Skol Course Syllabus

Skolkovo Institute of Science and Technology

Course Title (in English) Symmetric functions
Course Title (in Russian) CummeTpuryeckne yHKLUN
Lead Instructor(s) Olshanski, Grigori

Contact Person Grigori Olshanski

Contact Person's E-mail olsh2007@gmail.com

Course Description

The theory of symmetric functions has numerous applications in various domains of mathematics and
mathematical physics. At the beginning of the course, standard material will be presented, and then we will
move on to more advanced topics.

Tentative program:

The algebra Sym of symmetric functions. Generators of Sym. The scalar product, involution map, and Hopf
algebra structure. Schur functions, skew Schur functions. Combinatorial formula. Cauchy identity and dual
Cauchy identity. Jacobi-Trudi formula and its dual version.

Frobenius coordinates. Giambelli formula. Symmetric group characters. Murnaghan-Nakayama rule.
Polynomial functions on Young diagrams. The Gessel-Viennot method. Supersymmetric functions.
Interpolation symmetric polynomials. Multidimensional symmetric orthogonal polynomials. Generalized
Schur polynomials and Macdonald's "9th variation". Beyond Schur polynomials (if time permits): Hall-
Littlewood polynomials and other generalizations.

Course Prerequisites / Good working knowledge of the university course of algebra. Initial facts
Recommendations from representation theory of finite groups.

AHHOTaUuA



Teopusi CUMMETPUYECKNX (DYHKLUA UMEET MHOMOYNCIEHHBIE MPUSIOXKEHUS B Pa3/IMYHBbIX 061acTsAX
mMaTemMaTuKin 1 matemaTuyeckon pusnkn. B Havane kypca 6ynet npenctaBfieH cTaHAapPTHBIM Matepuan, a
3aTeM Mbl nepengem K 6onee NPoABUHYTLIM BONPOCaM.

MpenBapuTenbHas nporpaMma:

Anrebpa Sym cuMmmeTpudecknx yHkumin. FeHepaTopbl anrebpbl Sym. CkanspHoe nponsseneHue,
OoTOBOpaKeHne UHBOMOUMN 1 CTPYKTypa anrebpbl Xonda. ®yHkumn LLypa, kocble dyHKumm LLypa,
KombuHaTopHas chopmyna. Toxxgectso Kown, gyansHoe Toxxgectso Kown. ®opmyna Akobu-Tpyan n ee
nyanbHas Bepcusi. KoopanHatel @pobeHnyca. opmyna Ixambennu. Xapaktepbl CAMMETPUYECKNX FPYM.
Mpasuno MypHaraHa-Hakasmbl. [onnHoMuaneHble pyHKUMM Ha gnarpammax FOHra. Metop Neccensi-
BbeHHo. CynepcummeTpuyeckne yHKUmn. VIHTepnonsumMoHHbIe CUMMETPUYECKNE MONNHOMbI.
MHOromMepHbIE CUMMETPUYECKNE OPTOrOHaSbHbIE NOSIMHOMbI. O606LLEHHbIE NOAMHOMBI LLlypa 1 «9-5
Bapuauus» MakgoHanbga. 3a npegenamuv nonnHoMos LLlypa (ecnvm no3BonnT BpeMmsi): NofnMHOMbI Xonna-
JlvtTnByOa n gpyrme o600LeHns.

Llenb Kypca --- Hay4nTb CTYAEHTOB TEXHMKE paboTbl C CUMMETPUYECKMUN DYHKLUUSMUN 1 faTb NOATOTOBKY
K YTEHMIO cneunarnbHON nTepaTypbl.

Course Academic Level Master-level course suitable for PhD students

Number of ECTS credits 6

Lectures Seminars Labs
Topic Summary of Topic (# of (# of (# of
hours) hours) hours)

The algebra Sym of symmetric functions. Generators of Sym.
Schur The scalar product, involution map, and Hopf structure. Schur
functions: functions, skew Schur functions. Combinatorial formula. 10 7
basic facts | Cauchy identity and dual Cauchy identity. Jacobi-Trudi

formula and its dual version.

Young
diagrams Frobenius coordinates. Giambelli formula. Symmetric group
and . .

. characters. Murnaghan-Nakayama rule. Polynomial functions |9 7
symmetric .

on Young diagrams.

group
characters

The Gessel-Viennot method. Supersymmetric functions.
Interpolation symmetric polynomials. Multidimensional
symmetric orthogonal polynomials. Generalized Schur
polynomials and Macdonald's "9th variation". Beyond Schur
polynomials (if time permits): Hall-Littlewood polynomials and
other generalizations.

Supplements



Assignment Type Assignment Summary

Homework Assignments exercises covering the whole material
Type of Assessment Graded
Activity Type Activity weight, %

Grade Structure

Homework Assignments 100
A 80
B 70
C: 60
D: 50
E 40
F: 0
Attendance Requirements Optional

Maximum Number of Students

Maximum Number of Students

Overall: 20
Per Group (for seminars and labs): 20
Course Stream Science, Technology and Engineering (STE)
Course Term (in context of Term 1

Academic Year) Term 2

Course Delivery Frequency n/a

Students of Which Programs do You Recommend to Consider this Course as an Elective?



Masters Programs PhD Programs

Mathematical and Theoretical Physics Mathematics and Mechanics
Course Tags Math

Required Textbooks ISBN-13 (or ISBN-10)
n/a

ISBN-13 (or
Recommended Textbooks ISBN-10)
I: G. Mggdonalc.!. Symmetric functions and Hall polynomials (Russian translation of the 0198534892
first edition available).
R. P. Stanley, Enumerative combinatorics, Vol. 2 (Russian translation available) 0521789877
Papers DOI or URL
A. Okounkov, G. Olshanski. Shifted Schur functions. St. Petersburg
Mathematical Journal, 1998, 9:2, 239-300 (Russian version: Algebra i http://mi.mathnet.ru/eng/aa762

Analiz, 9:2 (1997), 73-146)

Equipment
n/a
Software
n/a
Labs for Education n/a
Knowledge

Fundamental results about symmetric functions



Skill

Working knowledge of fundamental results and constructions in the theory of symmetric functions

Experience

Experience of working with various symmetric functions

Select Assignment 1 Type Homework Assignments

1. Let h_n denote the n-th complete homogeneous function; compute
Input Example(s) of h_n(1,0,072,93,...), where |g|<1.
Assignment 1 (preferable) Do the same for the n-th elementary symmetric function e_n.

2. Compute the image under coproduct for given examples of symmetric
functions.

3. Let x_1, x_2, ... be an infinite collection of formal variables; expand the
product prod_{i

4. Write the Frobenius formula for the dimension of a Young diagram as
an identity for a rational function and prove it using the method of
residues.

The problems will vary in difficulty. The total score is calculated according
to the formula min(100, 200*S/N), where S denotes the total number of
points obtained and N denotes the maximal possible number of points

Assessment Criteria for
Assignment 1



