Integrable systems of particles and nonlinear
equations. Lecture 12

A. Zabrodin*

Nonabelian Toda chain and spin RS system

Elliptic solutions of the nonabelian (matrix) 2D Toda chain were studied in the paper
[18]. The hierarchy of nonabelian 2D Toda chain can be constructed in a similar way
as it was done for the matrix KP hierarchy, using pseudo-difference Lax operators with
matrix coefficients. Here we will not discuss the general theory, concentrating on the first
nontrivial equation which has the form

((0eg(x))g H(x)) = g(x)g~ (x —n) — g(x +n)g~ (),

where g(z) is an n X n matrix. This equation is equivalent to compatibility of the over-
determined system of linear problems

0U(x) =V(x+n)+ V(z)¥(x),
OV (z) = C(x)¥(x —n),

where

V(z) = (Qg(2))g ' (x), C(z)=g(x)g " (z —n).

The analysis of elliptic solutions is similar to the one done before for the matrix KP
equation, so here we omit some details. Consider the first linear problem for the matrix
function ¥ and the conjugated problem for the dual matrix function U*:

OiWap(x) = Wap(e + 1) + Vay (€)W (2),

=0V 5(x) = Vop(z —n) + V7, (v)V,p(2),

where, as usual, summation over repeated Greek indices is assumed. The pole ansatz for
elliptic solutions has the form

Vasl(w) = 3 ] (Cla — 2) = (o — i +m)).
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It is an elliptic function of x. Therefore, the wave functions can be found among double-

Bloch functions:
U5 —zx/”ZaacﬁCI):r—xi,/\),

Zﬁ(:c) = 7%/ Z cfabfq)(x —xz;+1n,—\).

Substituting this into the linear problem, we arrive at an expression which has simple
poles at the points x; — n and also poles at z; (up to second order). Cancellation of the
second order poles gives the constraint

Cancellation of the poles at x; — n gives the linear equations

z:cﬁb7 1D (xy; — 1) = 2¢, .

Cancellation of the poles at x; gives the equations

O (af )+C( & —C’BZCLJ ;’b;’( xzj)—C(xij+n)+aa20667 T®(xi5, ),
JFi j#i

which can be rewritten in the form

ac B B

z Ci .
prie Z a6 (Clay) = Clay +m) = =5+ 3 D 0a)®(ay, A) — ()i

@; J#i l G g#i Ci

The right-hand side does not depend on the index «, hence
= *—Z W( C(wij) = Gy + 1))
i g @
b%:

R

does not depend on «, and so we obtain equations of motion for the vectors a¢

¢ =Naf + Y ad ”b”( Tij) C(%’Jrﬁ))
J#i

and evolution equations for ¢

—(Ay + )i+ Fbla) (g, N).
J#i

In the matrix form, we have:
L) c? = 2c?, 9,cP = M(\)c?

with the matrices

Lij(\) =bla) <I>(xij —n,A),

Mij(N) = =05 (Ai + C(n)s) + (1 — 655)b af P (245, A).

We recognize the Lax pair for the spin RS system.
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Similar calculations for the conjugated problem lead to the equations
c**L(\) = zc%, —0,c™ =c**M*(\),
where c¢** is a row-vector, and

M;;()\) = =0 (A + () + (1 — 5ij)bzajv'(b(xij’ )

with )
LW
—Af =5 = 2 b (Cay) = (g — ).
i j#i Vi

Compatibility conditions for these systems have the form of the Lax equations
L+([L,M]=0, L+[L M]=0,

from which we conclude that A7 = A;. In this way we get the second group of equations
for the vectors af', b in the form

b = —Aib] + b7 a] () — Gy — ).
J#

As was already mentioned, we can put A; = 0 without loss of generality.

2D Toda chain of type B and the deformed RS system

The deformed RS system introduced earlier can be obtained as dynamics of poles of
singular solutions to the 2D Toda chain of type B, which was introduced in [24].

2D Toda chain of type B

The hierarchy of 2D Toda chain of type B is a subhierarchy of the 2D Toda one, which
is obtained by imposing certain constraints on the Lax operators of the latter. It can be
regarded as a difference analog of the BKP hierarchy.

We will use the conventions and notations introduced in the previous discussion of
the deformed RS system. Let us introduce the shift operator

T — 6“%’(1) 67781 ,

where
64,0(:13) — T(‘T + 77)

()

and impose the following constraint on the Lax operators:
(T —THL = YT —TH).

The conjugation of difference operators (the f-operation) is defined in accordance with
the rule (f(z) o €)1 = e % o f(x).



Problem. Show that this constraint is invariant under the flows 9;, — 05, of the Toda

k
chain nenoukn Togst for all £ > 1 and is destroyed by the flows 0;, + 0r,).

Therefore, to define the dynamics of the Toda chain of the type B (or simply B-Toda)
we should restrict the independent variables by setting ¢, = —t. So, in the B-Toda there
is only one set of times t = {¢;,ts,...} rather than two.

Here we will not discuss the general theory. Instead, we will show how to obtain the
first equation (more precisely, the system of equations) of the hierarchy. Consider the
difference operators

Ay = v(z) ("% — %),

Ay = (fo(@) + l@)er® + 10 fy (2)) (1% — e10%)
with some functions v(x), fo(x), fi(x). Impose the Zakharov-Shabat equations
Oty Ay — O As + [Ar, As] = 0.
This gives the following system of three equations for the three unknown functions:

v(z) fi(x +n) = v(z + 2n) f(z),
O f1(7) +v(z +n) folr) — v() fo(x +n) =0,

O, v(x) = O fo(z) + 2v(x)(f1(x) — filz - 77)) = 0.
The first equation allows us to exclude the function fi:
filz) = v(z)o(z + 1),
then the system acquires the form

_ Jolz+n)  folx)
vix+n) vx)’

O, log (v(x)v(z + 1))

Drv(x) = By, folw) + 20%(x) (v(w + 1) —v(z —n)) = 0.

One can introduce the tau-function of the B-Toda hierarchy. The functions v(x), fo(z)
are expressed through it as follows:

T(z +n)

T(z—n)

With this substitution, the first equation becomes an identity while the second one turns
into a bilinear equation for the tai-function.

v(x) = (@ +7Z)<;<)x — 77), fo(z) = v(x)0y, log

Elliptic solutions

Let us consider solutions that are elliptic functions of =, and find the dynamics of their
poles as functions of ¢ = t;. As usual, we should address the corresponding linear problem
Opp = A1, which is written as the differential-difference equation

Op(x) = v(x) (¥(x +n) — ¥l —n)).

4



The function v(z) is expressed through the tau-function as is mentioned above. For our
purposes, it is convenient to rewrite this equation in terms of the function

T(z +1n)

Y=

b(x +n).
Then the equation acquires the form

OV (z —n) = V() + b(x)¥(z —n) —u (2)¥(z - 2n),
where

T(x = 2n)7(x + 1)
Tz —m7(r)

b(z) = 0y log —————
(x) t108 —(z
For elliptic solutions
N
m(z) = C[] oz — ),
j=1
then

r) = Z%(C(«%’—% —n) =z — ),

o ol —x;—2m)o(z—z;+n)
=G T e )

are elliptic functions of = with periods 2wy, 2ws. Therefore, solutions for W(z) should be
found among double-Bloch functions of the form

N
(z) = kM > a®(x — x5, N),
i=1

where the coefficients ¢; do not depend on z. The spectral parameters k£, A are to be
connected by equation of the spectral curve. Substituting into the linear equation, we
get:

kL > e®(x—a;—n) — kL > ea @ (x—z—n)

:Zci¢(x—xi)+k_12x'j<C(x—xj n) — ((x— x])Zq T—x;—1)

—2n)o(x —x; +n)
. k 2 J ; ; 2
H o(x — xj n)o(z — x;) ZC T3 =21),

where ®'(z) = 0,P(z, A). The both sides have poles at x = x; u * = x; +n (possible poles
at * = x; + 2n in the last terms cancel by zeros of the numerator). The second order
poles at x = x; + n cancel identically. Comparing the simple poles at x = x;, we obtain
the equations

¢ — k™ JUZZC; (xij —m) — k~ 20(2n)U;” Zc] (ij —2n) =0,



where

_ _ yyol@iy —2n)o(zy +n)
Ui _jl_[# o(wiy; —n)o(vy)

Below we will also encounter the function U;", which differs from U; by the change of

(2

sign 7 — —n. Let us introduce the N x N matrix L = L(k, \) with matrix elements
Lij(k', )\) = xlq)(a:m -1, )\) + k710(277)U;(I)($ij — 277, )\)

and the vector ¢ = (cq,...,cn)T. Then the system of linear equations can be written in
the matrix form:

L(k,\)c = kc,
which gives the equation of the spectral curve
det (k] — L(k, )\) =0.
Comparing the poles at x = x; + 1, we obtain the equations

éi = ZMijCj wim C = MC,
J

where the matrix M = M (k, \) has the form

M;j(k, X) = &:(1 — 65)@(wij, A) + ko (2n)U; @ (255 — n, N)

— 0jj (Z il (i +1) = C(%’k))-

ki

We recognize the matrices L, M of the deformed RS system. Compatibility of the over-
determined system of equations for the vector c is expressed as the Manakov’s triple
equation, which generalizes the Lax equation. Therefore, the dynamics of poles in the
time ¢; is isomorphic to the dynamics of the deformed RS system.

Crmcok aurepaTrypbl

[1] F. Calogero, Solution of the one-dimensional N-body problems with quadratic and/or
inversely quadratic pair potentials, J. Math. Phys. 12 (1971) 419—436.

[2] J. Moser, Three integrable Hamiltonian systems connected with isospectral
deformations, Adv. Math. 16 (1975) 197-220.

[3] A. Perelomov, Integrable systems of classical mechanics and Lie algebras, Birkhauser
Basel, 1990.

[4] M.A. Olshanetsky, A.M. Perelomov, Classical integrable finite-dimensional systems
related to Lie algebras, Phys. Rep. 71 (1981) 313-400.

[5] Yu. Suris, The Problem of Integrable Discretization: Hamiltonian Approach, Springer
Basel AG, 2003.



(6]
7]

8]
9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

N.I. Akhiezer, Elements of the theory of elliptic functions, “Nauka”, Moscow, 1970.

E.T. Whittaker, G.N. Watson, A course of modern analysis, Cambridge At
the University Press, 1927 (Russian translation: 9.T. Yurrekep, /Ix.H. Barcon,
Kypc cospemennozo awnaausa, tom II, TocymapcrBenHoe wu31aTebCTBO (DPU3UKO-
MaTeMaTHIecKoii anrepatypel, Mocksa, 1963).

T. Takebe, Elliptic integrals and elliptic functions, Springer, 2023.

S.N.M. Ruijsenaars and H. Schneider, A new class of integrable systems and its
relation to solitons, Ann. Phys. 170 (1986) 370-405.

S.N.M. Ruijsenaars, Complete integrability of relativistic Calogero-Moser systems
and elliptic function identities, Commun. Math. Phys. 110 (1987) 191-213.

I. Krichever, A. Zabrodin, Monodromy free linear equations and many-body systems,
Letters in Mathematical Physics 113:75 (2023).

A. Zabrodin, On integrability of the deformed Ruijsenaars-Schneider system,
Uspekhi Mat. Nauk 78:2 (2023) 149-188.

T. Shiota, Calogero-Moser hierarchy and KP hierarchy, J. Math. Phys. 35 (1994)
5844-5849.

A. Zabrodin, KP hierarchy and trigonometric Calogero-Moser hierarchy, J. Math.
Phys. 61 (2020) 043502.

V. Prokofev, A. Zabrodin, FElliptic solutions to the KP hierarchy and elliptic
Calogero-Moser model, Journal of Physics A: Math. Theor., 54 (2021) 305202.

J. Gibbons, T. Hermsen, A generalization of the Calogero-Moser system, Physica D
11 (1984) 337-348.

I. Krichever, O. Babelon, E. Billey and M. Talon, Spin generalization of the Calogero-
Moser system and the matric KP equation, Amer. Math. Soc. Transl. Ser. 2 170
(1995) 83-119.

I. Krichever, A. Zabrodin, Spin generalization of the Ruijsenaars-Schneider model,
non-abelian two-dimensional Toda chain and representations of the Sklyanin algebra,
Uspekhi Mat. Nauk 50:6 (1995) 3-56.

D. Rudneva, A. Zabrodin, Dynamics of poles of elliptic solutions to BKP equation,
Journal of Physics A: Math. Theor. 53 (2020) 075202.

A. Zabrodin, How Calogero-Moser particles can stick together, J. Phys. A: Math.
Theor. 54 (2021) 225201.

K. Ueno and K. Takasaki, Toda lattice hierarchy, Adv. Studies in Pure Math. 4
(1984) 1-95.

P. Iliev, Rational Ruijsenaars-Schneider hierarchy and bispectral difference operators,
Physica D 229 (2007), no. 2, 184-190.



[23] V. Prokofev, A. Zabrodin, Elliptic solutions to Toda lattice hierarchy and elliptic
Ruijsenaars-Schneider model, Teor. Mat. Fys., 208 (2021), No. 2, 282—309 (English
translation: Theoretical and Mathematical Physics, 208 (2021) 1093-1115).

V. Prokofev, A. Zabrodin, Elliptic solutions of the Toda lattice hierarchy and elliptic
Ruijsenaars-Schneider model, TM® 208 (2021) 282—309.

[24] 1. Krichever, A. Zabrodin, Toda lattice with constraint of type B, Physica D 453
(2023) 133827.



