Integrable systems of particles and nonlinear
equations. Lecture 13

A. Zabrodin*

Equations of motion of integrable many-body systems
as conditions of existence of meromorphic solutions to
linear equations

This section is devoted to an alternative approach to derivation of equations of motion
for integrable systems of particles. Its advantage is that it is rather direct and economic.
This approach was suggested by Krichever (see [25, 26, 11]). Within this approach, the
equations of motion are obtained as conditions of existence of meromorphic solutions to
linear differential or difference equations, which serve as auxiliary linear problems for
integrable nonlinear equations. A weak side of this method is that it does not allow one
to find commutation representations for the equations of motion.

The linear equation for KP Consider the linear equation
(0, — 02 — 2u)h = 0,

which is one of the auxiliary linear problems for the KP equation. It is easy to see that
if the function u = u(x) has a pole at some point a in the complex z-plane, then this
pole has to be of the second order with zero residue. Expanding the left-hand side in a
neighborhood of this pole, one can find a necessary condition for a meromorphic solution
to the equation to exist in this neighborhood. The expansions are:

1
u:—ﬁ—i-uo—i-ul(x—a)ﬂh..,

b= —— 4B+ —a)+oa—a)+....

Plugging them into the linear equation, we see that the highest poles (of the third order)
cancel identically. Equating the coefficients in front of (z —a)™2, (z —a)™' and (z — a)°
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to zero, we obtain the conditions

ac+ 26 =0,

@+ 27y — 2upa = 0,

B —avy —2upf — 2ura = 0,

where dot means the ¢-derivative, as usual. Taking the {-derivative of the first condition,
substituting in the result & and S from the second and the third ones, and then using
the first one again, we obtain the necessary condition:

It is possible to obtain the equations of motion for the CM system (in general elliptic)
from it. Indeed, let u(z) be a double-periodic function with poles at the points x;:

u=—> plr—x).
i
Its expansion near each pole at x; has the form given above, where
UOI—Z@(%_%% Ulz—zpl(%‘—%’)y
i J#
so the conditions of existence of a meromorphic solution in a neighborhood of each pole
give the equations of motion for the elliptic CM system:

J#
The linear equation for BKP. Consider the linear equation
(0y — 92 — 6ud, )b = 0,

which is one of the auxiliary linear problems for the BKP equation. Suppose that the
function u has a pole at some point a, and that there exists a meromorphic solution for
1 in a neighborhood of this point. The expansions are:

1
u:—m+uo+u1(a:—a)+u2(x—a)2+u3(x—a)3+...,

«

Y= + B+ —a)+d(r—a)+e(x—a)+pulx—a)+....

Plugging them into the left-hand side of the linear equation, we see that possible poles
of the fourth and third order cancel identically. Equating to zero the coefficients in front
of (r —a)™?, (z—a)™!, (r —a)® and (z — a), we obtain the conditions

r—a

aa + 6aug + 67 = 0,
&+ 6au; + 126 = 0,

B—’yd— 6vug + 6auy + 12 = 0,

A —20a — 120uy — 6yuy + 6aus = 0.
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Note that the coefficient u, which could enter the last condition, cancels. Let us take the
t-derivative of the first condition:
) Q
i+ Giltg + 61 — 60 = 0.
a Q@

Substituting & from the second condition and 7 from the fourth one, we find the condition
of existence of a meromorphic solution:

This condition allows one to obtain the equations of motion of the system discussed

before in connection with elliptic solutions to the BKP equation. Indeed, let u(z) be the
double-periodic function
~ Yol - w).

then its expansion in a neighborhood of z; has the form given above with

—Z@(Ii_xj)a Z@ T — Tj), :_*me Ti — Tj),

JF JF J#Z
and
I.L() = — Z(ZEZ — I])p,(l’z — ZEj).
J#
Hence we see that our condition yields the equations of motion
1’14—62(3314—1'])@/(1’1— —72 Z p —LL’] ( —$k) :O,
i itk

obtained earlier from other arguments.

The linear problem for the 2D Toda chain in the time ¢;. Consider the differential-
difference linear equation

O () = Pz +n) + b(x) (),

which is the auxiliary linear problem for the 2D Toda chain for the ¢ = t;-flow. Suppose
that the function b(x) has a simple pole at some point a, then the equation implies that
it has to have another pole at the point a — 7:

- + o + Oz —a), z—a
r—a

b(x) =

SR Oz — —~a—n
x_a+n+u1+ (x—a+mn), z—a-n

The expansion of the function ¢ (x) in a neighborhood of the point a is of the form
o
= — O(x —
() x_a+ﬁ+ (x —a),

then




Note that the function 1 is regular at the point a — 1. Substitute these expansions into
the linear equation:

(a:ciaa)2+a:fa+0<l):(

+M0+---> (LL+B+...>.

r —a

Equating the coefficients in front of the poles in the left- and right-hand sides, we obtain
the conditions

v =a,
& =vf + poa.

In a neighborhood of the point a — n we have:
Orp(a—n)+O(x—a+n)

«

=Ty TP

s IR UG RS CE BT G IR

Equating the coefficients at (z —a + 7)™ and (z — a + 1), we obtain the conditions

a:Vw(a_TI)?

Ip(a—n) =B — wmla—n) —vi'(a—n).

Taking the t-derivative of the first equation and using the conditions obtained earlier, we
find:

& = dp(a—n) + av(a —mn),

where

Pla—n) =0(a—n)+a)'(a—n)
is the full t-derivative of ¢(a —n) (here ¢'(a —n) is the z-derivative at a —n). Combining
these conditions, we arrive at the condition of existence of a meromorphic solution:

G — a(po + ) = 0.

Suppose now that b(z) is an elliptic function of =, with simple poles at the points z;,
then it is of the form

b(z) =3, (¢l =) = Clw—z; +m)).
J
Put a = x; for some 7, then

o = Y apCl — ) — > dnCai — zi + 1),
ki !

pr =Y il — ) — > dnl(@; — 2, — 1),
oy %

and the conditions obtained above yield the equations of motion for the elliptic RS system:

T+ Z%%(C(% — x4+ n) + C(x —x —n) — 2¢(z; — xk)) = 0.
ki



The linear problem for the 2D Toda chain in the {;-flow. Consider now the
linear equation

Oy (x) = v(x)(xr —n),

which is the linear problem for the 2D Toda chain in the time ¢ = ¢;. Suppose that the
function v(z) has a second order pole at a point a with the expansion
% u

v(z) = (:U—a)2+x—a+0(1)

in a neighborhood of this point. Suppose also that v(z) has zero at a — n: v(a —n) = 0.
Then ¢ (x) has a simple pole at the point a:

P(z) = “ +0(1), z—a.

Tr —a

Plugging these expansions in the linear equation, we write:

aa_, o :(( L o) (wa—n) + @ —aw'a—n)+...).

(r—a)® zx—a r—a)? x—a
Equating the coefficients at the poles, we obtain the conditions
aa = V’l/}(a - ?7>7

& =vy'(a—mn)+ wbla—n).

At x = a—n our linear equation yields: d;¢)(a—n) = 0, so the full t-derivative of ¥(a —n)
is

bla—mn) =ap'(a—mn).

Combining the equations obtained, we find the condition
vii + pa’® — va = 0.
Suppose now that v(x) is an elliptic function of the form

o) = ] or - xj;(z)i(zj)— T =)

’

j=1

then we have, putting a = x;:

v=—0o"(n) H i x]gj’(g)i(iz)— zj — 1)
j?éi 7 ¥

9

w= VZ(C(%Z — 2 +n) + (2 —xp —n) — 2¢(x; —xk)),
ki

and this condition yields the same equations of motion for the elliptic RS system.



The linear equation for the 2D Toda chain of type B. Consider the linear
equation

Ip(z) = v(z)(Y(x +n) — Y(z —n)),
which is the auxiliary linear problem for the 2D Toda chain of type B. Suppose that the
function v(z) has a second order pole at some point a with the expansion
v iz

o) = (x—a)2+x—a+0(1)

in a neighborhood of this point. Suppose also that v(x) has zeros at the points a — n u
a-—+mn:
(z —a—n)V*(a) +O((x—a=n)?), x—a+n,
v(r) =
(z —a+n)V~(a)+O((x—a+n)?), x—a—n.
Then the function v (z) has a simple pole at a:
P(z) = “ +0(1), z—a.

Tr —a

As x — a, the linear equation with these expansions gives:

aa Q

(x—a)2+x—a

= (; Lo rom) (vlatn) —pla—n)+ (@ — o)W (at )~ (a—n)+...).

r—a)? T-—a

Equating the coefficients in front of the poles, we obtain the conditions
{ aa = v(p(a+n) —la—n)),
& = p((a+n) —¢a—n) +v@'(a+n)—¢(a—n)).

At x = a £ n the linear equation yields:
onpla+n) = FaVE(a).

Therefore, '

Y(a+n) =FaVE(a) + ay'(a£0n).
Taking the t-derivative aa = v(¢(a + 1) — ¢(a — 1)) and combining with the other
equations, we obtain the condition

vi + pa® — va+v*(V*(a) + V- (a)) = 0.

Suppose that v(x) is an elliptic function of the form

b

v(z) = 1;[1 o(r - xj;(Z)i(;fj)— z; — 1)

then we have, putting a = x;:

v=—ao*(n)]] ofzi — ‘”J&;F(;li)a_(z)— zj — 1)

Y



W= VZ(((% —xp + 1) + (2 — 2 — ) — 2¢(2; _xk))»
k#i

oy 720 11l 0, 20— )
V= (i) ia2(n) g o?(z; —x; £ 1)

and our condition gives the equations

Y

Z; + Zx'ifbk(axi—xk—i‘??) + ((zi—2K—n) — 2¢(2; — l’k))
kA

_O'<277) H 0'(13i_xj+277)0'($i_$j — 77) _ H U(xi_xj—Qn)U(xi—xj + T])
b ol mn)o(ri—z;) o olwi—a;—n)o(zi—1;)

=0,

which are equations of motion for the deformed RS system.
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