o(zy —xZ ) olaf —ap+n) ofa} —apt —n)
Lo —or ) ol —ap—n)  oler — o)

It is easy to see that in the limit 7 — 0 they turn into the CM equations of motion in
discrete time.

=—1.

Remarkably, the obtained equations coincide with the nested Bethe ansatz equations
for a generalized quantun spin chain with elliptic R-matrix (first found by Belavin)
associated with the root system A,,. In this case the discrete time n take values 0,1, ..., m+
1, while z' are Bethe roots at nth level of Bethe ansatz.

Problem. Perform the continuum limit of these equations and show that they turn into
the RS equations of motion.



Discrete Lax representation. The equations of motion for the RS system in discrete
time has a commutation representation of the Lax type, which is a discrete time version of
the differential one, and has the same meaning: the Lax matrix undergoes an isospectral
transformation under the time evolution. The existence of a Lax-type representation
means integrability of the RS system in discrete time (as well as the CM system in
discrete time as its limiting case). The discrete Lax representation can be obtained from
analysis of elliptic solutions to the 2D Toda chain with discrete time.

The tau-function of the 2D Toda chain in discrete time can be defined be means of
the rule
m™(x) = 7(x,t — n[A7Y],t),

where A\~! plays the role of inverse lattice spacing. Values of the contonuous times t,t
are assumed to be fixed. In the case of two discrete times n, m we set

() = 72,6 — nAY = ma),B).
Then the bilinear equation for the tau-function of the 2D Toda chain
A(x +n,t)7(z, 6+ N = [7]) = pr(e gt AT = [T )7 (2, t)

= A=l +nt+ N (et — ('),

where we have omitted the times t for brevity, can be rewritten as the following equation
in the discrete times:

AT )T () — T e () = (0= )T ) (),
The wave function depending on the spectral parameter z is introduced by the formula

 gon (@t = 1] — 1)
T(z,t)

() = 2(1-3)

It is easy to verify that the bilinear functional relation for the tau-function is equivalent
to the following linear equation for the wave function:

PH) = A ) + V@), V) =

For elliptic solutions in x we have

and
o(x —af)o(x — a:?“ +n)

7’l+1 n
; o(x — ] Yo(z — r + n)

is an elliptic function of z. Solutions for ¢"(z) should be found among double-Bloch
functions

Y (2) = 2y (e — af, ),

9



where the second spectral paramemter is denoted by u here. The substitution into the
linear equation gives:

St (r — 2t u) + 22T @D — a4, u)

1 olr — Moz — 2P+

n+1> ) ZC?CD(:C - :cf,u) =0.

o(r — a7 +n)

ol —a

(2
Possible poles of the left-hand side are at # = 2 — 1 and x = 27", Their cancellation
leads to the following over-determined system of linear equations for components of the
vector ¢" = (¢}, ..., c%)T:

Lne™ = 2\ ten,

¢l = Mt

Matrix elements of the matrices L™, M" are:

n _ .n n+1 n
Mij_gicb(xi _xj7u)7

where
[To(a} —a —n)o(a)p — it
J

W Mot = =0 oot — a1’

: ? J
J I#i
Mol —ap)o(ai™ 2" )
T oG ) e )

The compatibility condition has the form
L M™ = M™L™.

This is the discrete Lax equation, which means that the shift by one step of the discrete
time is an isospectral transformation, and so the spectrum of the Lax matrix is conserved.

Let us show that the discrete Lax equation is equivalent to the RS equations of motion
in discrete time obtained above. First of all we notice that

D9 =0,

because in the left-hand side there is sum of residues of the elliptic function V" (z). Denote
R" = L"™'M™ — M™L", then

Ry = [ gn®@™ —ap™ = nu)®(ap " - af )
P

k

10



The equality R}, = 0 (the discrete Lax equation) in the limit « — 0 implies the equality
FY g —ar Y fi =0,
k k

or, if we recall that Z i+ Zg}; =0
k k

1
fl.”"' = _g;"”,

These are just the equations of motion in discrete time obtained above:

ﬁ o(a} —wﬁl) o(a} —ap +n) o(af —apt —n)
i ol —ap ™ ) oy —ap —n)  o(a)y —aptt)

Problem. Show that these equations are equivalent to the equality R;; = 0 for all w.

The deformed RS system in discrete time

The Backlund transformation. Let us apply the same method to the case of the
Toda lattice of type B. The first linear problem has the form

Op(x) = v(x) (¥(x +n) — (@ —n)),
where v(x) is expressed through the tau-function 7(x):

U({L‘) _ T(l‘ +77)T(x B 77)

73(x)

For elliptic solutions
N
=C]]o(z— ),
i=1
where it is assumed that all its zeros z; are distinct, so v(x) is an elliptic function with
periods 2wy, 2ws. As usual in such a case, we search for solutions among double-Bloch

functions. Poles of 1 are zeros of the tau-function, so we can represent the solutions in

the form ()
_ z/n (;L—Mfl)t T\T
P(x) = p*'Me @

where
N
= H o(r —y;)
i=1
with some y;’s. Then the i-function is indeed double-Bloch with Bloch multipliers
N
By = i exp(20(w1) Yo (w5 — y5)), Ba = 1™/ exp(2((wy Z — ).
j=1 j=1
It is possible to show that
N
> (&
j=1

11



so the Bloch multipliers do not depend on time. Earlier we saw that poles of the wave
function satisfy the equations of motion for the deformed RS system for arbitrary pu.

Substituting the wave function into the linear equation, we have:

0t(@) ar() L Fatwrle—n) _r@tn)i—n)
O I S R 7 P ) R 5 £ P R

This equation is invariant under the simultaneous exchange 7 > 7, u <> p~*, hence y;’s
satisfy the same equations as x;’s. Both sides of the equation have simple poles at z = x;
and x = y;. Equating the residues, we come to equations connecting zeros y;’s and poles
z;’s of the wave function:

= po(—n) H o(x;—x;— H o(x yk:‘H?)

i o(zi—x;) —Yr)

T;—;

—x;+1) HU —Yk—1)
(372_% L yk)

+puto(=n) [1 olz,

J#i

yi = po(—n) H

yﬁn Ha —Tp—1)
j#i (yz k

ZEk)

Ty O o(yi—ai-+n)
ol 77)]1;[1 (yz 1;[ o(yi—wr)

They are symmetric with respect to the exchange z; <> y;, p <> p~'. The map x; — y;
can be regarded as a Bécklund transformation of the deformed RS system.

It should be noted that the equations for the x;’s and y;’s in principle can be derived
from the equations obtained. For this, one should apply to them the time derivative and
use them again, substituting the expressions for ;’s, y;’s through z;’s, y;’s. They will
turn out to be equivalent to a nontrivial identity for elliptic functions of many variables.
This identity seems to be too complicated to prove it directly. However, we do not need
the direct proof since the equations for x;’s follow from the previous results while those
for y;’s follow from the symmetry x; <+ y;. Note that the Béicklund transformation for
the RS system differs from its analog for the deformed RS system by absence of the
second terms in the right-hand sides. In this sense it is formally contained in the latter
as a limiting case (1 — oo or p — 0).

The dynamics in discrete time. Denote the discrete time variable by n € Z and put

x; = a7, y; = 21, Shifting n — n — 1 in the second equation, we see that the left-hand

12



sides become the same. Equating the right-hand sides, we arrive at the equations

N
pll o} —apto(af — ap +n)o(af — a3~ —n)
k=1
N
+p ]l o] —ap™ +n)o(a} — 2 —n)o(a} —ai™")
k=1
N
= [[o(@} —ap™ —n)o(a} — i +n)o(a] — a7
k=1
N
+ Tt [[o(a] — a7 o(af —af —n)o(a} — 2™ + 1),
k=1
or
ﬁ ozl — x}”i)a(xf xf +n)o(x} — o 1 71]
ool — 2™ +no(al —af —n)o(af —277)
N og(a?—z" Do (a? —a" Nz —an ! o(xl —ax?+
= —1+ /J’_QH ( ; ‘ZH»]_) ( ? n] n,?_) +,LL_2H ( :Z _Zl+1 77) ( ; i T’)
ol o(xf—ai " 4n)o(xf —x] ) ol oz} —zi" +n)o(x} —2f—n)

Continuum limit. The equations just obtained admit different continuum limits. One
possibility is to introduce new variables

n __ n
X =ai —nn

and suppose that they behave smoothly as the time changes, i.e., X]’-1+1 = X7+ O(e)
as € — 0, where we have introduced the lattice spacing € in the time lattice, so the
continuous time variable is ¢ = ne. In terms of the X7"’s the equations are rewritten as

P XP - m)o (X - X7 o (X - X7

ﬁ (X
jo o (XF = X o (X} = Xj = m)o(Xf = X3 +n)
L e e X (X Xz
B o X (=X )

N u”ﬁ a(Xf—X}‘“—Qn)a(Xf—Xern).
S (X=X (X - X7 )

J=1

We should expand them in powers of ¢, taking into account that
) 1 ..
X]nil = Xj + SXJ‘ + 5 €2Xj + 0(63)

as € — 0. It is enough to expand up to order . For consistency of the procedure we
should require that x~! be of order e.

13



Problem. Show that at ;~! = € the leading order gives the equations of motion of the
deformed RS system for the Xj’s.

Another possibility is to assume the smooth behavior for the original variables:

P =y ke + ;gz'x'j + O(e%).
It is easy to see that in the case of general position, if u=2 — 1 = O(1) as ¢ — 0, the
leafing order is ¢, and the expansion gives the equations of motion of the RS system
(non-deformed). However, if 12 —1 = O(e), say, p=2 = 1 + ae + O(£?), then the first
order yields the identity 0 = 0, and one has to expand further, up to the second order in
e. This leads to the equations derived in [32] for dynamics of poles of elliptic solutions
to the semi-discrete BKP equation. These equations are not resolved with respect to
the second order derivatives ;. We do not present them here because of their rather
complicated form.

The spin CM system in discrete time

According to our approach, the spin CM system in discrete time can be obtained as
dynamics of poles of singular solutions of the semi-discrete matrix KP equation. For
simplicity, we will be restricted by rational solutions. To this end, we need some preparations
first. To wit, we should represent the matrix KP hierarchy in the framework of the bilinear
formalism.

The semi-discrete matrix KP hierarchy. As was already mentioned, the matrix
KP heirarchy is a subhierarchy of the multi-component KP. The independent variables
in the latter are n infinite sets of continuous times

t:{tl,tg,...,tn}, ta:{ta,lytoa,%ta,?n---}a (I:]_,...?n.

It is convenient to introduce also the variable x such that

81, - Z atml.
a=1

In the matrix hierarchy, the variables t are restricted as t,,,, = t,, for all o, m, and, in
particular, x = ¢, but in order to write the bilinear relation, we will have to shift the
times ¢, ,, separately.

The tau-function of the matrix KP hierarchy is the matrix 7,5(z,t), in which all
diagonal elements are the same: 7,,(2,t) = 7(x,t). The integral bilinear equation for the
tau-function has the form

> €artoy ]{c dz 2P0 2t Ay (t - [2_1]7) T8 (t/ + [2_1]7) =0,

v=1
where €., = 1 ectn o < 7, €4y = —1 ecsim o > 7, and
k 1 z*
E(ty, 2) = 3 by, (t + [ ]V)ak = ok % Gay
k>1
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Problem. Prove the following functional relations as corollaries of the integral bilinear
equation:

a)

Tt (17 15)00,7) = 700 Tap b7 Ts) + 2 7 (0 7]s) = 0

(no summation over repeated Greek indices!),
0)
Oy, Tap(t — [ )T(t — [17]a) = Dy, 7(t — [ o) Tap(t — [ 1]p)

HTap(t — V) 7(t — [ a) = v7as(t) (6 — [ ] — [v71]5) =0,

€T (6)Tas (6 + [171] = [7'5) + €500ha, T(6)Tas (t + (7] — [v71]5)
— 50T (8)D1 1o (6 + (171 = [v7']5)
ean( = )7 (8= [75) (6 + [17) + capras(®)7 (64 [071] = [7]s)

= Y Car€arTan ()T (6 + [ = [V 1]5) =0,
Y#o,B

where we have omitted the argument z for brevity.

The wave functions are given by the formulas

ap(z,t — 271
Uos(z,t;2) = EaﬁT ﬁ(fT(m t[; Is) 2Pas—LeE(s,2)

, Tap(T, 6+ [27a) 5.1 —&(ta,2)
U2, 2) = €50 o @),
op(T,t2) = €p t) z e

The function ¥, in the matrix hierarchy has the expansion
Wos(,62) = (Jap + 0@, £)2 7! + O(72)) €460,

where £(t,2) = Y 2", The coefficient w&lﬁ) (z,t) plays an important role. It is expressed
k>1
through the tau-function in the following way:

[0 7t
€ap Tas(@,t) ecan o # 3,
7(z,t)
wig (e, t) =
_ a2, 0) ecan o = 3
7(z,t) '

Evolution in the discrete time p € Z is defined as shifting the continuous times
according to the rule [33]

?=7 <t —pé[/fl]a> , U= <t —paé[u‘l]a; Z) :
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where we again omit the variable x identifying it with ¢;. Here p is a continuous parameter
which plays the role of inverse lattice spacing. Each value of p defined its own flow in
discrete time. This hierarchy is called semi-discrete because the space variable z (and ¢;)
remain continuous. One can show, using the bilinear equations from the problem above,
that the linear equations for the wave functions have the form

pu? — @t = 0,07 + (wM(p + 1) — wM(p)) U7,

pu? — vt = =9, w7+ 0 (wh (p) — w(p - 1)),

or, in components,

M‘I’Z/B_M‘I’%l—a ‘I’pﬁ+z< P+1) S)( )) ‘1’75,

A M\I/*pl——f?\lf +Z\IJ ( w%)(p—l)).

Below we will use them for analysis of the dynamlcs of poles of rational in x = ¢, solutions
of the semi-discrete matrix KP hierarchy.

Rational solutions. We study solutions of the semi-discrete matrix KP hierarchy that
are rational functions of z. The tau-function for such solutions is a polynomial of x:

N
T = C’H(:z: — z;(p)).

=1

The roots z; of this polynomial depend on the times t and on the discrete time p. In
this section, we will denote the dependence on the discrete time p as an argument in
brackets rather than an upper index. The matrix wave functions ¥, U* (and, therefore,
the coefficient w(!)) as functions of x have simple poles at z = z;. From the general
theory of algebraic-geometrical solutions [17] it follows (see also the work [34], where
this is derived from the bilinear equations for the tau-function), that residues at the

poles are matrices of rank 1. We can parametrize them by the vectors a; = (a}, ..., a™)7T,
bz’ = (bzl7ab?)T
res w ((lﬁ) —alb? or res w!) = —a;bl.
r=x; r=x,
For the residues we have [34]:
gos Wap = 000, reg Wl = e I,
where ¢, ¢ are components of the vectors ¢; = (c},...,c¢")", ¢ = (¢!, ..., ¢"). The

vectors a;, b; depend on the times ¢; ¢ k > 2, while the vectors c;, ¢! depend also on
z. The dependence of the vectors on the discrete time will be denoted as af = af*(p),
b = b¢(p). We have the following representation for the matrix wave functions:

N 045
\I’aﬁzeergtz ( 5—1—2 >

ST
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N C#ab@
26 — e—zz—ﬁ(t,z) <O;61 + Z i Vi > :

i—1 T T i

where the matrix C,p does not depend on x, and c} wp are matrix elements of the inverse

matrix. The matrices wM u V = —29,w™") have the form
N aB N a® B
(1) _ S _ a; b — _9 b
Wap op ;af—xi’ Vag Z (x — 24)?

where the matrix S does not depend on z. Tending x — oo in the relation

Z dzz W (6 2) W4 (6; 2) = 0y, Wi (b),

2772

which follows from the integral bilinear relation, we conclude that 9, S = 0 for all m > 1,
hence the matrix S does not depend on all the times.

First we consider the pole dynamics in ¢5. For this, consider the linear problems

—0 Zéﬁ_ x 22\1172

and substitute into them the pole ansatz for the wave functions. First consider the
equation for ¥. Comparing the behavior of both sides as * — o0, we concludde that
0t,Cap = 0, hence C,p does not depend on to. (In a similar way, considering the linear
problems for higher times, one can see that C,s does not depend on all #;’s.) Equating
the coefficients at the poles x = z; of different orders, we obtain the following conditions:

e at (m_lxi)s: blal =1 or bla; = 1;
o at oo G o Pi = —2za%¢ — 2aal~7ﬁ — QZ ?bZaka W =bC. 5
)2 7 1 i i i p_ Z 757
(I Iz) kiz xz xk

'Y ’Y 15} alY Y5

agbrac; —albajc

¢ at x_lxl at2 (l = _QZ k‘ kCrL

ki (ﬂfz — xy)?

Hereafter summation over repeated Greek indices is assumed and dor means the to-
derivative. The conditions coming from cancellation of third order poles are already
familiar constraints for the vectors a;, b;. The conditions coming from poles of the second
order can be written in the matrix form:
N ; v .7
~ Z; bla
> (2l = L)gcly = —b, Ly = —Ez O — (1 — i) ——-

k=1

T, — Tk

Here L is the Lax matrix of the spin CM system. The conditions coming from simple
poles yield evolution equations in the time ¢,. Similar calculations for the linear problem
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for U* give the same constraints bfa; = 1 and linear equations for the components ¢
with the same Lax matrix L:

Zc (2] — L) =C2la].

ay i

For completeness, we give also already familiar equations of motion in the time t:

i =2y kaa:) _22 blalb k)

k;ﬁz k;éz

’Y

8X:bnz 7 )

k;ﬁz Lk

Now we are ready to study evolution in discrete time. The wave functions are of the

o v, = (1- i) TaHE(t,2) <C +Z ag(p)c! (p)>7

s — z;(p)

aﬁ 2 aﬁ i Tr—1x; (p)
We should substitute them into the linear problems for discrete time and equate coefficients
in front of poles at = x;(p) and = = x;(p + 1). Note that the constant term S,z in
wsﬁ) (p) cancels in the combination UJSB) (p+1)— wSB) (p) because the shift p — p+ 1 is
equivalent to a shift of continuous times, but S,z does not depend on them. Cancellation

of the poles yield the conditions:

a® 7 a’}/ C@
(z=pwai(p+1)e (p+1) = —ai(p+ 1B (p+1) = > = (p ;1<)pbl+(pl)+_1)$j(;z;) i p),

e at o—2:(p) "

Y 5
(z — wag(p)c} (p) + af(p Z p+1()pb)<_p;(2+(11;)z(p)

+ 3 EOHOGEGE) |~ a0 E)al ) )

S ah—a) T a-ak)

In a similar way, from the linear problem for U* we obtain:
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e at

T—ai(p-1)’
" . i (p)b] (p)al (p — 1)V; (p — 1)
e at m:

ci(p)b] (p)al(p — )b (p — 1)

j zi(p) — x;(p — 1)
- (P)b] ()a] (P)b] (D) | < " (0)b] (p)a] (D) (p)
R Rk Ve bt

The conditions coming from second order poles are the same constraints, as before.
Introduce the matrices

(Sijjci(p) —(1=3) _bi(p)aj(p)

Lij(p) = — 9 zi(p) — x;(p)

(the Lax matrix) and
bl (p+1)a; (p)
zi(p+1) — z;(p)’

then the conditions coming from simple poles at x;(p) and z;(p £ 1) can be written as

M;; (p) =

#@42@%—hm®§@+@@4

J

+¢*(p) [ZM (p— b (p—1) +ZLU —ubl(p)| = 0.
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Introduce N-component column vectors C* = (cf,...,cx)", C** = (¢, ..., )", A® =
(ag,...,a%)T, BY = (b%,...,b%)" and A* = (ag,...,a%)", BY = (b%,...,b%) . In this

notation, our equations acquire the form of linear equations for the vectors A® and B?:

{ A°T(p+ 1)M(p) + A°T(p)L(p) = nA°T(p)

M(p —1)B’(p — 1) + L(p)B”(p) = uB"(p)

and linear equations for the vectors C* u C*;
(z = w)C(p+1) = =B (p+ 1) = M(p)C*(p)
{ (z = n)C’(p) = =B?(p) + L(p)C’(p) — nC’(p),
{ (z=p)CT(p—1) = AT (p— 1) = CT(p)M(p - 1)

(z — p)C*T(p) = AT (p) + C*T(p)L(p) — pC*"(p).

From these equations we have:
M(p)CP(p) + (L(p+1) = uI)CP(p+1) = 0,
C(p+ )M (p) + C**(p)(L(p) — uI ) = 0.
Combining these equations, we obtain:
M (p)(=B%(p) + L(p)C’(p) — nC’(p)) — (Llp+ 1)—ul ) (B’ (p+1) + M(p)C’(p)) = 0,
(AT (p) + C*7 (p) L(p) — pC*7(p)) M (p — 1)

+ (AT (p = 1) = CT(p)M(p— 1)) (L(p — )=l ) =0,

or, after simplifications,

CT(p+1)(M(p)L(p) — L(p+ 1)M(p)) = 0.
This implies the compatibility condition
L(p+1)M(p) = M(p)L(p)

or L(p+1) = M(p)L(p)M~(p), i.e., the discrete Lax equation. By a direct calculation
it is possible to show that it is satisfied if the already mentioned equations hold:

{ AT (p+1)M(p) + AT (p)L(p) = nA°T(p)

M(p —1)B?(p — 1) 4+ L(p)B”(p) = uB"(p).
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In the explicit form these equations read:

P G+ 1)bj(p+1)a

7 e+l —aip) 2 oy %() i(p)

' (p) :i:i() iy a$ (p)b] (p)ai (p) ()

+ pa;

3 bl (p)a)(p = DV (p = 1) _ ii(p) )+ bl (p)a] ()Y (1)

I&]
= @) -zpep-1) 2 7 2 uilp) — 3 (p) + pb; (p)-

Multiply the ﬁrst equation by b$(p) and sum over «, after that multiply the second
equation by a; ( ) and sum over (3. Taking into account that the constraints b)a; = 1 hold,
and subtracting the equations obtained above from each other, we obtain the following
equations of motion:

3 b} (p)aj (p + 1)V} (p + 1)aj (p) iy b} (p)aj (p — 1)V} (p — L)a (p)

- zi(p) — zj(p+1) ; zi(p) —x;(p—1)

_ p)a ()b (p)al (p)
2; o) -5

which generalize the equations of motion for the CM system in discrete time to the spin
case. The previous two equations are not closed since they contain z;, i.e., the derivative
of x; with respect to the “alien” time t5. Nevertheless, we will show that their continuum
limit gives the required equations of motion of the spin CM system for the spin variables.

Continuum limit. Set z;(p) = \p+v;(p) and expand z;(p£ 1) = £X\+x:(p) £ Owy; +
=Py + 0(e%), af(p £ 1) = af £edaf + O(e2), b (p £ 1) = b + 29,b¢ + O(£?), where
A = O(y/e). Separating the terms with j = ¢ in the sums that enter the equations of
motion, expand it up to the first non-vanishing order O(g) as € — 0. This yields the
equations of motion for the spin CM system in continuous time:

bla 'ybﬁ B

Ofy; = 292 ST g2 = o),
Z Wi—y;)

Hence we see that it is necessary to put A\* = 4¢2.

Next, let us consider the continuum limit of the other two equations. Expanding the
second equation as A\, — 0, we obtain:

b} 3 yo 18 € 518 i
- — —b 8yl——b8ab — — o, — A
PR N P ; y])

L O(e) = %bf + bl
Comparison of the leading terms gives A\ = p~!. Terms of the next order lead to the
relation
/\2
Oyi = o i — Abj Ora] + O(e).
We expect that in the continuum limit the time ¢ that corresponds to p tends to t5. That
is why we should require A2 = —2¢, which agrees with the relation A* = 4e? between
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them mentioned above. Then in the order O(\) we have:

blalb!

yj)y

iz (i

which is the equation of motion for the spin variables in the continuous time. The
continuum limit of the first equation is considered in the similar way.
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