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Spin systems

The CM and RS systems admit generalizations to the case when the particles possess some
internal degrees of freedom (spins). These models are known in rational, trigonometric
and elliptic versions. We will consider the elliptic version as the most general one.

Spin generalization of the CM system

The spin generalization of the CM system was suggested by Gibbons and Hermsen in
1984 [16].

The Hamiltonian and equations of motion. Let any i-th particle be equipped with
some internal degrees of freedom, which are described by an n× n matrix Si associated
with the particle. The matrices Si are called spin matrices. Their matrix elements are
denoted as Èõ ìàòðè÷íûå Sαβ

i , where the Greek indices take values 1, . . . , n. The Poisson
brackets are

{Sαβ
i , Sµν

j } = δij
(
δανS

µβ
i − δβµS

αν
i

)
.

The Hamiltonian has the form

H =
∑
i

p2i − g2
∑
i ̸=j

tr(SiSj)℘(xi − xj),

hence the equations of motion are

Ṡi = 2g2
∑
j ̸=i

[Si, Sj]℘(xi − xj),

ẍi = 4g2
∑
j ̸=i

tr(SiSj)℘
′(xi − xj).

It follows from the �rst equation that trSi are integrals of motion. We �x them by
imposing the conditions

trSi = 1.
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In what follows we will concentrate on the case when Si are matrices of rank 1; then
the system is integrable. In this case, instead of the spin matrices one can introduce
canonical nariables aαi , b

β
i with the brackets

{aαi , b
β
j } = δijδαβ, {aαi , a

β
j } = {bαi , b

β
j } = 0,

in terms of which the spin matrix (of rank 1) is expressed as

Sαβ
i = aαi b

β
i ,

and the Hamiltonian acquires the form

H =
∑
i

p2i − g2
∑
i ̸=j

bµi a
µ
j b

ν
ja

ν
i ℘(xi − xj).

Here and below, the summation over repeated Greek indices from 1 to n is assumed, if
it is not stated otherwise. The Hamiltonian equations of motion

ẋi =
∂H

∂pi
, ṗi = −∂H

∂xi

, ȧαi =
∂H

∂bαi
, ḃαi = − ∂H

∂aαi

are equivalent to the equations

ȧαi = −2g2
∑
j ̸=i

aαj b
ν
ja

ν
i ℘(xi − xj),

ḃαi = 2g2
∑
j ̸=i

bαj b
ν
i a

ν
j℘(xi − xj),

ẍi = 4g2
∑
j ̸=i

bµi a
µ
j b

ν
ja

ν
i ℘

′(xi − xj).

The dynamical variables aαi , b
β
i are subject to the constraints

aνi b
ν
i = 1.

The Lax representation and equations of motion. The spin CM system has the
Lax representation with the matrices

Lij(λ) = −piδij − g(1− δij)b
ν
i a

ν
jΦ(xi − xj, λ),

Mij(λ) = −2g(1− δij)b
ν
i a

ν
jΦ

′(xi − xj, λ),

depending on the spectral parameter λ.

Problem. Prove that the Lax equation L̇+ [L,M ] = 0 is equivalent to the equations of
motion.

As usual, the Lax equation implies that the spectral invariants of the Lax matrix, for
example trLk, are integrals of motion. In particular, trL2 = H + const. The higher
Hamiltonians Hm are linear combinations of traces of powers of the Lax matrix.
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It is not di�cult to show that

Gαβ =
∑
i

Sαβ
i =

∑
i

aαi b
β
i

are integrals of motion for all the �ows ∂tm corresponding to the higher Hamiltonians:
∂tmG

αβ = 0. Indeed,

∂tm
(∑

i

aαi b
β
i

)
=
∑
i

(
bβi
∂Hm

∂bαi
− aαi

∂Hm

∂aβi

)
,

and this is zero because Hm is a linear combination of traces trLj(λ), and

∑
i

(
bβi tr

( ∂L
∂bαi

Lj−1
)
− aαi tr

( ∂L
∂aβi

Lj−1
))

=
∑
i

∑
l,k

(
bβi

∂Llk

∂bαi
Lj−1
kl − aαi

∂Llk

∂aβi
Lj−1
kl

)

=
∑
i

∑
l ̸=k

(δik − δil)b
β
l a

α
kΦ(xl − xk)L

j−1
kl = 0.

A simple lemma from linear algebra states that the eigenvalues να of the n×n matrix
G coincide with the non-zero eigenvalues of the N ×N matrix F of rank n with matrix
elements

Fij = bνi a
ν
j

(we assume that n ≤ N). Indeed, consider the rectangular N × n matrices Aiα = aαi and
Biβ = bβi , then G = ATB, F = BAT , and a direct veri�cation shows that traces of all
powers of these matrices are the same: trGm = trFm for all m ≥ 1. This means that

their non-zero eigenvalues coincide. Note that trG =
n∑

α=1

να = N .

Spin generalization of the RS system

The spin generalization of the RS system was suggested in the work by Krichever and
the author in 1995 [18]. In that work, the spin model was obtained as a dynamical
system for poles of elliptic solutions to the non-abelian two-dimensional Toda lattice.
The Hamiltonian structure of this system is still unknown. That is why we start from
the equations of motion from the very beginning.

The equations of motion. Let aαi , b
α
i be n-component vectors associated with i-th

particle, as before. The equations of motion have the form

ȧαi =
∑
j ̸=i

aαj b
ν
ja

ν
i

(
ζ(xij)− ζ(xij + η)

)
,

ḃαi = −
∑
j ̸=i

bαj b
ν
i a

ν
j

(
ζ(xij)− ζ(xij − η)

)
,

ẍi = −
∑
j ̸=i

bνi a
ν
j b

µ
j a

µ
i

(
ζ(xij + η) + ζ(xij − η)− 2ζ(xij)

)
.
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It is clear from them that ẋi − bνi a
ν
i are integrals of motion. We will �x their zero values,

imposing the constraints
ẋi = bνi a

ν
i .

The Lax representation. The Lax pair for this system is as follows:

Lij(λ) = bνi a
ν
jΦ(xij − η, λ),

Mij(λ) = −δij(ζ(η) +
1
2
℘(λ)) + (1− δij)b

ν
i a

ν
jΦ(xij, λ).

Problem. Prove that the Lax equation L̇+ [L,M ] = 0 is equivalent to the equations of
motion.

The derivation of this Lax pair will be given later in connection with the non-abelian
Toda lattice and its elliptic solutions.

Traces of powers of the Lax matrix are integrals of motion. The spectral curve given
by the equation det(kI − L(λ)) = 0 is an integral of motion, too.
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