
Ñèììåòðè÷åñêèå ôóíêöèè è áîçîí-ôåðìèîííîå ñîîòâåòñòâèå Çàìèðàéëî Äàðüÿ, ÌÔÒÈ

Âåðòåêñíûå îïåðàòîðû.

Îïðåäåëåíèå 1. Ïóñòü

V =
⊕

j∈Z+1/2

Cvj (1)

áåñêîíå÷íîìåðíîå êîìïëåêñíîå âåêòîðíîå ïðîñòðàíñòâî ñ áàçèñîì {vj|j ∈ Z+1/2}. Ìû áóäåì
ñ÷èòàòü, ÷òî vj � ýòî áåñêîíå÷íîìåðíûé âåêòîð, ó êîòîðîãî íà j-îì ìåñòå ñòîèò 1, à íà
ëþáîì äðóãîì ñòîèò 0. Êàæäûé âåêòîð èç V èìååò ïðîèçâîëüíîå, íî âñåãäà êîíå÷íîå, ÷èñëî
íåíóëåâûõ ýëåìåíòîâ. Ýòî ïîçâîëÿåò îòîæäåñòâèòü V c C∞.

Îïðåäåëåíèå 2. Ìû ìîæåì ââåñòè äâîéñòâåííîå ê V áåñêîíå÷íîìåðíîå ïðîñòðàíñòâî
V ∗, ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ âñåâîçìîæíûå ñóììû âèäà

v∗ =

N+1/2∑
i=1/2

civ
∗
i (2)

ãäå N � ïðîèçâîëüíîå, a ci ∈ C. Ïðèòîì äëÿ êàæäîãî v∗i âûïîëíÿåòñÿ

v∗i (vj) = δij (3)

Îïðåäåëåíèå 3. Ââåä¼ì íà âåêòîðíîì ïðîñòðàíñòâå V îïåðàöèþ âíåøíåãî ïðîèçâåäåíèÿ
è ðàññìîòðèì âíåøíåå ïðîèçâåäåíèå âèäà

vac = vc+1/2 ∧ vc+3/2 ∧ vc+5/2 ∧ ... (4)

êîòîðîå íàçîâ¼ì âàêóóìíûì ñîñòîÿíèåì (îòâå÷àþùåå çàðÿäó c).

Íåêîòîðàÿ ìîòèâèðîâêà ââåäåíèÿ âàêóóìíîãî âåêòîðà òàêèì îáðàçîì îáúÿñíÿåòñÿ òåì,
ôàêòîì, ÷òî ó ôåðìèîíîâ íå ìîæåò áûòü äâå ÷àñòèöû â îäíîì ñîñòîÿíèè. Êàê ìû çíàåì èç
ñâîéñòâ âíåøíåãî óìíîæåíèÿ, âñå ñîñòîÿíèÿ âèäà vi ∧ vi àâòîìàòè÷åñêè äàþò 0.

Îïðåäåëåíèå 4. Ðàññìîòðèì ïðîñòðàíñòâî Λ
∞/2
0 V , ýëåìåíòàìè êîòîðîãî ÿâëÿþòñÿ

|v〉 = vi1 ∧ vi2 ∧ vi3 ∧ ..., i1 < i2 < i3 < ... ik = k, k � 1/2, k ∈ Z + 1/2 (5)

è ïîòðåáóåì, ÷òîáû îòíîñèòåëüíî íóëÿ áûëî ðàâíîå ÷èñëî ýëåêòðîíîâ è ïîçèòðîíîâ. Òîãäà
ìû ìîæåì îáîçíà÷èòü F0 = Λ

∞/2
0 V � ôåðìèîííîå ïðîñòðàíñòâî Ôîêà ñ çàðÿäîì 0.

Ìû ìîæåì ñîïîñòàâèòü êàæäîìó |v〉 äèàãðàììó Ìàéÿ. Êàê áûëî ñêàçàíî ðàíåå, ìû ìîæåì
çàïèñàòü ôåðìèîííîå ïðîñòðàíñòâî Ôîêà ñëåäóþùèì îáðàçîì

Fc =
⊕

e∈N∪{0}

F ec (6)

F =
⊕
c∈Z

Fc (7)

Îïðåäåëåíèå 5. Ââåä¼ì äëÿ êàæäîãî v ∈ V îïåðàòîð v̂ : F → F ñëåäóþùèì îáðàçîì

v̂(vi1 ∧ vi2 ∧ vi3 ∧ ...) = v ∧ vi1 ∧ vi2 ∧ vi3 ∧ ... (8)

Îïðåäåëåíèå 5′. Àíàëîãè÷íî äëÿ êàæäîãî f ∈ V ∗ ââåä¼ì f̌ : F → F òàêîé ÷òî

f̌(vi1 ∧ vi2 ∧ vi3 ∧ ...) = f(vi1)vi2 ∧ vi3 ∧ ...− f(vi2)vi1 ∧ vi3 ∧ ...+ f(vi3)vi1 ∧ vi2 ∧ ...− ... (9)

Êàê íåñëîæíî çàìåòèòü, åñëè v̂ = v̂j, òî v̂ = ψ∗j . Òî÷íî òàê æå, åñëè f̌ = v̌∗j , òî f̌ = ψj.
Äàëåå ìû áóäåì ðàññìàòðèâàòü òîëüêî îïåðàòîðû âèäà v̂j è v̌∗j è áóäåì ïðèäåðæèâàòüñÿ
ôåðìèîííûõ îáîçíà÷åíèé.
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Îïðåäåëåíèå 6. Ââåä¼ì ôåðìèîííûå ïðîèçâîäÿùèå ñóììû (z ∈ C, z 6= 0)

ψ(z) =
∑

n∈Z+1/2

ψnz
−n−1/2 ψ∗(z) =

∑
n∈Z+1/2

ψ∗nz
−n−1/2 (10)

Ââåä¼ííûé ïîäîáíûì îáðàçîì ψ(z) îòîáðàæàåò Fc â F̂c+1 � ôîðìàëüíîå çàìûêàíèå Fc+1,
â êîòîðîì ðàçðåøåíû áåñêîíå÷íûå ñóììû ïîëóáåñêîíå÷íûõ âíåøíèõ ïðîèçâåäåíèé. Àíàëî-
ãè÷íî ψ∗(z) îòîáðàæàåò Fc â F̂c−1. Òàêèì îáðàçîì ìîæíî îïðåäåëèòü

F̂ =
⊕
c∈Z

F̂c (11)

Êðîìå òîãî, îïåðàòîðû Φψ(z)Φ−1 è Φψ∗(z)Φ−1 (çäåñü Φ : F → B) îòîáðàæàþò ïðîñòðàí-
ñòâî B â B̂, êîòîðîå ìîæíî ââåñòè ñëåäóþùèì îáðàçîì

B̂ =
⊕
c∈Z

wcC[p1, p2, p3...] (12)

Çàìå÷àíèå. Òàê êàê F̂ è B̂ � çàìûêàíèÿ F è B ñîîòâåòñòâåííî, òî ââèäó íàëè÷èÿ èçî-
ìîðôèçìà Φ : F → B ìîæíî óòâåðæäàòü, ÷òî Φ òàê æå èçîìîðôèçì ìåæäó F̂ è B̂.

Îïðåäåëåíèå 7. Îïðåäåëèì âåðòåêñíûå îïåðàòîðû Γ(z) è Γ∗(z)

Γ(z) = Φψ(z)Φ−1 (13)

Γ∗(z) = Φψ∗(z)Φ−1 (14)

Óòâåðæäåíèå 1. Äëÿ îïåðàòîðà Hn è ôåðìèîíà ψm âåðíî óòâåðæäåíèå

[Hn, ψm] = ψn+m (15)

Äîêàçàòåëüñòâî.

Ïî îïðåäåëåíèþ

Hn =
∑

j∈Z+1/2

: ψ−jψ
∗
j+n : (16)

Â ñâîþ î÷åðåäü íîðìàëüíàÿ ôîðìà îïåðàòîðà:

: ψ−jψ
∗
j+n : =

{
ψ−jψ

∗
j+n, åñëè j > 0 èëè n > −j

−ψ∗j+nψ−j, åñëè j < 0 èëè n < −j
(17)

Ïîêàæåì óòâåðæäåíèå 17 ÿâíûì âû÷èñëåíèåì

[Hn, ψm] =

 ∑
j∈Z+1/2

: ψ−jψ
∗
j+n :, ψm

 =

 ∑
j∈N−1/2

(ψ−jψ
∗
j+n − ψ∗n−jψj), ψm

 =

=
∑

j∈N−1/2

(
[ψ−jψ

∗
j+n, ψm]− [ψ∗n−jψj, ψm]

)
=

∑
j∈N−1/2

(
ψ−j{ψ∗j+n, ψm} − {ψ−j, ψm}ψ∗j+n−

−ψ∗n−j{ψj, ψm}+ {ψ∗n−j, ψm}ψj
)

=
∑

j∈N−1/2

(ψ−jδj+n+m,0 + ψjδn−j+m,0) = ψn+m (18)

�
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Óòâåðæäåíèå 2. Äëÿ îïåðàòîðà Hn è ôåðìèîííîé ïðîèçâîäÿùåé ñóììû ψ(z) âûïîëíÿ-
åòñÿ

[Hn, ψ(z)] = znψ(z) (19)

Äîêàçàòåëüñòâî.

Àíàëîãè÷íî çàïèøåì ïî îïðåäåëåíèþ

[Hn, ψ(z)] =

Hn,
∑

k∈Z+1/2

ψkz
−k−1/2

 =
∑

k∈Z+1/2

[Hn, ψk]z
−k−1/2 =

=
∑

k∈Z+1/2

ψn+kz
−k−1/2 =

∑
k∈Z+1/2

ψn+kz
−k−n+n−1/2 = zn

∑
l∈Z+1/2

ψlz
−l−1/2 = znψ(z) (20)

�

Óòâåðæäåíèå 3. Äëÿ âåðòåêñíîãî îïåðàòîðà Γ(z) èìåþò ìåñòî óòâåðæäåíèÿ[
∂

∂pn
,Γ(z)

]
=
zn

n
Γ(z) (21)

[pn,Γ(z)] = z−nΓ(z) (22)

Äîêàçàòåëüñòâî. Êàê ìû çíàåì, Φ(Hn) = n
∂

∂pn
, Φ(H−n) = pn. Ïîäñòàâèì ïåðâîå ðàâåí-

ñòâî â 19, à çàòåì äîìíîæèì ýòî ðàâåíñòâî íà îïåðàòîðû Φ ñëåâà è Φ−1 ñïðàâà

Φ
(
[Hn, ψ(z)]Φ−1(Φ |u〉)

)
= Φ ([Hn, ψ(z)] |u〉) = Φ ((Hnψ − ψHn) |u〉) = Φ(Hnψ |u〉)−

− Φ(ψHn |u〉) = n
∂

∂pn
Φ(ψ |u〉)− ΦψΦ−1Φ(Hn |u〉) = n

∂

∂pn
ΦψΦ−1Φ |u〉 − ΦψΦ−1n

∂

∂pn
Φ |u〉 =

= n

(
∂

∂pn
ΦψΦ−1 − ΦψΦ−1

∂

∂pn

)
Φ |u〉 = n

(
∂

∂pn
Γ− Γ

∂

∂pn

)
Φ |u〉 = n

[
∂

∂pn
,Γ(z)

]
Φ |u〉 =

= |ñ äðóãîé ñòîðîíû| = Φ
(
znψΦ−1(Φ |u〉)

)
= znΦ

(
ψΦ−1(Φ |u〉)

)
= znΓ(z) |u〉 (23)

Òî åñòü [
∂

∂pn
,Γ(z)

]
=
zn

n
Γ(z) (24)

Àíàëîãè÷íî ïîëó÷àåì è âòîðîå óòâåðæäåíèå

[pn,Γ(z)] = z−nΓ(z) (25)

�

Ôîðìóëû äëÿ ôåðìèîííûõ òîêîâ ÷åðåç áîçîíû.

Òåîðåìà 1. Γ(z) è Γ∗(z) èìååò ñëåäóþùèé âèä íà B̂c

Γ(z)

∣∣∣∣
B̂c

= zcw exp

(∑
j>1

zj

j
pj

)
exp

(
−
∑
j>1

z−j
∂

∂pj

)
(26)

Γ∗(z)

∣∣∣∣
B̂c

= z−cw−1 exp

(
−
∑
j>1

zj

j
pj

)
exp

(∑
j>1

z−j
∂

∂pj

)
(27)
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Äîêàçàòåëüñòâî.

Äîêàæåì äëÿ Γ(z), äëÿ Γ∗(z) äîêàçûâàåòñÿ àíàëîãè÷íî.

Äëÿ íà÷àëà ïåðåìåííàÿ w îáÿçàíà áûòü â ïðàâîé ÷àñòè îïåðàòîðà Γ(z), òàê êàê Γ(z)
îòîáðàæàåò B̂c â B̂c+1. Äàëåå îïðåäåëèì îïåðàòîð Tz íà B̂ ñëåäóþùèì îáðàçîì

Tz(f(p1, p2, ...)) = f(p1 + z−1, p2 + z−2, ...) (28)

Çàïèñàâ ïðàâóþ ÷àñòü ðàâåíñòâà 17 ñ ïîìîùüþ ôîðìóëû Òåéëîðà ìíîãèõ ïåðåìåííûõ ïîëó-
÷èì ÿâíûé âèä îïåðàòîðà Tz

Tz = exp

(∑
j>1

z−j
∂

∂pj

)
(29)

Òåïåðü äîêàæåì, ÷òî
[pn, Tz] = −z−nTz (30)

[pn, Tz]g = (pnTz − Tzpn) g = pnTzg − Tz(png) = pnTzg − (pn + z−n)Tzg = −z−nTzg (31)

[pn, Tz] = −z−nTz (32)

Òåïåðü ìîæíî ïîêàçàòü, ÷òî
[pn,Γ(z)Tz] = 0 (33)

[pn,Γ(z)Tz] = [pn,Γ(z)]Tz + Γ(z)[pn, Tz] = z−nΓ(z)Tz − z−nΓ(z)Tz = 0 (34)

Ðàññìîòðèì äåéñòâèå îïåðàòîðà Γ(z)Tz íà åäèíèöó è íà ïðîèçâîëüíûé ïîëèíîì p = p(p1, p2, ...)

Γ(z)Tz(1) = C1(z) (35)

Ââèäó 33, îïåðàòîð Γ(z)Tz êîììóòèðóåò ñ ëþáûì pn, à çíà÷èò ìîæíî çàïèñàòü

Γ(z)Tz(p) = pΓ(z)Tz(1) = pC1(z) (36)

Ïåðåïèøåì Γ(z) â âèäå

Γ(z) = C1(z) exp

(
−
∑
j>1

z−j
∂

∂pj

)
(37)

Òåïåðü çàìåòèì, ÷òî[
∂

∂pn
, exp

(
−
∑
j>1

zj

j
pj

)]
f =

∂

∂pn

(
exp

(
−
∑
j>1

zj

j
pj

)
f

)
−

− exp

(
−
∑
j>1

zj

j
pj

)
∂f

∂pn
= −z

n

n
f exp

(
−
∑
j>1

zj

j
pj

)
+ exp

(
−
∑
j>1

zj

j
pj

)
∂f

∂pn
−

− exp

(
−
∑
j>1

zj

j
pj

)
∂f

∂pn
= −z

n

n
exp

(
−
∑
j>1

zj

j
pj

)
f (38)

Òî åñòü [
∂

∂pn
, exp

(
−
∑
j>1

zj

j
pj

)]
= −z

n

n
exp

(
−
∑
j>1

zj

j
pj

)
(39)

Äîìíîæèì 39 íà Γ(z) ñïðàâà[
∂

∂pn
, exp

(
−
∑
j>1

zj

j
pj

)]
Γ(z) = −z

n

n
exp

(
−
∑
j>1

zj

j
pj

)
Γ(z) =

= − exp

(
−
∑
j>1

zj

j
pj

)[
∂

∂pn
,Γ(z)

]
(40)
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Ââèäó ñâîéñòâà êîììóòàòîðà

[A,BC] = B[A,C] + [A,B]C (41)

Ïîëó÷àåì[
∂

∂pn
, exp

(
−
∑
j>1

zj

j
pj

)]
Γ(z) + exp

(
−
∑
j>1

zj

j
pj

)[
∂

∂pn
,Γ(z)

]
=

=

[
∂

∂pn
, exp

(
−
∑
j>1

zj

j
pj

)
Γ(z)

]
= 0 (42)

Ýòî çíà÷èò, ÷òî ïðè äåéñòâèè exp

(
−
∑
j>1

zj

j
pj

)
Γ(z) íà åäèíèöó è íà ïðîèçâîëüíûé äèôôå-

ðåíöèàëüíûé îïåðàòîð
∂

∂p
ïîëó÷èì

exp

(
−
∑
j>1

zj

j
pj

)
Γ(z)(1) = C2(z) (43)

Òàê êàê âûïîëíÿåòñÿ 42, òî îïåðàòîð exp

(
−
∑
j>1

zj

j
pj

)
Γ(z) êîììóòèðóåò ñ ëþáûì

∂

∂pn
, òî

exp

(
−
∑
j>1

zj

j
pj

)
Γ(z)

(
∂

∂p

)
= C2(z)

∂

∂p
(44)

Ó÷èòûâàÿ âûâîäû, ñäåëàííûå íàìè âûøå, ìû ìîæåì çàïèñàòü Γ(z) â âèäå

Γ(z) = c(z)w exp

(∑
j>1

zj

j
pj

)
exp

(
−
∑
j>1

z−j
∂

∂pj

)
(45)

Òî åñòü îñòàåòñÿ íàéòè c(z). Äëÿ ýòîãî ðàññìîòðèì äåéñòâèå ψ(z) íà âàêóóìíûé âåêòîð |vac〉c

ψ(z) |vac〉c = zc |vac〉c + ... (46)

Çíà÷èò, c(z) = zc äëÿ Γ(z). Â ñëó÷àå Γ∗(z) ïîëó÷èì, ÷òî c(z) = z−c, òàê êàê åñëè ìû ïîñëåäî-
âàòåëüíî ïîäåéñòâóåì îáîèìè îïåðàòîðàìè íà B̂c, òî äîëæíû ïîëó÷èòü ýòî æå ïðîñòðàíñòâî.
Â èòîãå ïîëó÷àåì:

Γ(z)

∣∣∣∣
B̂c

= zcw exp

(∑
j>1

zj

j
pj

)
exp

(
−
∑
j>1

z−j
∂

∂pj

)
(47)

Γ∗(z)

∣∣∣∣
B̂c

= z−cw−1 exp

(
−
∑
j>1

zj

j
pj

)
exp

(∑
j>1

z−j
∂

∂pj

)
(48)

�

Ìàòðè÷íûå ýëåìåíòû �ïîëîâèí� âåðòåêñíûõ îïåðàòîðîâ â áàçèñå
ðàçëîæèìûõ òåíçîðîâ.
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Îïðåäåëåíèå 8. Îïðåäåëèì ¾ïîëîâèíû¿ âåðòåêñíûõ îïåðàòîðîâ ñëåäóþùèì îáðàçîì

Γ+(z) = exp

(∑
n>1

z−n

n
Hn

)
(49)

Γ−(z) = exp

(∑
n>1

zn

n
H−n

)
(50)

Òåîðåìà 2. Äëÿ ¾ïîëîâèí¿ âåðòåêñíûõ îïåðàòîðîâ âåðíû ñëåäóþùèå óòâåðæäåíèÿ

Γ+(z) |µ〉 =
∑
µ�ν

z−|µ−ν| |ν〉 (51)

Γ−(z) |µ〉 =
∑
µ≺ν

z|ν−µ| |ν〉 (52)

Äîêàçàòåëüñòâî. Êàê ìû çíàåì, ââèäó èçîìîðôèçìà ïðîñòðàíñòâ Ôîêà åñòü ñîîòâåñòâèÿ

Hn 7→ n
∂

∂pn
, H−n 7→ pn, |µ〉 7→ sµ (53)

Ïîêàæåì ñïåðâà, ÷òî èìååò ìåñòî

Γ−(z) = exp

(∑
n>1

zn

n
pn

)
=
∑
n

hnz
n (54)

exp

(∑
n>1

zn

n
pn

)
= exp

(∑
n>1

∑
k>1

zn

n
xnk

)
=
∏
k>1

exp

(
−
∑
n>1

−zn

n
xnk

)
=

=
∏
k>1

exp (− ln(1− xkz)) =
∏
k>1

(1− xkz)−1 =
∑
k>1

hkz
k (55)

Òîãäà (ñ ó÷¼òîì ôîðìóëû Ïüåðè)

Γ−(z) |µ〉 =
∑
k>1

hkz
k |µ〉 =

∑
k>1

hkz
ksµ =

∑
k>1

hksµz
k =

∑
ν

sνz
|ν−µ| =

∑
ν

z|ν−µ| |ν〉 (56)


