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1 Introduction

The quantum N-particle Toda chain is a one-dimensional quantum-mechanical system of equal particles
in which the interaction is described by the Hamiltonian [1, 2]
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Pn, &n are the operators of momentum and coordinate of n'® particle. Bond length, bond energy, Planck
constant and mass of a particle are chosen to be the units. a > 0 is a parameter which determines the
interaction between the “periphery” particles. a« = 1 gives the periodic and @ = 0 the open Toda chain.

Quantum Toda chain is a quantum integrable system, i.e. one can explicitly construct for it a
complete set of observables using the formalism of the Quantum Spectral Transform Method [2].
The common eigenfunctions of this set of observables for N particles can be represented in terms
of eigenfunctions for N — 1 particles. This reduction is called the quantum method of separation of
variables [2]. In order to demonstrate this method by the example of Toda chain, the simplest case of
open chain consisting of two particles is considered.

In section 2 the eigenstates of Hamiltonian are found by the direct solution of Schrédinger equation.
The solutions are found in terms of Macdonald function. In section 3 L-operator and monodromy
matrix, the notions of Quantum Spectral Transform Method, are introduced. They are used to construct
the complete set of observables, which is contained in one element of the monodromy matrix. In
section 4 the eigenproblem for this matrix element is solved, Mellin-Barnes and Gauss-Givental integral
representations for the wavefunction of two-particle chain in terms of one-particle wavefunction are
obtained. Both of these representations can be generalized to arbitrary number of particles [3, 4]. In
section 5 the equivalence between solutions from section 2 and section 4 is proven. In section 6 the
completeness and ortogonality of the obtained set of eigenstates is shown. In Conclusion the results are
summed up and reality of the quantum numbers parametrising eigenfunctions in Mellin-Barnes and
Gauss-Givental representations is discussed.

2 Direct solution of Schrodinger equation

Two-particle Hamiltonian of the open Toda chain in coordinate representation is given by
. 1
H= _5@% +03) + e,

where 0, = a%k. By the usage of commutation relations [—i0, x;] = —idg; it can be easily verified that

H commutes with the total momentum operator P = —i(d; +,). Since in the case under consideration



the system is of two degrees of freedom, (ﬁ , P) is a complete set of observables. The system of equations
for their common eigenstates is

{ [— (07 +03)/2 + €™~ "2] W(zq,22) = EV(x1,22)
—i(81 + 62)\1'(3:1, .TQ) = P\I’(xl, .TQ)

The change of variables Q = %(:1:1 +x9), ¢ = %(:1:1 — x9) leads to the equivalent system:

{ (@3 +2)/4+ M| W(Q.q) = EV(Q,q) "
—i0Q¥(Q,q) = P¥(Q,q)
It follows from the second equation in (1) that
¥(Q,q) = e (q). (2)
Substituting (2) into the first equation in (1) one can obtain the following equation for ¢(q):
(-85 + 4e*p(q) = N¢(q), (3)

where A2 = 4E — P2. (3) can be interpreted as one-dimensional Schrédinger equation in exponential
potential 4e2? (figure 1).
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Puc. 1: exponential potential and the plot of ¢(q).

From the plot of the potential energy it follows that ¢(q) becomes the free particle wavefunction
when ¢ — —o0, and must tend to zero behind the exponential barrier, i.e. when ¢ — 400. By the
change of variable z = 2e? (3) can be transformed into

[(20:)7 = (2 + (iA)*)] (z) = 0. (4)

(4) is the modified Bessel equation [5], the basis of its solutions consists of I;x(z), I_;A(2), where the
Infeld function I, is given by

0 2/2 2k+v
() :kZ:Ok'F((lélwl) veC. (5)

However, the only linear combination of I;) and I_;) which fullfils the physical condition of decaying
at z = 400 (i.e. ¢ = +00) is the Macdonald function [5]

s

[T
KZ)\(Z) = m(I_ZA(Z) — IZ)\(Z)), KZ)\(Z) ~ g e 27 z — +00.
As a result, the eigenfunctions of the open two-particle Toda chain Hamiltonian are

Asinh(7\)

\I’($17$2|P,)\) = A3

. 1 1
61PQK¢A(2€(1)7 Q= 5(951 +22), q= 5(551 — Tg). (6)
The normalization factor 4/ %&f” has not been derived, it will be derived in section 6.
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3 L-operator, monodromy matrix, and the complete set of observables

To the k' particle in the chain one can match the operator
u—p e
nw = (" ). @

It is called the L-operator [2]. Ly (u) contains the operators of physical quantities corresponding to kth
particle and depends on the complex parameter u called the spectral parameter. It acts on the tensor
product of quantum space of Toda chain and two-dimensional auxiliary space. On the auxiliary space
it acts as 2 x 2 matrix in (7).

The monodromy matrix 7'(u) of the N-particle system is the product of L-operators of all particles
with the same auxiliary space [2]:

Ta(w) = La(u)Lx1(u) ... L1 (u) = (AN(“) BN(“)> |

CN(’U,) DN(’U,)

It can be proven by induction that the operator Ay(u) is a polynomial of degree N in u and posseses
the complete set of observables as coefficients of different powers of u [2], and the Hamiltonian can be
represented in terms of these operators.
In the case of two particles
Ay(u) = u? — Pu+ P?/2 — H.

As mentioned above, (15, p? /2 — H ) form a complete set of observables as coefficients of powers of w.
Expressing H in terms of these two operators, it is easy to deduce that (I—Y , P) is also a complete set
of observables, which is in agreement with section 2.

Since the coefficients of all powers of u in Ax(u) are simultaneously diagonalizable, the problem
of determination of their common eigenvectors, which are also the eigenvectors of the Hamiltonian, is
equivalent to the eigenproblem for Ay (u). For N = 2 this problem reads

Au)¥ = [u? — Pu+ P?/2 — E]¥ = (u— A1) (u — X)¥,

where P is the total momentum, E is the energy, the quantum numbers A\; and Ao are the roots of the
polynomial u? — Pu + P%2/2 — E in u. P and E can be expressed in terms of A1, Aa:

P=X+X, P%/2—FE =2\, (8)

and vice versa.
As a result, in the case of two particles we have the following equation for the eigenfunctions of the
Hamiltonian:

[(u + i@g)(u + 181) — exlfm] \lf(xl,x2|/\1, )\2) = (u — )\1)(11, — )\2)111(:131, 1;2‘)\1, /\2). (9)
Az (u)

In the next section this equation will be solved using two spesial integral representations of the
wavefunction ¥ — Mellin-Barnes and Gauss-Givental representations, which will lead to the expression
of a wavefunction of two-particle system in terms of the integral of one-particle wavefunction. This
reduction to the system with one particle less can be generalized to the case of Toda chain with
arbitrary number of particles [3, 4].

4 Integral representations of wavefunctions

One can try to find the solution of (9) using an analogue of the Fourier transform:

U(z1, 22|A1, X2) = //d% dryp €22 F (71, 99| A, A2), (10)
¢ Gy



where the contours C and Cy go in parallel with the real axis. Substituting the expression for ¥ from
(10) into (9) one obtains the following expression:

//d’h dyz (u— 1) (u — 72) e 1272 F (1, 72| Ar, Ag) —
&1 G

_ //d')’l d’yg ei(’hfi)a:lei(“/eri)le{:*(,},h,.}/2|/\17 )\2) —
Cy Cy

— //d% dyy (1 — A1) (u — Xo)e T 2P2 By 9| Ap, Ag).  (11)
C1 Cq

In order to group all the summands in (11) into one integral and obtain the equation for F'(7y1, 2| A1, A2),
the second integral in the L.H.S. of (11) must be transformed to expression with the exponentials of the
same form as they appear in two other integrals. Using the change of variables v] =1 —i, 74 = 2+
one obtains

//dfyl do ei(’Yl*i)I1€i('Y2+i)x2F(,yl, 72‘)\1, )\2) _
C1 Co

N / / dy| doy €171 €2 P (Y] 4,9 — i A1, Ag) =
C1—iCo+1i

a / / dyy dry €T 2T B () 4 i,y — i A, Ae). (12)
C1 Oy

Puc. 2: contours Cy, C; — i and C} + ¢ in the plane of the complex variable 7.

For the correctness of the last equality in (12) F'(y] + 4,75 — i|A1, A2) must obey two conditions.
First, it must have no poles in variable 4/ in the band between the contours Cy and Cy —i (red-shaded
in the figure 2). Equivalently, F'(v1,v2|A1, A2) must have no poles in variable v; in the band between
the contours Cy and C +i (blue-shaded in the figure 2). This condition will define the position of C in
relation to the points A; and Ay. Second, integrals along the green segments between Cy and C; —i on
the figure 2 must tend to zero when the segments are moved to infinity. The solution F'(vy1,v2|\1, A2)
will satisfy this condition.

Substituting the result of (12) into (11), gathering all the summands into one integral, and equating
the integrand to zero one obtains the equation for F'(y1,v2|A1, A2):

(u—y1)(u—"2)F(71,72[M, A2) — F(y1 + 4,72 — A1, A2) = (u — A1) (u — A2) F'(71, 72| A1, Ag).
The equation for coefficients of u? is trivial. Equating the coefficients of u! one obtains
(A1 + A2 =71 —72) F(71,72[A1, A2) = 0,

therefore

F(vi,72A1,A2) = 6(A1 4+ A2 — 11— 72) f(m), (13)
where §(z) is the Dirac delta function, f(-1) is some function of 4; which should be found. Equating
the coefficients of u® one obtains

(1172 — MA2) F (1, 72| A1, A2) = F(y1 + 14,72 — i| A1, A2). (14)



Substituting expression (13) for F' into (14) and using v2 = A1 + A2 — 1 from the dirac delta function
in (13) one obtains the equivalent form of (14):

iA1= m)i(A2 = 71)F(y1,720A1, A2) = Fl(yn +d,72 — i A1, Aa). (15)
From the property of the gamma function I'(z + 1) = 2I'(z) |5] it follows that
F(y1,72[A1, A2) = 6(A1 4+ A2 — 711 = 72) T(e(Ar — ) T(i(A2 — 1)) (16)

is a solution of (15). All that remains now is to define the position of the contour C; of integration
with respect to 71. From the above formulated conditions on F'(v1,92|\1, A2), the fact that the poles
of the gamma function are nonpositive integers [5] and (16) it follows that v; must obey

RN —71)) >0 =T A —71) >0 Ty > TN, k=12,

where R, J are real and imaginary parts of a complex number. Therefore, C| must be located above
the points A\ and As.
As a result, the expression for the wavefunction W (xz1, z2|A1, A2) reads

U (1, 22| A1, A2) = /d7 L(i(Ar =) D(i(Ag — 7)) frHremr)ezene, (17)
C

where C' goes above the real axis. It is called the Mellin-Barnes representation [3]|. There is no problem
with convergence of the integral because when |y| tends to infinity [I'(i(Ax — v))| decays faster than
any negative power of . As it was mentioned in section 1 and at the end of section 3, ¥(xz1, z2|A1, A2)
is expressed in terms of an integral of one-particle wavefunction e?®1. It is significant that in the case
of the Mellin-Barnes representation the variable of integration is the quantum number ~ of (2 — 1)-
particle wavefunction. This is in contrast with the Gauss-Givental representation where the variables of
integration are space coordinates. The Mellin-Barnes representation can be generalized to the case of N
particles, and the corresponding eigenfunctions can be expressed in terms of integrals of (N —1)-particle
wavefunctions [3]. The integration variables are the quantum numbers of these wavefunctions.
The gamma function has the integral representation [5]

I'(z) = /tz_le_t dt.
0

The change of variable ¢t = e¥ leads to the expression

—+00

rip) = /dyewy_ey.

—00

Substituting this into (17) and making some calculations in the obtained triple integral one can deduce
the Gauss-Givental representation of W(x1,x2|\1, \2) [4]:

+oo
‘l’($17$2|>\1, )\2) — / dy 6i)\2($1+1'2*y)*em1—yfey—mQ ei)\ly' (18)

—0o0

As in (17) it is an integral with (2 — 1)-particle wavefunction e"*1¥. As it was already mentioned,
in contrast with the Mellin-Barnes representation the integration variable is the space coordinate y.
Analogously to (17) the Gauss-Givental representation can be generalized to the case of N particles,
and the N-particle wavefunction can be expressed in terms of an integral of (N —1)-particle one where
the integration variables are N — 1 space coordinates [4].



5 The equivalence of integral representations and the expression in
terms of the Macdonald function

Remembering the change of variables @ = (21 4+ x2), ¢ = (21 — 22) from the beginning of section 2
and using (18) one obtains

—+00
U(z1, 2|1, A2) = W(Q, qlA1, A2) = / dy A2 (2Qy)—e@TITV e TN pidiy [V =y—Q]=

— 00
400 “+o00
= ¢l T22)Q / dy’ !N =AY g=2etcoshy” _ pilh+22)Q / dy' cosh[i(A; — Xo)y']e 2 coshy’, (19)
—0o0 —0Q

From (3) and (8) it follows that Ay + A2 = P, Ay — A2 = A. Therefore, from (19) using the text-book
integral representation for the Macdonald function |5]

K, (z) = /e‘ZCOShtcosh(Vt) dt (20)
0
one can deduce that '
T(Q, gl A1, A2) = 2eTCK;, (2e9). (21)

Since the solutions of (9) obtained in section 4 are determined up to a coordinate-independent factor,
formulas (6), (17) and (18) define one and the same eigenfunction of the Toda chain Hamiltonian up
to normalization. In the next section completeness and ortogonality of the set of these eigenfunctions
is shown.

6 The completeness and ortogonality of the obtained set of eigenstates

The Kontorovich-Lebedev transform and its inverse are given by

1) = [ Ein(z) g (22)
/
and -
g() = AT / K ), (23)
0

respectively [6]. Substituting (22) into (23) and using the change of variable 2z’ = 2e? one can obtain
the ortogonality relation for Macdonald functions

AsinhA [
5 /quM(Qeq)Ki)\’@eq):

—0o0

(6N = X))+ (N + V)] . (24)

| =

™

Substituting (23) into (22) one can obtain the completeness relation for Macdonald functions

T AsinhA
/ AT K () Kia() = 20(:' 7). (25)

By the usage of (24) and (25) it is possible to deduce the ortogonality and completeness of the set
of the open two-particle Toda chain eigenfunctions obtained in sections 2 and 4:

ePQ [ Xsinh(7\)
2T 2

6

U(x1, z2|A1, A2) =

Kix(2e7),



where Q = %(:1:1 + x9), q = %(3:1 —x2), P = A1 4+ X2, A = A1 — Aa. The ortogonality of the set
{\11(1'17332’/\1,)\2)’/\1,)\2 S R}:

/du’Cl dzo U(z1, 22| A1, A2) ¥ (z1, 22| A}, Ay) =

(P'—P)Q inh ' sinh /

47 2 2
— 5P - P) % 6V = ) + 8V + \)] =
1
= BN Xy = Ax ) [ — Xy — A Aa) + 5 — Xy 1 — )] =

= SIB0% = XS — ) + (N — 22) 50X — A)]

The completeness of the set {W(z1, z2| A1, A2)|A1, A2 € R}:

eP(Q'=Q) Xsinh(7\)
2

1 /
/d/\1 dAg W (21, za|A1, A2) W (2, 25| A1, A2) = / 5 4P dA Kix(2eT) K;x(2e7) =

4T T
= %5(@' -Q) %26(15(26(1/ —2e%) = §(z) +ah — 11 — 22) §(2) — 2 — 21 + 22) = §(71 — 7)) (22 — 7).
(26)

7 Conclusion

To sum up, two integral representations of the eigenfunctions of two-particle Toda chain Hamiltonian
have been obtained: the Mellin-Barnes representation

U (w1, w2 A1, A2) = /dVF(i()\l — ) T(i(Ag — 7)) Patrenmeinn (27)
C
(C goes above A1 and A in parallel to the real axis) and the Gauss-Givental representation

+o0
‘I’(l‘17$2|)\1, )\2) — / dy ei)\z(:vl+12*y)7em1—y—ey—m2 ei)\ly' (28)

—0o0
Both of them express the wavefunction of the two-particle chain in terms of an integral of one-particle
wavefunction. For both representations such a reduction can be generalized to the case of arbitrary
number of particles |3, 4]. The ortogonality and completeness of the set of obtained two-particle
functions has been shown in section 6. From (26) it follows that the complete set is given by functions

parametrized by real-valued quantum numbers A1, Ao. Therefore, it is reasonable to assume that in
the case of larger number of particles the corresponding quantum numbers also take real values.
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