Integrable systems of particles and nonlinear
equations. Lecture 15

A. Zabrodin*

Field generalization of the CM and RS systems

The CM and RS system admit a so-called field generalization, when the system of N
particles with coordinates z; depending on time ¢ turns into a 2D field theory with
N “fields” x;, which depend not only on time ¢ but also on an extra space variable x:
x; = x;(x,t). Such field systems can be obtained from analysis of more general elliptic
solutions to nonlinear equations, when we consider solutions that are elliptic functions of
a variable which is not necessarily the space variable.

Elliptic families of solutions to the KP hierarchy and field generalization
of the CM system

Derivation of the equations of motion. In previous sections we studied solutions of
the KP hierarchy that are elliptic functions of the space variable x = t;. Here, following
the work [36], we are going to consider more general elliptic solutions that are elliptic
functions of some linear combination of higher times: u =Y _ fBxt). In [36] such solutions

k
were called elliptic families. They form a special subclass of general algebraic-geometrical
solutions constructed from a complex algebraic curve and some additional data on it. It
can be shown that tau-function for such solutions, as a function of u, has the form

T(t) = f(t)e 2 ] o(u — ui(t)),

i=1

where 71,72 are constants, and f is some function of the times t. In what follows we
restrict ourselves by considering the dependence on x = ¢; and ¢t = ¢, and will write
u; = ui(x,t). (These u; will be the fields of the field CM system depending on z,t.)

Accordingly, for the KP solution we have:

U=202logt =202 logo(u—u)
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= -2 Z(uixp(u - uz) + uz,zzC(u - ul)) + C(ZL’, t)7

where ¢(x, t) is some so far unknown function of x, t. Since U should be an elliptic function
of u, there is the relation
Z Uz = 0.
i

As before, our main technical tool is the first linear problem for the KP hierarchy:
O — 03 — U = 0.

We will find solutions among double-Bloch functions of v with N poles at u = w;:

) = Z i P(u — ug,y ).
Finding the derivatives, we have:

oy = Z i ®(u—uy \) — Z ciug 1 ' (u — uy, N),
0% = Z Ciaax®(u — ujy A) — 2 Z Ciati z D (U — uiy N)

+ ch mq)” (u — ug, A Z:czuZm — Uiy N).

Substituting then into the linear equation for ¢ together with the explicit form of U, we
get in the left-hand side an expression that has poles at © = u; up to the third order.
The highest poles cancel identically. Cancellation of the second and first order poles gives
an overdetermined system for the coefficients ¢;. Representing them as a column vector
c=(c,...,cny)t, we can write this system as

c, = Lc,

where matrices L, A have the following matrix elements:

ui,t + ui,xz

ng = 5251] + (]. — (51])7,%@@(1% — Uj, /\)7 gz = "

)

ki
—2(1 — 0;j) (02, (i — 1, A) + a0 ®(u; — i, \)).
It is easy to see that the compatibility condition for this system has the form of the

Zakharov-Shabat equation:
L, — M, +[L,M]=0.



We need the following identities for the function ®(u, \):

Bz, N8 (y, A) = (x + 1, 1) (C(x) + C(y) = S +y + A) + V),

Oz —y,\)P(y —2,\) = =9 (x — 2, \) + ®(z — 2, \)n(x, y, 2),
where
n(x,y, 2) = —y) + ¢y — 2) + ¢z — x),
and
(2, A) = @z, ) (2p(x) + p(N)).
Note that n(z,y, z) is an anti-symmetric elliptic function in all the three arguments.
Problem. Prove these identities.

Problem. Using these identities, prove that matrix elements of the matrix M have the
following form:

M;; = u; » (Z Ukz)@(/\) + My,
2

Mij =~y (3t ) @ (g — 10z, N) + myg®(u; — g, ), i # .
k

where

mi =&+ Gw ez, y) = (20, + tiatinn) 9(u — k) + 2up waC(u; — wr)),
ki

mij = (& + &) Uip — Wigy + Uiy Z Wk (Wi, Up, Uj ).
ki j

Consider first off-diagonal matrix elements in the left-hand side of the Zakharov-Shabat
equation. A direct calculation, using the above identities, leads to the following expressions
for them as functions of A:

(Lt_Mz+[Lv MDU = [72@()\) +r (C(Ui—uj+>\) — ((uj—u;) — C(M) + To}qD(Ui—Uj, A),
where i # j, u 7o, 71,79 are some coefficients which depend only on u;, [ =1,..., N and
their derivatives with respect to x,t. It is easy to see that ro = 0.

Problem. Prove that vy = ry = 0.

Let us make some remarks concerning this problem. The proof that r; = 0 is a relatively
direct but heavy calculation. The proof that ro = 0 is more difficult. It requires a rather
complicated identity for elliptic functions of several variables which can be proved by the
standard method: one should consider ry as elliptic function of u; and check that it does
not have poles at u; = u;, [ # 4, and then find it at u; = u;.

We have shown that (Lt—Mx—l—[L, M]) =0 at 7 # j. Vanishing of diagonal elements

LY

is equivalent to equations of motion for u;(x,t). The diagonal elements are given by

3

(Lt—Mx+[L, M]) ; = €i,t — My — Uiz (Z ul,m)p(A)
l
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30w g g, ((ID'(ui — U, )P (up — uiy ) — D (g — ug, N)P(u; — uy,, A))
ki 1
> (Wi g — Wi wmag) (i — g, )P (ug — i, A).
ki
One should substitute here the expressions for &, m;, m;, and use the identities

O (2, \)®(—x,\) — ' (—x, \)®(2,\) = —¢'(2),

Oz, )@ (=2, A) = p(A) — p(z).
After some algebra we obtain:

2 2
ui,t - ui,xx

Ui = 2o (7,1) + ( "

+ ui,xx:c)
T

+ui, Y [sz@/(uz — Up) — Bk g Uk o (U — Uk) — Uk g C(U; — Uk)}
ki

To find the function c(x,t), we use the following arguments. As it follows from
the geberal theory of the KP hierarchy, the wave function is proportional to the ratio

Tt —[271

((t[)])' Our tau-function is proportional to the product [ ] o(u — u;(t)). Therefore,
T i

the condition that the wave function is a double-Bloch one with time independent Bloch

multipliers implies that the sum » w;(t) has to have a linear dependence on time. In

particular, we have:
Zuiytt =0, Z“w = h = const,
i i

and the function c(z,t) can be fixed by summation of the equations over all 7 from 1 to
N. Then the left-hand side vanishes and we can express ¢, (z,t) through w;’s and their
x-derivatives. It turns out that it is possible to integrate over x once, so the result has

the form , ,
ui,xz - ui,t

1
c(:c,t):ﬁV(x,t)jLZW,

where
V(@ t) = 3 [ wtth o (ui0 + ta) (s = ) + (Ut gw — U ot 00 C (s — ).
i#k

The function c(x,t) is defined up to adding an arbitrary function of ¢, but this does
not influence the equations of motion. So, we have obtained the equations of motion of
the field elliptic CM system. They are reduced to the standard CM system after the
substitution u;(z,t) = x + x;(t).

The Hamiltonian formulation. Let us introduce canonical field variables p;(z), u;(x)
with the Poisson brackets

{pi(), pj(2')} = {ui(x),u;(2)} = 0, {wi(x),p;(2')} = 6i;0(x — ).



The field CM system is Hamiltonian with the Hamiltonian
H:/Hm,

where the Hamiltonian density has the form

u? 1

1,2X 1 2
H = _ZP?UZ‘@—’_ZZML’Z’T —l—iv—l—E(szuw) .

Here V is the same as above:

V=> [ui,muk,x(ui,r + Uk ) (U — ) + (Ui 2 Uk 20 — Uk 2 Ui 20 )G (U — uk)}.
itk

Let us show that the Hamiltonian equations

oH OH
Pit = —
(S'LLZ'

Uiy = —,
o op;

are equivalent to the equations of motion given above. Here 0H /0p;, 0H /du; are variational

derivatives of the functional H with respect to the fields p;(z), u;(x). Since the Hamiltonian

density depends on p;, u;, u;, and u; ., we have, according to the rules of variational
calculus:

G _oH O _oH _d oH & ol
Sp;,  Op;’ Su;  Ou;  dv Ouj,  da? Oy,

After the calculations, we obtain the Hamiltonian equations in the explicit form:

2
Ui = —2Pilig + 7 (; pkuk,m)ui,ﬂca
pi,t = _2 Z(ui,xp/(uz - uk) - 3uk,:puk,xwp(ui - uk) - uk,x:pxg(uz - uk))
k#i

1 u? Ui 2
—2piPix + i ( ullx;)x — QZZZT + E(pz ;pkuk:p>x

Problem. Iind u;; and show that these equations are equivalent to the equations of
motion given above.

This is a direct but rather long calculation.

Elliptic families of solutions to the 2D Toda chain and field gene-
ralization of the RS system

The field generalization of the RS system was sugegsted in the work [37]. It is based on
the same idea to consider more general elliptic solutions, now not of the KP hierarchy
but the 2D Toda chain hierarchy. For simplicity, we fix all negative times and consider
only dependence on the positive times. We assume that solutions are elliptic functions of
some linear combination of the higher times which we denote by wu.



Derivation of equations of motion. The starting point is again the linear problem

T(x + 1)
T(x)

Like in the KP case, one can show that the tau-function for elliptic families has the
general form

O () = Pz +n) + b(x)(x),  b(x) = O;log

N

7= flz, )2 ] o(u — wi(a, 1)),

i=1
where 71,72 are constants and f is some function of x,¢. Then
b(x) = blu,z,t) = > (i:(2)(u — wi(w)) — il +n)C(u — us(z + 1)) + c(x, 1)

i

with some function c(x,t). As in the KP case, the sum Zul has a linear dependence on

i
Zui = [ = const.
i

Since b(u, x,t) is an elliptic function of u, so we should search solutions among double-
Bloch functions

x,t. Denote

= ; ci(x)P(u — ui(x), N,

where we skip the dependence on t for brevity. Below we will also often skip the second
argument of ®.

Substitution to the linear problem gives:

; ¢i(2)P(u — ui(z)) — ; ¢i(2) i (2) ' (u — wi(x)) — ;Cz‘(ﬂﬁ + 1) @(u — ui(z + 1))
_ ;(uz(m)g(u —ui(x)) — u(x +n)C(u —wi(z +n) ) ; c;(2)®(u — u;(z))

t) ; ¢i(z)®(u — u;(z)) = 0.

Cancellation of poles leads to the following system:

ci(w +n) =il + 1) 3 cj(@)(ui(e + 1) — (@),

() = () Y ci(x)@(ui(x) — uy(x)) + ci(w Zua — u;())
J#i J#i

—ci(x Z_: (2 + n)C(wi(z) — uj(z +n)) + ci(x)c(z, t).



They can be represented in matrix form:

N
(x4+n)=>_ Ly
J=1
N
M;j(x)c;(x)
=

where the mattices L and M are
Lij(z, A) = wi(x + n)®(ui(z + 1) — u;(x), A),
M;j(z, A) = (1 — 03 i (2) P (ui () — u;(x), \)

0 (S ()0 ) = w(2)) = (o )G () — () el 1),
ki

The compatibility condition is the semi-discrete Zakharov-Shabat equation
R(z) =: L(z) + L(z)M(z) — M(z +n)L(z) = 0.

The matrices L, M depend on the spectral parameter A\, and this equation should hold
for all A.

It is useful to introduce the matrices
Aj(@) = (ui(z + ) — u (@),
AY(@) = (1= 055) @ (wi() — ()
and diagonal matrices
Aij () = bijui(x),

o) = 055 > (@) (ui(2) — ug(x)),

kit
Di(x) = 65> (@ £ )¢ (wi(x) — ug(z £1)).

In this notation
L(z) = Az + n)At(z),  M(z) = Ax)A%(x) + D°(x) — D*(2) + c(z, t)1.
We have:
R(z) = Az + n)A* (x) + Az + ) (S(z) + A" (2)(D°(z) — D*(x))
—(D°(x + 1) — D (2 + n)A*(2) + (c(w,t) — ez +n, 1)) AT (x)),

where

S(w) = A*(2) + A" (@)A(2)A(x) = A°(z + n)A(x + ) A* (2).



The expression for S(z) can be transformed with the help of already familiar identities
for the function .

Problem. Show that

Sij(w) = @ (u;(x +n) — u;(@))(Dy (¢ + ) + D () — DY (x) — Dy +n)).
Collecting everything together, we obtain the matrix identity

R(z) = (A(x +mA (x4 n) + D (x+n) + DMz +n) —2D°(x + 1)

+e(,t) — c(z +n, )] ) L(w),

which implies that the compatibility condition is equivalent to vanishing of all elements
of the diagonal matrix that stands in front of L(x):

Mz +n)A ™z +n)+ D (z+n)+ D (x+n) — 2Dz +n) + (c(z,t) — c(z +n,t))I = 0.
Hence we obtain the equations of motion:

)+ Z(uz )i (@ — )¢ (ui(x) — wrlw — ) + s ()i (@ + )G (wi(x) — u(w +1n)))

— 23 ()i ()G (i) — unla)) + (el = n.t) — e, £))it(x) = 0.

ki
They resemble the equqations of motion for the RS system. The latter can be reproduced
by the substitution u; = z; + = (with ¢(x,t) = ¢(x +n,t)). Summing over i from 1 to N,
we find the function c(z,t):

; 2 it + (o) — -+ 1)

(up to adding a t dependent and n-periodic function of x, which does not influence the
equations of motion).

The lattice version of the equations of motion is obtained after the substitution u¥ =

iy —I—Z( R4 k ¢ —uk )+ukuk+1C(uf uf“))

— 2> Al C(uf — k) + (FTHE) — ()il =0

J#
with the function c*(¢) given by



The Hamiltonian formulation. The field extension of the RS system is an infinite
dimensional Hamiltonian system. It is more convenient to consider its lattice version.We
introduce canonical variables u, p¥ with the Poisson brackets

{pz7p]}_{uza 7 :07 {uf7p§}:51.76kl

On the lattice with n sites and periodic boundary conditions, the Hamiltonian has the

form .
H = é Z log Hk,
k=1
where
H U(Uk _ uk 1)
H, — npl J=1
g Zl: ‘ [T o(uf — ub)
JF#i
The first group of Hamiltonian equations is
k_ k=1
a_on g )
Z'_(r)pi-“_Hkn I o(uf — ub)
JFi

Taking time derivative of the both sides (after taking logarithms), we obtain

—l—Zu —u C(uf —u)—i—(‘?tlong

..k
. U; . .
npf = o — (g —a ) (uf —uf
% j=1 Jj#

To write down the second group of Hamiltonian equations

) oH
pf(x) = _W’

we consider the variation 0 sH
oH = i
n B T,
—Z Zu Cluf —uf=Y) (6uf — sul~ ZZqu(uf—u?)(éuf—éuf)
k=11,l=1 k=1 il
Changing the summation indices as £ — k£ 4+ 1 and ¢ <+ [ where necessary, we have
n N
B =3 Y dhC(ut — ub 0wt + Y Z A (b — ub ) suk
k=1i,l=1 k=11i,l=1
n N
= >0 (@ +ap)C(uf = up)ouy.

k=1 il

Hence we see that
k“ —i—z W) —i—ul)Q( k—uf)

Zu Cluf —uf~ ZukH
1#1

npi =



Comparing this with the expression for pf obtained by differentiating of the equations
from the first group, we find:

74—21/‘”“ uf™) —i—Zu uf — —2Zu u¥ —ulf) + 0,1log Hy, = 0.
u; — £

Problem. Show that

where

So, we have reproduced the equations of motion for the field RS system.

The limit » — 0. Let us show that the limit n — 0 gives the field CM system. The limit
is not simple. The easiest way is to find it for the Hamiltonian density. It is convenient
to come back to the difference version of the field RS system with the continuous space
variable z and the Hamiltonian density

n i=1 i o(ui(@) —w(z))

H((E) — é log (Z e’lpi(x)o-(ui(x) _ uz(m _ 77)) H U(Ui(x> - ul(x — 77))) '

The canonical Poisson brackets are
{pi(z),p;(¥)} = {wiz),u;(y)} =0, {uwi(z),p;(y)} = di;o(x — y).

The Hamiltonian is the integral / H(z)dz. All calculations are similar to the ones done

for the lattice version; although the derivatives with respect to the canonical variables
uk, pF become variations derivatives with respect to u;(x), p;(z). We are interested in
expansion of the Hamiltonian density in n as n — 0. We have:

1 1 " 1 ///
S0P} + O0) ) (u; — = muf + = n*ul’ + O (1))

ﬁ N
H(w) = log [772(1+77pi+2 5 s

=1

N
1
< exp (X (¢ (us — ) - frfu"c( — ) = 5 nPuo(u; —up) + O0P)) ) ||
J#i
where prime means x-derivative.

Let us make the canonical transformation

// N
Di ’ pz pi — 2 , —|—ZU C j)7 Uj > Uy
JFi

Problem. Check that this transformation is indeed canonical.

For the proof that {p;(x),p;(y)} = 0, one should use of the identities
F(@)8"(@ —y) = F)8"(y — 2) = = (F(@)d (x — y) — [ ()d(y — 2)),

10



f@)d'(x —y) + f(y)d'(y — x) = —f'(x)d(x —y).

Note that in the limit » — 0 the evolution in z in the 2D Toda chain becomes

evolution in ¢, so
N
/
lim Z w;(z

n%O

and we get the expansion in the form
H(x) = const — (1+O(n))Hi(x) - 3 Ha(x) + O(?),

where

Hy(x) =) piu;

i=1

is the density of the first Hamiltonian (an analog of the total momentum), while

//2

N N
_;ﬁ > u BZ "+ (sz )
—quu — ujuy) (u»—u-)+li(u'u’2+uu2) (u; — uy)
Ty it = -
1#] 7

This is the Hamiltonian density of the field CM system (up to adding a full derivative
term, which does not influence the equations of motion).
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