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1. Annotation

Course Description

Course Syllabus

Quantum Integrable Systems

KBaHTOBbIE NHTErpnpyemMblie CUCTEMbI

Zabrodin, Anton

Anton Zabrodin

zabrodin@itep.ru



The course is devoted to quantum integrable systems. The history of quantum integrable systems starts
from 1931 when

H.Bethe managed to construct exact eigenfunctions of the Hamiltonian

of the Heisenberg spin chain with the help of a special substitution

which became famous since that time (ansatz Bethe). In one or another

form this method turns out to be applicable to many spin and field-theoretical

integrable models. From the mathematical point of view, Bethe's method is

connected to representation theory of quantum algebras (g-deformations of

universal enveloping algebras and Yangians).

Here is the list of topics which will be discussed in the course.

- Coordinate Bethe ansatz on the example of the Heisenberg model and
one-dimensional Boe gas with point-like interaction between particles.

- Bethe ansatz in exactly solvable models of statistical mechanics
on the lattice.

- Calculation of physical quantities in integrable models in thermodynamic
limit, thermodynamic Bethe ansatz.

- Bethe equations and the Yang-Yang function, caclulation of norms of Bethe
vectors.

- Quantum inverse scattering method and algebraic Bethe ansatz, quantum R-matrices,
transfer matrices, Yang-Baxter equation.

- Functional Bethe ansatz and the method of Baxter's Q-operators, functional
relations for transfer matrices, transfer matrices as classical tau-functions.

The knowledge of quantum mechanics and statistical physics for understanding of
the course is highly desirable but not absolutely necessary. Out of the physical
context ansatz Bethe in its finite-dimensional version is simply a method

for diagonalization of big matrices of a special form. In this sense it does not
require anything except the basic notions of linear algebra.

Course Prerequisites / Students should have basic knowledge of linear algebra, quantum
Recommendations mechanics and statistical physics.

AHHOTaUuA



OTOT KypC MOCBSLLEH KBAHTOBLIM UHTErpUpyeMbIM crucTeMaM. VIcToprs KBaHTOBbIX MHTErpPUPYEMbIX
cuctem Havanacbo B 1931 rogy, korga .beTe noCcTpowus TOYHbIE BOSIHOBbIE (DYHKLMW FraMUSIbTOHMaHA
CMNNHOBOW Lienoyku NendeHbepra ¢ MOMOLLBIO crieynanbHON NOACTAHOBKM, KOTOas ctasna ¢ Tex nop
3HameHuTou (aH3ay beTe). B TOM nam nHom Brge aToT METOA, OKa3blBAETCH NPUMEHNMbIM KO MHOTM
CMHOBbLIM 1 TEOPETUKO-NONEBLIM MHTErpUpyembiM Mogensm. C MaTteMaTnyecKom TOUYKU 3PEeHNsT METOS,
BeTe cBs3aH ¢ Teopuen NpeacTaBeHnin KBaHTOBbIX anrebp (g-gedopmaunin yHuBepcasbHbIX
obepThiBalOLLMX anrebp 1 AHrMaHoB.

BoT cnncok Tem, KoTopble ByayT 3aTPOHYThI B KypCe.

- KoopguHaTtHbIn aH3au, bete Ha npumepe mopenu NenseHbepra n ogHoMepHoro bose-lasa ¢ ToYeYHbIM
B3aVMOAENCTBUEM MEXAY YacTULAMMU.

- AH3zay beTte B To4HO pewaemMbiX Mogensax CTaTUCTUYECKON MEXAHVKWN Ha peLwieTKe.

- BbluncneHune hnsnyecknx BENNYMH B UHTErPUPYEMbIX MOLENSAX B TEPMOAMHAMMYECKOM Npenene,
TepMmoguHaMmmyecknin aHsay, bete.

- YpaBHeHus bete un pyHKuua AHra-Adra, Hopmbel BekTopoBs beTe.

- KBaHTOBLIM MeTog, o6paTHON 3agaym 1 anrebpanyecknin aHsau, bete, ksaHToBble R-maTpuubl, TpaHchep-
mMaTpuupl, ypaBHeHue AHra-bakcTtepa.

- ®yHKUMoHanbHbIN aH3al Bete n metog Q-onepartopa Bakctepa, hyHKLUMOHaNbHbIE COOTHOLLEHUS AN
TpaHchep-maTpul, TpaHchep-MaTpuLpbl Kak Kiicccruyeckme Tay-gyHKLnn.

3HaHne KBaHTOBOW MEXaHVKN N CTaTUCTUYECKON (P3UKM BECbMA XKENaTeNbHO O71S MOHUMaHNS Kypca, HO
He abcontoTHO Heobxoammo. BHe hnsnyeckoro KOHTeKCTa aH3ay, bete B ero KOHe4YHOMEPHOM BapuaHTe -
3TO MPOCTO METOA, AMaroHanMsauum 60blLMX MaTPUL, cneumnansHoOro Bmaa. B aTom cMbicnie oH He TpebyeT
HNYEro Kpome BrafeHUs OCHOBHbBIMU MOHATUSAMMW JIMHENHOWN anrebpsbl.

2. Structure and Content

Course Academic Level Master-level

Number of ECTS credits 6



Lectures Seminars Labs
Topic Summary of Topic (# of (# of (# of
hours) hours) hours)

Coordinate Bethe ansatz in the spin chain
Coordinate Bethe ansatz | (Heisenberg magnet) and in one-dimensional 6 0 0
Bose gas. Bethe wave function. Bethe equations.

Bethe ansatz in exactly
solvable models of
statistical mechanics
on the lattice

Bethe ansatz in exactly solvable models of
statistical mechanics 6 0 0
on the lattice. Six-vertex model.

Calculation of physical Calculation of thermodynamic quantities in
quantities in integrable integrable models in thermodynamic
models in thermodynamic | limit. Thermodynamic Bethe ansatz. Yang's
limit integral equation.

Quantum inverse scattering method and
algebraic Bethe ansatz, quantum R-matrices, 4 0 0
transfer matrices, Yang-Baxter equation

Quantum inverse
scattering method

Functional Bethe ansatz and the method of
Baxter's Q-operators, functional

relations for transfer matrices, transfer matrices
as classical tau-functions.

Functional Bethe ansatz

Functional relations for quantum transfer
matrices as the mKP hierarchy of classical 2
integrable equations

Quantum-classical
correspondence

3. Assignments



Assignment Type Assignment Summary
Problem Set A set of problems on the course.

Homework A set of problems for solving at home.

4. Grading

Type of Assessment Graded
Activity Type Activity weight, %
Homework Assignments 20
Grade Structure
Class participation 20
Problem Set 60
Grading Scale
A: 86
B: 76
C 66
D 56
E 46
F: 0
Attendance Requirements Mandatory with Exceptions

5. Basic Information

Maximum Number of Students

Maximum Number of Students
Overall: 7
Per Group (for seminars and labs): 7



Course Stream Science, Technology and Engineering (STE)

Course Term (in context of Term 3
Academic Year) Term 4
Course Delivery Frequency Every two years

Students of Which Programs do You Recommend to Consider this Course as an Elective?

Masters Programs PhD Programs

Mathematical and Theoretical Physics

Math

Course Tags Physics

6. Textbooks and Internet Resources

. ISBN-13 (or
Required Textbooks ISBN-10)
N.M.Bogoliubov, A.G.lzergin, V.E.Korepin, Correlation functions of integrable systems and | 5-02-
quantum inverse scattering method, Moscow, Nauka, 1992 014626-7
Recommended Textbooks ISBN-13 (or ISBN-10)

R.Baxter, Exactly solved models in statistical mechanics, Academic Press, 1982 9780486462714

Web-resources (links) Description

http://people.sissa.it/ ffranchi/BAnotes.pdf Notes on Bethe ansatz

7. Facilities



8. Learning Outcomes

Knowledge

Students will be familiar with general principles of the theory of quantum integrable systems

Skill

Students will be able to calculate physical quantities in quantum integrable systems

Experience

Students will get experience of dealing with quantum integrable systems and exactly solvable models of
statistical mechanics

9. Assessment Criteria

Input or Upload Example(s) of Assigment 1:

Select Assignment 1 Type Problem Set
Assessment Ciriteria for Correct written solutions of most of the given problems. Ability to explain
Assignment 1 the solution in conversation.

Input or Upload Example(s) of Assigment 2:
Input or Upload Example(s) of Assigment 3:
Input or Upload Example(s) of Assigment 4:

Input or Upload Example(s) of Assigment 5:

10. Additional Notes



