Integrable systems of particles and nonlinear
equations. Lecture 11

A. Zabrodin*

Two-dimensional Toda chain and its elliptic solutions

Similarly to the CM system, which is obtained as the dynamical system for poles of
singular solutions to KP, the RS system also can be obtained as dynamics of poles
of singular solutions to nonlinear equations. Instead of the KP equation (and the KP
hierarchy) one should consider its “difference analog”, i.e., the equation of 2D Toda chain
(and the corresponding hierarchy).

2D Toda chain

The hierarchy of 2D Toda chain is an infinite set of compatible nonlinear differential-
difference equations. The set of independent variables includes continuous times t =
{t1,t2,t3,...} (“positive” times), t = {¢1,ta,13,...} (“negative” times), which enter dif-
ferential equations, and the “zeroth” time t, = z, which is usually regarded as a space
variable, and the equations with respect to this variable are difference. If the negative
times are frozen (put equal to 0), the equations that include the variables z and t form
the modified KP hierarchy (mKP), which can be regarded as a subhierarchy of the 2D
Toda chain.

Let us recall the main definitions and facts related to the 2D Toda chain. For more
details see [21]. In the Lax-Sato formalism, the main objects are two Lax operators
L and £ which, in contrast to the KP hierarchy, are pseudo-difference rather than
pseudodifferential operators, i.e., in general they are infinite linear combinations of shift
operators of the form

L= 6”830 + Z Uk<l’)6_knar’ L= C(x)e—nam + Z Uk(x)eknar’

k>0 k>0

where 7 is a parameter (“a lattice spacing”), "% is the shift operator defined by action
to any function f(z) as e f(x) = f(x & 1), and the coefficient functions c(z), Uy, Uy
are functions of x, t and t. Equations of the hierarchy (differential-difference equations
for the functions c(z), Uy, Uy) are encoded by the Lax equations

O L =B, L], 0, L =[Bn, L] B, = (L™)>0,
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8fm£ = [Bma 'C]u afmz = [Bmu E} Bm = (Em)<07

knOgx _ knoz knOz _ knOy
where (Z Uge >20 = Z Upe ™", (Z U,e o= Z Upe . For example,
kez, k>0 kez k<0

By = " + Uy(w), B, = c(x)e ",

There exist an equivalent formulation in the form of the Zakharov-Shabat equations
for the difference operators B,,, B,,:

atan - athn + [Bma Bn] = Oa
a{an - atmgn + [Bma Bn] = Oa
agn[;’m — agmgn + [Bm, Bn] =0.
In particular, at m = n = 1 we have from the second equation:
O log e(z) = v(z) —v(z —n)
O v(z) = c(x) — c(z + 1),

where v(z) = Up(x). Excluding v(x), we get the following differential-difference second
order equation for the function ¢(x):

O, O log c(x) = 2¢(x) — ez + 1) — c(zx — 1),

which is one of the forms of the 2D Toda equation. After the substitution c(z) =
e?@)=¢(@=n) it acquires the familiar form

y, 05, p(x) = @) =p(z=n) _ pp(z+n)—p(z)

The Zakharov-Shabat equations are compatibility conditions for the linear problems

8tmw = Bm(l’)% at),ﬂﬂ = B_m(aj)wa

where the wave function ¥ depends on a spectral parameter z: ¥ = 1(z;t). It has the
following expansion in powers of z:

17/} — z$/7765(t,z) (1 + 51(x7t7t) 52($7t7t) + .. ) :

z 22

where

k>1
At integer z/n it is a meromorphic function, otherwise it has a ramification at 0 and oo.

It is convenient to introduce a wave (dressing) operator as the pseudo-difference
operator of the form

W(z) =1+ & (2)e™ + &(x)e 2 4 ..



with the same coefficients &, that enter the expansion of the wave function; then the
wave function is represented in the form

Y = W(x)z"/Met ),
The dual wave function ¢* is defined by the formula
0= W (=)t

where the conjugate difference operator is defined by the rule (f(z) o e™%)f = ¢="% o
f(x). The dual wavr function has the expansion

T (1 (G0 B (A ) |
z z

The linear problems for the dual wave function have the form
—0p, " = Bl (x—n)y".
In particular,
Ontp(x) = ¥(x +n) +v(x)Y(z),
0" () = ¥*(z —n) + v(z — n)Y*(z),
O p(x) = c(x)v(z —n).

The general solution of the 2D Toda hierarchy is given by the tau-function 7 =
7(x,t,t). In terms of it, the hierarchy is encoded by the generating bilinear relation

% P _leg(t’z)’g(t/’z)T@,t — [z’l],E)T(Jc’ +n,t + [zfl],f’)dz

— z—a! 1 £(E»Z_1) 5({/72:—1) n / I3/
= z e T(x+n,t,t—|z])7(2,t',t + [2])dz
o) ! ( n [ ]) ( [ ])

which is valid for all t,t’, t,t' and z, 2’ such that (z — 2’)/n € Z. We use the notation
thle]={tntahti? il ]

which was already introduced in the context of the KP hierarchy. The integration contour
in the left-hand side is a big circle around co, which separates the singularities that come
from the exponential function (they are outside the contour) and the ones that come
from the tau-functions. The integration contour in the right-hand side is a small circle
around 0, which separates the singularities in the similar way.

The bilinear equations of the Hirota-Miwa type are corollaries of the integral equation.
One of them is obtained if to put 2/ =z, t' = t, t — t' = [A\7!] + [¢~!] in it, so that

ef(t,z)—f(t,,z) — )\'u .
(A =2)(n—2)




The integrals can be calculated using the residue calculus. This yields the functional
relation

pr(z+n,t+ A = [, 6)7(x, 6, 8) = Ar(z + 0,6, 8) (2, b+ (A = [0 )
+A—wr(@+nt+ [N t)r(2,t — [u1],t) = 0.
Another important equation is obtained in a similar way by setting 2’ =z —n, t —t' =

(A7, € — t/ = [v]. It has the form

T(l‘,t - P\_l],E)T(ZE,t7t - [V]) - T([L‘,t,t)T(fL’,t - P\_l]7t - [V])
— DA r(a 4, 6, E — [])r(e —n,t — A1), ).
The equations of the hierarchy are obtained by expansion of these relations in powers of
>\7 /"L7 v.
The coefficient functions in the Lax operators are expressed through the tau-function.

For example:

7(r +n) _l@+n)re—n)

Usle) = vle) = dulog =203 elo) = =50

In terms of the tau-function, the Toda equation acquires the form

0y, 05, log () = _Tle +7772)(;()$ — 77)‘

The wave functions are expressed through the tau-function as follows:

(t,2) T(ZL‘, t — [Z:l]v 1_:)
7(x,t,t) ’

Y = PIL P

x,t+ [2_1},1_:)'

o _ afn €T g
v 6,0

One can also introduce additional wave functions 1, ¢* by the formulas

(Lz—l) 7'(1’ + 7, t, Ei— [Z])
T(z,t,t)

@[) — /M€

7(x,t,t)
They satisfy the same linear equations as 1, ¥* do. It will be convenient to normalize
them in a different way:

,(Z* _ Z—x/ne—ﬁ(f,z_l)T(

x :7T(!E> b(z) = 2%/Mek
o) = D0

w1 T(@+ 0,6t = [2])
T(x+n,t,t)

*(x ﬂ (1) = fo/neff(f,z_l)T(x —n,t,t+[z])
O ) T(x—ntt)




They satisfy the linear equations
O o(x) = ¢z —n) —v(z)(z), —0,¢"(z) = ¢"(z +n) —v(r —n)¢*(z),

T(z+m)
7(z)
At last, let us mention some useful corollaries of the integral bilinear relation which
will be used later. Differentiating it with respect to ¢,, and putting z =2/, t =t' t = t/
after that, we obtain:

where 0(x) = 0, log

le?éoo Zm_lT(z,t — [2_1]7E>T($+77,t + [Z_l],f)dz

=0y, 7(x +n,t,t)7(x,t,t) — 0, 7(x,t,t)T(x + 1, t,t)

. T(z+n)

res (2" (x)0" (x +n)) = =0, log )

Equivalently, this relation can be written as

Yy ) =1+ 3 210, log T,

m>1 ()

Similarly, differentiating the bilinear integral relation with respect to t,, and putting
x=2a',t =1/, t =t after that, we obtain:

T(z +n)

7(2)

Here res, res of a Laurent series is defined as res(z™") = —d,1, res(z™") = 0p1.
o] 0 o] 0

res (z’mqﬁ(x)gzﬁ*(x + 7])) = —0;, log

The RS system from dynamics of poles of singular solutions

Among all solutions to the 2D Toda chain, of a special interest are solutions that have a
finite number of poles in x in a fundamental domain in the complex plane. In particular,
one can consider rational, trigonometric or elliptic solutions with poles depending on the
times t, t.

Trigonometric solutions of the 2D Toda chain: correspondence on the level of
hierarchies. We begin with trigonometric solutions in the space variable x. It will be
shown that their pole dynamics in the times t, t; coincides with that of the trigonometric
RS system. Let us present this result in some more details. The tau-function of the 2D
Toda chain for trigonometric solutions has the form

T(z,t,t) = exp( Z ktktk) ﬁ( 2w _ 2y tt))’

k>1 =

—



where 7 is related to the period. (Zeros x; of the tau-function are poles of the solution.)
The limit v — 0 corresponds to rational solutions. We will show that the time evolution
of the x;’s in the time t,, is described by the Hamiltonian flow with the Hamiltonian

H - _ sinh(m~yn) L
m mfyq’] )
where )
e sinh(y(z; — z + 1))
ij = H

sinh(y(z; — z; —n)) iz sinh(y(z; — a1))

is the Lax matrix of the trigonometric RS system. In particular,

sinh(v(z; —
Z npi H 1+ 77))

; i smh (a:z — 7))

is the standard Hamiltonian of the RS system. Similarly, the evolution of the x;’s in the
time t,,, is described by the Hamiltonian flow with the Hamiltonian
- sinh(myn)

H,=———""-—"=>tr L™
mam

The derivation of these results is given below.

The dynamics in #;. Consider first the dynamics in positive times, putting t = 0.
The tau-function is then of the form

N

T(z,t) = H(GQW — 627”“)).

i=1
As before, it is convenient to pass to the variables

w=eN", w; = e,
In these variables, the tai-function becomes a polynomial of w of degree N with the roots
w;, which are assumed to be distinct: 7 = [[(w — w;). The function v(z) is then given

7

by the formula

o) = atllogm Z( W )

7(7) “\w—w, quw-—w
where
q= e
Here and below in this section dt under letters denotes the derivative with respect to ;.
First, we will study the t;-dynamics. The pole ansatz for the wave function has the

form
2 i
w = Zx/n€tlz <1 + E e ) )

— W;




where we have put tx = 0 at £ > 2. The coefficients ¢; may depend on t and on z.
Substituting ¥ and v into the linear equation

—0n () + Yz + 1) + v(@)P(z) =0,

we get:
—1

wzcz q ¢
ER S cran i D v

(w — w;)? ~w— g lw;

(]
1 w; wiq ! w; wiq ! Ck
+— - — |+ — — > = 0.
2y T \w—w;  w—q tw; “\w—w;  w—qlw ) T w—wy

The left-hand side is a rational function of w vanishing at infinity. Possible (simple) poles
are at w = w; and w = ¢ 'w; (the second order poles cancel identically). Therefore,
to obtain equality, one should equate all the residues to zero. This gives the following
system of linear equations for the coefficients ¢;:

W;Ch 1 .
q Z o = 2y

(z pn)epe s

ki Wi — r Wi — ki Wi — Wk r Wi — qWg
In a similar way, the conjugated linear equation
O 9" (x) + 4% (x —n) +o(z —n)¢*(x) = 0

with the pole ansatz for the ¥ *-function of the form

2~k
w* _ Z—x/ne—tlz (1 + Z - YC; )

— w;

leads to the system

czzcz<z Sy )+Z ey i

wW; — Wy Wi — quy, i Wi — W o qu; — Wy,

After the transformation ¢; = czw_l/z, ¢ = cjw, /% these linear system can be written

in the matrix form

(2 = ¢"?L)e = XW'%, 0,6 = Mg,
EX 2l =g PL) = ='W, 9,8 = —& M,

where € = (é1,...,¢éx)" is the column vector, ¢ = (&},..., ) is the row-vector, e =
(1,1,...,1)T, and the matrices X, W, L, M, M are of the form

X = diag (z1,x2,...,xy), W =diag(wy,ws,...,wx),



Tiw; Tw;
L’Lj = 27q1/2 . ’
w; — qW;
.1/21/2 .1/21/2
Wi+ Wy . qu; +wy, . T,W; W Tw;" Tw;
M;j = 763 ip—) &y | +2y———— (1-0y) — 2y¢————,
J J (kzgéz W; — Wi Zk:qwl—wk U}i—'ll}j ( ]> wi—qwj
.1/2 1/2 .1/2 1/2

The following commutation relation can be checked directly:
g VPWEL — ¢ PLW = W PWEWY2,

Here E = ee” is the matrix of rank 1 with all matrix elements equal to 1, as before. This
commutation relation will be used later.

The linear system for the vector ¢ is overdetermined. Taking the ¢;-derivative of the
first equation, and substituting into the second one, we obtain the compatibility condition
for the system:

(L +[L, M))& +q ' 2(X +9X* = MX)W'2e = 0.
A direct calculation shows that
L+|[L,M]=RL,

(X +yX%— MX)WI/Qe = RXW /%,

where -
R=XX'4+D"+D —2D°

and the diagonal matrices D*, D° have the form

+
q W + W, w; + Wy .
Dy =047 kDY =0y L.

iz 7w — wy, "z, Wi — Wy,

Therefore, the compatibility condition acquires the form Rc¢ = 0, that means that R; =0
for all 7. This gives the equations of motion of the trigonometric RS system

i = — Z TiTp (coth(fy(xl-k + 1)) + coth(y(zy — 1)) — 2 Coth(’yxik))
ki

S i 27 sinh?(yn) cosh(yz)
= il — X . )
. ksmh(fyxl-k) sinh(y(z + 1)) sinh(y(xg — 1))

The matrix equation L 4 [L, M’] = 0 with

_ VL
Y sinh(vy(zi; — )’

. . VT
Mj; = 7035 (kzﬁ T coth(yw) — ;l‘k coth(y(wu + 7)))) + (1= dy5) sinh(vay,)

8



is the Lax representation for them. These equations are Hamiltonian with the Hamiltonian

17 Sinh(y(zi + 1))
H, = npi
! zZ: ‘ kl;[l sinh(vyx;)

The Lax equation implies that the conserved quantities have the form tr L™. In the paper
[10] it is shown that they are in involution.

The dynamics in positive times. For the analysis of the dynamics in higher positive
times t;, k > 2 we employ the earlier obtained relation

s (=700} (o + ) = 0, o "0,

which for trigonometric solutions acquires the form

174002”11(1—1-2 27 )(1—1—2270’“)6&,:2(8%“% B O, W; )

2m Je w — w; QW — Wy w—w; QW — w

7

The both sides are rational functions of w with simple poles at w = w; and w = ¢ w;
vanishing at infinity. Equating residues at the poles, we get:

_ m ok s —1~
O, xi = —2yres (z cw; Ci).

The solution to the linear equations for the vectors ¢, c*, yield:

1 : 1 :
¢= (sl —q'PL)TTWW T e, & = —— "W (2l — g7 L)W
Y g

Plugging this into the expression for 0;, z;, we obtain:

_ 1 m, 1/2 1 -1 1 .12
‘9tmf‘/’i——27ro%sl§[z Dk (m)kw (m)ik/“’k’wk' ]

_ 1 MU —~1/2 s 1/2 1 1 1

= —%roc;s tr <z WW—“EW mﬂw m )
where E; is the diagonal matrix with matrix elements (E;) ;i = 0;;0;x. Using the commutation
relation

¢ PWEL— ¢ PLW = W PWEW?,
we have:

B 1 m( —1/2 1/2 1 -1 1
O, Ti = —% res tr (Z (¢ 7"WL—q Lw)m EW 2l —¢'2L

1 m 1 1
= —groeos tr (z (EZ 721_(]_1/2[/ — E; zl—ql/QL)) .

Further, we use the identity
oL oL
EiL=di——=n"

9



which is easy to check, to continue the chain of equalities:

5 Lo fm(0L L7 oL  L7!
Ti=———restr|(z2 | -— %5+ — = 75+
tm 291 Op; zI —q~'2L  8p; 2I — ¢'/2L

1, . m oL . _ sinh(m~yn) 0
= —(¢™?—q /Q)tr<L 1>:_()
271 Op; mayn - Ip;

This gives the first half of the Hamiltonian equations for the flow in ¢,,:

tr L™.

H,, inh
gy = g SO
Ipi myn

The derivation of the second half of Hamiltonian equations requires more efforts. The
idea was suggested in the work [22] for rational solutions. First of all we note that the
first half of the Hamiltonian equations can be written as

inh
O, x; = —mnEptr (E;L™), Ky = M
mnm

Differentiating with respect to ¢; and using the Lax equations, we have:
O, i = —mnkptr (E;[M', L™]) = —mnk,tr (L[ E;, M']).
Now, let us act be the differential operator 0, , to the equation

sinh(y(za + 1))
sinh(yxx)

log &; = np; + ) log + log 7.

ki

We get:
) ‘ - 0 sinh(y(zy + 1))

8y pi=n"19, logi; —nt lo o
t'rnp 77 tm g T] ; ; 81’] g Slnh(’yxil)

tm 'I]

0 log sinh(y(zy +n))
(91:]-

— —m/im:i:i’ltr (L™[E;, M')) + m#kip, Z Z
7 1

= —Mmkpy tr <A(i)Lm_1),

tr (B, L™
sinh(yzy) r(B;L")

where the matrix A® is of the form

0 sinh(y(zq + 1))

AW = Y LEM' — M'E,;L) — 1
& ) Zzaxj o8 sinh(vyxy)

J ol

E;L.

J

Note that the diagonal part of the matrix M’ does not contribute, so instead of M’ we
can substitute its off-diagonal part

w2t
Aji = 29(1 = 6;;) ——2
j ( i) w; — w;

The matrix elements are:

W; + Wy, qu; + wg
W; — W qW; — Wy

(LE;A) i = viiLjx ( ) (1= 6ir),

10



. w; +w;  w; +qw
<AEiL>jk:—wxiij( j_wita ) (1- 65,

w; — U}j W; — qWg

0 sinh(y(z4 + 1))
; rzﬁ aixl log sinh(yz;,) <EZL)]k

qw; +wy Wi +w, qw; +w; Wi + w;
= 75z‘ijkZ ( - ) — (1 = 045) Lk ( L — j) .

i qu; — Wy W; — Wy quw; — U}j w; — ’I,Uj

Collecting everything together, we find matrix elements of the matrix A®:

w; + qw W; + W;
(L= 6) = b (1 — ) 4+ S
Wi — Wk Wi — qWg qu; — W;

qu; + W, W; + Wy
(i)

r#i quw; — Wy Wi — Wy

AR = ALy ( (0ik — 0i5)

A direct calculation shows that

oL

A — _ _
8ZL‘Z‘

[c® 1),

where C' is the following matrix:

i qu; + w; w; + w;
CO=3 ———E—7) — b
l qu Wy 13 wy Wy

Indeed,

OLjy, w; + qui w; + qu; w; + W,
=L | 2—— (04 — 0ij) + ———2L (1 — &) — ——2L (1 — 4y
k(D 5, gy ORI g M g

w; + Wy W; + Wy

r#i qW; — Wy W; — Wy

qwj + w; qUWy -+ w; U)j + w;
qw]- — W; qUWE — W; 'lUj — W; Wp — W;

[CY, L], = L, <

hence AW + 9L/0x; + [C™, L] = 0. From the relation

, oL .
AD = — _[cO [
(9@- [ ’ ]
we conclude that
, oL 0
o (i) Tm—1\ _ m—1) _ m
Oy, Pi = —MkKy, tr (A L ) = MKy, tr <3xiL ) _Rmﬁxi tr L™,

This gives the second half of Hamiltonian equations for the highest flows:

0H,,
ail'i .

atmpi = -

11



The dynamics in negative times. For analysis of the dynamics of zeros of the tau-
function in the negative times, we first consider the evolution in ¢;. We will use the
additional wave functions ¢, ¢*. The ansatz for them is

o) = et (1430 20,

i qUW — Wy

s 2vb;
) = 2~ /Me=0="t ] 2:#
¢(w) = 2 ( T2 qlw—w)’

where 0;, b; are some coefficients that depend on z and on the times but not on z.
Similarly to the previous case, we substitute the wave functions into the linear problems
and obtain a system of linear equations for b, b* as the condition of cancellation of the
poles. The equations for b;’s are the same as the ones for ¢}, with the change z — —271,
w — qw and 0y, — O, with b7 u ¢; being connected in the similar way. Passing to

b; = w[l/Qbi, 52‘ = wfl/Qbf, we have, after some calculations:
bT(9;, X) (2 + ¢ VL) = "W/,
(27 4 ¢?L)b* = —9;, X W'/?%e,
where the matrix L has the form
1/2 12
_ 1/2851% wi/ wj/

Lij = 27q F——
7 J

This matrix satisfies the commutaton relation
¢ YVPWEL — ¢VPLW = W20, W EW2.
Using the relation

res (z_m(b(x)gb*(a: + 77)) = —0,, log 7(7:?(;)?7)7

we find, similarly to the above,
OF, x; = —2v res (z_m_QB;‘(ﬁglwi)_ll;i).

Plugging here the solutions of the linear systems and repeating the calculations done for
positive times, we will have:

sinh(m -
O s = (— 1y SBBIN) p pny
8
Let us derive a relation between the matrices L and L. For this, we need the relation
between the velocities ©; = 0, x; and Of, z; which can be obtained from the Toda equation

0y, 0, log 7(x) = Tl +77_72)(;()37 - 77)'

12



Plugging here the tau-function in the form 7 = H(w — w;), we obtain:

i

Z Oy, O, w; N Z O w; Opw; H (qu — wi) (g w — wk).

; W W i (w_wi>2_k (w — wy)?

Comparing the coefficients in front of the highest poles, we arrive at the relation

i (quwi — wi) (g w; — wy,)
[lies(wi — wi)?

8151 W; 8{1 W; =

or
1
0, X 05, X = yme WU, U

where Uy are diagonal matrices of the form

Hk(wz' - qilwk)
[Ties(wi — wy) '

(Us)ij = 0y

We also need the matrix inverse to the Cauchy matrix

1

w; — qwj

Cij =

It has the form

1 [T (qu; — wy)(w; — quy,)

Cl =
qu; — w; ¢V Tl (wy — wy) Tl (wi — wyr)

[

or

C™t=—qu_C"U,.
Now we can write: L = 2v¢"/20,, X WY2CW'/? u naxoaum:

2
5 W_1/2O_1W_1/2(at1X)_1
y

L=

= —29q"PWRPU_CTW T PO X WU
= —29q PW U (8, X WPOW2) (WD)
=-wlv_L*wtu ) L

We see that the matrix —L% is connected to the L™ by a similarity transformation.
Using the fact that E;L = —n~'0L/dp;, we can rewrite the equations of motion

(—1yn SmbOmYn) o oy

8{ml'i =
g
* inh 0 O,
O z; = —Sbmm) Oy OHm
myn  Op; Ip;

which is just the first half of the Hamiltonian equations for higher flows in the negative
times.

13



After the calculations for the positive times, there are no problems to derive the
second part of the Hamiltonian equations. Note that

Or, i = mnky, tr (E;L™™).
In the full analogy with the above calculations, we obtain:
Or pi = My, tr (ADL=m1)

with the same matrix A®. By virtue of the relation

OL

A® — _ —[0® I,
afli'i [ ’ ]
we have:
aL —m—1 aL_l —1\ym—1 a —-m
O, Di = —MEy tr (axi L ) = MKy, tr ( oz, (L) ) = /ima—xi tr L7,
This gives the Hamiltonian equations
OH
O pi = ———2.
tm P o

In particular,

. h?( h(y(z;
Hl_sm ynz_npl_[sml V(T — n))

- sinh(yz )

Elliptic solutions. Consider solutions that are elliptic functions of z and find the
dynamics of their poles as functions of ¢;. For elliptic solutions we have the linear problem

On () = ¥z +n) +v(x)y(2),

where the function v(x) has the form

v(r) = sz(C(x_mz) —((z —x; +77))

%

(the dot means the t;-derivative). It is a double-periodic function of z, so it is natural to
search for solutions among double-Bloch functions. As before, we represent the solution
as a sum of the elementary double-Bloch functions

The expression has the form

P = k*/mettk Z i ®(x — x4, ),
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where k is the second spectral parameter, which is going to be connected with A by
equation of the spectral curve. Substituting this ansatz into the linear problem, we obtain
the conditions of cancellation of the poles at z = z; and x = z; — n in the form

l{Ci + CZ = l’l ZCJ‘(I)(Z‘Z' — l’j) + ¢ Zl']C(iL'l — Z’j) — C; Z.CEJC(.CEZ — Xy + 77)
J#i J#i J

]{CZ‘ — .Z'z ZCJ@(.Z'Z' — T — 77) = O,
J

where we omit the second argument of the function ® for brevity. These conditions can be

written in the matrix form as a system of linear equations for the vector ¢ = (cy, ..., cn)t:

L(N)c = kc

¢c=M(Nc,
where the N x N matrices L, M have the form
LZ](A) = JZfD(JZZ — ZEj -1, )\),

M;;(X) = 6;; (Z ¢ (z; — xp) — zl:x'lC(xi -+ 77))

1#i

We recognize the Lax pair for the elliptic RS system. The compatibility condition of the
linear system is the Lax equation L + [L, M] = 0. The last term in the expression for the
matrix M can be ignored because it is proportional to the matrix L and thus cancels in
the Lax equation.

The correspondence of elliptic solutions to the 2D Toda chain and the elliptic RS
system on the level of hierarchies was established in the work [23]. The result is as follows.
The dynamics in all the times t, t is Hamiltonian, and the corresponding Hamiltonians
are the higher RS Hamiltonians. Their generating function is A(z), and the spectral
parameters A, z are connected by the equation of the spectral curve

Ny —
ngxe;cv(ze I L(/\)) = 0.

The spectral curve is conserved for the dynamics in all times. A point on it is a pair
P = (z,\), where z, A are connected by the equation. There are two distinguished points
on the spectral curve: P, = (00,0) and Py = (0, Nn). The Hamiltonians that generate
dynamics in positive times t are defined as coefficients of the expansion of the function
A(z) in inverse powers of z near the point P, while the Hamiltonians that generate
dynamics in negative times t are coefficients in the expansion of A(z) in positive powers
of z near the point F.
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