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Course Description

For an oriented surface (2-manifold) S, the group Diff(S) of orientation-preserving diffeomorphisms of S is a
huge infinite-dimensional topological group. By definition, the mapping class group of S is the group
Mod(S) obtained from the group Diff(S) by taking the quotient by the identity component. Equivalently,
Mod(S) is the group consisting of isotopy classes of orientation-preserving diffeomorphisms of S onto itself.
Theory of the mapping class groups of surfaces lies on the crossroad of algebraic and hyperbolic
geometry, three-dimensional topology, geometric, homological and combinatorial group theory. More
precisely, it is related to:

- Moduli spaces of complex curves (equivalently, of hyperbolic surfaces) via interpretation of the mapping
class group as an orbifold fundamental group of the moduli space;

- Topology of three-manifolds via interpretation of a Heegaard splitting as gluing along an element of the
mapping class group;

- Braids and hence knots; in fact, usual braid groups are the mapping class groups of a 2-disc with
punctures.

- Outer automorphism groups of free groups; this relationship is caused by the fact that the mapping class
group acts by outer automorphisms of the fundamental group of the surface, and the fundamental group of
the surface is not so far from being free (as it is given by 2g generators and only 1 relation).

- Arithmetic groups such as SL(n,Z) and Sp(2g,Z) via the action of the mapping class group on the
homology of the surface.

The course will start from basic facts on surfaces and their mapping class groups. After this introductory
part, we will discuss various methods in theory of mapping class groups arising from relationships listed
above.

It is recommended that students taking this course have the following

Course Prerequisites / basic knowledge:
Recommendations - in group theory (commutator subgroups, free groups, generators and
relations);

- in topology (fundamental group, coverings, homology groups);
- in complex analysis and algebraic geometry (holomorphic functions,
smooth complex curves).

AHHoOTaUus



[ns opreHTNpoBaHOM NOBEPXHOCTU S rpynna ee COXpaHsoLWmnx opueHTaumo andheomopdrsmos -
orpomMHasi 6ecKkoHe4HOMepHas Tonosiormyeckas rpynna. OgHako, B3siB hakToprpynmny 3Ton
TOMOMOrMYECKON rPymnmbl MO CBA3HOW KOMMOHEHTE €AMHULLBI, Mbl NMOMYyYM CHETHYO rpynny Mod(S),
KoTopas U HadblBaeTCs rPYnmnon KNaccoB OTOBPaXKeHW MOBEPXHOCTU S.
Teopwus rpynn KNnaccoB 0TOOPa>KEHNN UMEET rNyObOKNe CBA3UN C PSOOM aKTVMBHO Pa3BMBatOLLIMXCA B
HacTosILLEee BPEMSsI HAMPaBNEHNA MaTeEMaTUKN, TAKUMUN Kak:
- Teopusi NPOCTPaHCTB MOLYJEN KOMIMIEKCHBIX KPUBbIX (3KBUBANIEHTHO, rMNepO0IMYECKIMX MOBEPXHOCTEN);
rpynna KnaccoB 0TOBPa>KEeHNN CAY>XUT opbudongHon hyHOAMEHTaNIbHOW rPynnov COOTBETCTBYHOLLIETO
NPOCTPaHCTBa MOLYJIEN.
- Tononorusi TPeXMepHbIX MHOroobpa3suii: pasbreHns Xeropa TPeXMEPHbIX MHOroo6pasnii MOXXHO
NHTEPNPETNPOBATL KaK CKIIENKM MO SNIEMEHTaM Py K1acCoB OTOBParKeHUI.
- Teopusi KOC 1, Kak CnegcTeue, TEOPUS Y3I10B; HA CaMOM Aefne OOblYHbIE MPYMMbl KOC CAy»XaT
NPOCTENLLNMM NPUMEPaMM FPYMN K1aCCOB OTOBPaXKeHN, @ UMEHHO, 3TO rPymMMbl KNaccoB 0TOOpaXkeHUi
OucKa c NpoKonamu.
- ['pynnbl BHELIHNX aBTOMOPMN3MOB CBOGOOHbIX MPYMM; 3Ta CBA3b NPOUCXOANT U3 TOro, Y4TO rpynna
KraccoB 0TOBOpaXkeHuin 4eNCTBYET BHELLHMY aBToOMopduaMammn pyHaamMmeHTanbHOM Frpynnbl MOBEPXHOCTH,
a cdhyHOoameHTasbHas rpynna noBePXHOCTUM He Tak Yy>K Janeka oT cBobofHoN rpynnbl (3anaétcs 29
NOPOXKOAMLLMMN N TONIbKO OAHMM COOTHOLLEHNEM).
- ApndmeTudeckme rpynnel, Takme kak SL(n,Z) n Sp(2g,Z); aTa cBA3b NPOUCXOANT U3 SENCTBUS rpynn
KJ1acCcoB OTOBPaXKeHUIN Ha FOMOJSIOrNSAX MOBEPXHOCTN.
Kypc HauHeTcsa ¢ 6a30Bbix hakTOB O MOBEPXHOCTAX M UX rpynnax oTobpaxxeHun. [locne BBO3HOM 4YacTu Mbl
obcyanm pasHoobpasHblie METOObI TEOPUM FPYNM KIACCOB 0TOBPadKEHNI, BO3HUKAIOLLME N3 ONMUCAHHbIX
BblLLIE B3aMMOCBS3EN.

MnaHnpyeTcs, 4TO, NpoCcnyLlaB Kypc, CTyOeHTbl 6yayT BNageTb OCHOBHbLIMU MOHATUSMU U METOAAMM
Teopuun rpynn KnaccoB 0TobpaXkeHn, yMeTb NPON3BOAUTE KOHKPETHbIE BbIYMCIEHNS B rPpyMnax Knaccos
OTOOpaXKeHUI, a TakKXKe YMETb NoJIb30BaTbCs MaLUMHEPUEN Py K1acCoB OTOBpaXKeHn B 3afadax o
NPOCTPaHCTBax MOAYEN N TPEXMEPHbBIX MHOroobpasusix.

Course Academic Level

Number of ECTS credits 6

Topic

Simple closed
curves on
surfaces and
mapping class
groups.

Mapping class
groups and

moduli spaces.

Mapping class
groups and
Heegaard
splittings of 3-
manifolds.

Actions of
mapping class
groups on CW
complexes.

Summary of Topic

Simple closed curves, minimal position, Dehn twists,
relations between them, action of mapping class group on
homology, Torelli groups.

Moduli space of hyperbolic surfaces, moduli space of
complex curves, their equivalence,hyperbolic methods in
theory of mapping class groups.

Heegaard splittings as results of gluing of two
handlebogies along an element of the mapping class
group. Homology spheres and elements of Torelli groups.
Rokhlin invariant and Birman-Craggs homomorphisms.

Curve complex, arc complex, Hatcher-Thurston complex,
complex of cycles. Geometric group theory methods and
homological methods in study mapping class groups.

Master-level course suitable for PhD students

Lectures Seminars Labs

(# of
hours)

(# of (# of
hours) hours)
15
15
15
15



Assignment Type Assignment Summary

Final Exam

Type of Assessment Graded

o S Activity Type Activity weight, %
Final Exam 100

A 86

B 76

C: 66

D: 56

E 46

F: 0

Attendance Requirements Optional with Exceptions

Course Stream Science, Technology and Engineering (STE)

Course '!'erm (in context of Term1-2

Academic Year)

Course Delivery Frequency Every two years

Students of Which Programs do You Recommend to Consider this Course as an Elective?

Masters Programs PhD Programs

Mathematical and Theoretical Physics Mathematics and Mechanics



Course Tags Math

Required Textbooks ISBN-13 (or ISBN-10)
Farb, B, and Margalit, D.
A Primer on Mapping Class Groups, 9780691147949

Princeton Mathematical Series, 2011.

Knowledge

After course completion the students are supposed to know foundational results and methods of theory of
mapping class groups, including their applications to geometry and topology of moduli spaces an
topology of 3-manifolds.

Skill

Skills of working with simple closed curves in surfaces and Dehn twists about them. Skills of exploiting
group actions on CW complexes to recover combinatorial and geometric properties of groups.

Experience

Experience of combining methods from various branches of mathematics (group theory, topology,
hyperbolic geometry, algebraic geometry, complex analysis) and proving rather non-trivial theorems on
this way.

Select Assignment 1 Type Final Exam

A:86% - 100%
Assessment Criteria for B: 76% - 85%
Assignment 1 C: 66% - 75%
D: 56% - 65%
E: 46% - 55%
F: 0% - 45%



