Quantum

I. Bseaenue

Y Hac HeT JIyYIIero cpejcTBa I OIUCAHMS dJIEMEHTAPHBIX YaCTHIl, YeM KBaH-
TOBast Teopus 1oJsd. KBanToBoe 1oJjie — 310 ancam0J/ib OECKOHEIHOI'0 YKC/1a B3au-
MOJIERCTBYIOIUX TAPMOHUYECKUX OCHULISITOPOB. B30y KAeHNS 3TUX OCIHIIsI-
TOPOB OTOXKJIECTBIAIOTCA ¢ dacTunamu. Ocobast poab TAPMOHUYECKHX OCIIHJLIS-
TOPOB CBA3aHA C ANAUTHBHOCTLIO UX ciiekTpa. Eciu £ u Ey — sHeprerudeckue
yPOBHH, TO F+ Ey — ToXKe SHepreTHIecKnuil ypoBeHb. B TOUHOCTH TaKWX CBOMCTB
MBI OXKHJIaeM OT 3JeMEeHTApHBIX YacTHIl. ... Bce 310 odenb B ayxe XIX crome-
THhd, KOr'la JIIOAW IIbITAJIMChb CTPOUTHb MeXaHU4YeCKHue MOUEJIN BCEX SIBJIEHUIA. ﬂ
HE BHUZKY B 9TOM HHYEro IIJIOXOro, IIOCKOJIbKY J'IIO6aH HEeTpUBUAJIbHad HJCd B
OTIpe/IeJIEHHOM CMbICJIe BepHa. Mycop TpOILIOro 9acTo OKa3bIBAETCsSI COKPOBU-
meM Hacrogmero (u Haobopor). Ilo 91oii mpudnHe Mbl GyJeM cMeo TprOeraTh

K pa3JIJUIHbIM aHaJOTrudgdM IIpHUu O6Cy)K,ZLeHI/H/I HalllUX OCHOBHDBIX HpO6II€M.

Anekcanap Ioasskos

KanubpoBounbie 1o U CTPYHbBI

II. ®usuueckada cucrema

Bompocwr ¥ (pusmueckoit cucreme:

e cocrosinue (pU3MYECKON CUCTEMbI, €€ IPOCTPAHCTBO COCTOSHUI,
e nabuoaempie (u3MepsieMble (DU3NUECKHe BeJNIUHbI) BU3NIECKOT CUCTEeMBI,

e u3MepeHue HabJIOJAeMON B JAHHOM COCTOsIHUM (COmOCTaBJIeHne Iape Hab/ogaemMast -

COCTOAHNE JIEHCTBUTEIHHOIO YUCIA),

e Habionaemasi, onpesessonas GU3NIECKY0 CHcTeMy (OTJIHYAINIAs OJHY (QU3nIe-

CKYIO CHCTEMY OT JIPYyTOii),

e jquHaMuKa (BU3HUIECKON cHCTeMbl (Ompeje/ieHne COCTOSHHSI CHCTEMBI B OyIyIieM 1o

3aJIAHHOMY HA4YaJIbHOMY COCTOSIHUIO).



Knaccuveckas Teopusi (raMUJIBTOHOB MOJIXO/)

1. TIpocrparcTBo cocrostHuii — ha3oBoe MPOCTPAHCTBO (2S-MepHOE MPOCTPAHCTBO € KO-
ODJMHATAME (1, ..., (s; D1, -+, Psy, S - GUCJIO CTENEeHeld ¢BODO/BI), COCTOSHUE — TOYKA

¢da30BoOro MpoOCTPAHCTBA.

2. Habmonaemble — BemecTBeHHble (DYHKIUU, 33JaHHbIEe Ha (a30BOM IIPOCTPAHCTBE

O(q,p), tne g ={q1,---, ¢}, = {pP1,-- -, ps}

3. Usmepennas dusnueckas peaunanna — 3nadenue dyukiwu O(g,p) B JaHHON TOUYKe

¢da30BOro MpoCTPAHCTBA.
4. KonkperHas (dbusndeckas cucreMa 3a1aeTcsi raMuibroananom H(q, p).

5. JIuHaMuKa oupeje/isieTcsa NPUHIUIIOM HaMMEHbIIero IelCTBUS: B paclImpeHHoM ¢a-
30BOM 1POCTPAHCTBE (P, @, 1) PACCMOTPUM KPHUBBIE Y, KOHIIbI KOTOPBIX JIEZKAT HA S-
MEPHBIX HoAnpocrpancrBax (t = t;,q = ¢) u (t = tf,q = qf), TOLAA UCMUNNHAA

MPAEKMOPUA Yo — IKCTPEMAJD TeHCTBUI

S = /[pdq — H(q, p)dt].

CJIG,ZLCTBI/IG HpHHHHHa HaUMEHBIIIETO ,ILQIL/'ICTBI/IH — ypaBHeHI/IH ,ILBI/I}KGHI/IH FaMI/IIII)TOHa
0 0
= —H(q, 5= ——H(q,p).
1= 5 (¢,p), p o (¢,p)

[Ipumepbl pU3HIECKHX CHCTEM.
1. CBobonHas HepeISTHBUCTCKAas YACTHIA ¢ Maccoil m.

0 z i 1,

VpaBHEHHSI JBUKEHUS

JIBuzKeHue BJOJIb TPAMOil C MOCTOSHHON CKOPOCTBIO.

2. TapmonmYecKuit OCIUILIATOP.
K~YKE€CTKOCTD TPYKUHbBI

0 To-TIOJIOKEHUE PABHOBECUS
V VV V V m-maccea qactummt 1 1 K
H(q,p) = 5—p° + gmw’e®, w? = —
0 q . 2m 2 m
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ypaBHeHI/IH JABUZKCHI A

Q= p=-—muiq.
m

JIBMzKeHHMe — rapMOHIYECKHEe KOJIeOaHUs ¢ JaCTOTOR W OKOJIO MOJOXKEHUsT PABHOBECHSI.

3. 3apsizKeHHasl 9aCTHIA B OJHOPOJHOM MAIHUTHOM II0JIE.

]l

-MarHUTHOE I10JIC

1 1
- H(x,y;ps,py) = om (pz +eBy)* + _Qmpy

= (z,y)
m-3apsa, Macca JaCTUIILI

28/

VpaBHEHHSI JBUKEHUS

1 . o1 . eB
= _(px+€By)> p:=0, y= —Dy; py:——(px+eBy)
m m m
eB
Yacruna paBHOMEPHO BPAIAETCs ¢ 9aCTOTON W = — B ILIOCKOCTHU, MEPHEHIUKY/ISIPHON K
m

HallpaBJICHUIO MAalrHUTHOI'O ITOJIA.

4. SapH)KGHHaH JaCTHUla B I10JI€ HEIIOABU?KHOI'O KYJIOHOBCKOT'O IIEHTPA.

E>0
/3Heprnﬂ E=0

<17\\\\ oo Lo €

2m | 7]

T = (x,y)
\E <0 e, m-3apsi1, Macca 9aCTHIBI

VpaBHeHUST IBUKEHUS

[

T = ) p=—
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Yacruia, B 3aBUCUMOCTH OT €€ SHEPIHH, JIBUXKETCS B IIOCKOCTH II0 JLTHIICY, Tapaboje niim

BN

runepOoJie, TpudeM OJUH U3 (POKYCOB ITUX KOHUIECKHUX CCUCHUIl COBMNAMACT C MOJOKEHUEM
HEITOJBUKHOTO KYJTOHOBCKOTO TEHTPA.

5. Ilnockas MOHOXPOMaTHU4Ye€CKad IJICKTPOMaroiuTHadA BOJIHA.



=

CTpyKTypa 3JeKTPOMATHUTHON BOJIHBI B (DUKCHPOBAHHLI MOMEHT BPpEMEHH. DJIeKTprde-
ckoe Tote E 1 MaruutHoe mosie B HAIIPABJICHDBI MEePIEHINKYISIPHO K HAIPABICHIIO PACIPO-
CTPAHEHWS BOJIHBI 71 U JAPYT K APYTY. Bendunsl mojeit oCu/LinpyoT B0 Ib HAIPABIEHN 11,
970 U U300pazkeHo. BhIIe M MbICJIEHHO B IPOCTPAHCTBE AMUK 00beMa V' (KaK MOKa3aHOo Ha
PHC.), JJIHHA KOTOPOTO | KpaTHA MEePHOJY 3JeKTPOMArHUTHO BoJHbL 27 /k(nepuoaudeckue
IPAHUYHBIE YCIOBHsI) € ILIOMA/BIO TIOMEPEYHOro cedenus S. D1o u Gyaer ucciaenyemoil du-

3UYEeCKOl CUCTEeMOIA.

[Tosist ssteKTPOMATrHUTHON BOJIHbBI

_ AT = - - .

E(t,z) = — V(kQ(t) sinkx + P(t) coskx), B =[nE],
KaHOHIUecKHe epeMenHsie (), P exkar B IIIOCKOCTH, NepIeH nKyIapHOi BeKTopy .
YVpaBHEeHUS JIBUKEHUS

Q:ﬁ, ﬁ:—wQC_j, w? = k2.

—

B kaxkmao#t ToUKe MpOCTpaHCTBA BEKTOP [ 3JE€KTPHUIECKOrO MO PABHOMEPHO BpallaeTcs
€ 9aCTOTON w B IJIOCKOCTH, MEPIEHINKYIIPHON K HANpaBJIeHUIO PACTPOCTPaHeHUd BOJIHBI,

€ro KOHeI[ OLMCHIBAET JIIAIC (3/UIUIIC HOJISPU3AIIN).

E(t)

Yy E(t,z) = R(Eye k) " F-kommuekcnuit Bexrop, iEy = 0

:
a

So: cBOiCTBA MOHOXPOMATHIECKOHN ILJIOCKOI BOJIHBI ONPEIEISIOTCS BEKTOPOM Fy JIByMEPHOTO

e6KAUI0BA npocmparcmea HAO0 NOAEM KOMNAECKCHULE “HUCEN.



1II. GEDANKEN scriepuMeHTbhI: HAlll MUP — HE KJIACCUYECKUil

Dkcmepument A.  [TpoxoxieHune cBeTa (J€KTPOMATHUTHON BOJIHBI) Yepes3 MOJISIPU3ATOP.

N aeanbHBIT TOJISPU3ATOP

—

]Rl 1
UAMAMIH 1 CUpomeam i 3 "
EO — EO EO — EO Ina;:garonmn — [0
@ @ [Hpome;;mnﬁ — [(L
]OTpa)KeHHbIﬁ =0 .
[FOTPA’KeHHBIH o -
Ey =0 ——p
BHJL CIIepe/i BH, 560Ky
Di !
Coagaomui | 5
@ B ) Jrasaoumi IO _
E(I)TPOLHGI(LHI/IH =0 ]npomegmnﬁ =0
E’STpameHHmﬁ _ E_?O loTpa}KeHHbIﬁ — IO
C P

W eanbHblil mOASPU3ATOP — TO HIPUOOP, JEMOHCTPUPYIONINN CJIe/IYIONIHE OIPE e/ TAIOITIe

CBOICTBA:

a. mpubop mpeobpas3yer JeKTPOMATHUTHOHOE M3JIy4eHHe, HMEeET BBIICJIEHHYIO OCh P —

OCh TOJSIPU3ATOPA,

b. CBeT, JUHEHO HOJIHpI/ISOBaHHbIﬁ {CBeT JIMHENHO TOIAPU30BaH, €CJAU €ro JIIUIC MOJAPU3alun
BBIDOXKJAETCA B OTpeBOK} BJAOJIbL OCH 1IOJIAPU3aTOPA, npoa:odum qepe3 HoCaAeHU, He U3-

MeHAd CBOUX CBOMCTB,

C. CBeT, JNHEITHO MOAAPU30BAHHBIN TePIEHANKYJIAPHO OCH TOJISIPU3ATOPA, 0OMPAHCAEMCH

OT mmocJeaJHero, He 3MeHAdA CBOUX CBOICTB.

aTeHCHBHOCTH CBeTa (CpeHNUiT TOTOK SHEPIHH Yepe3 eAUHHIHYIO0 TIOBEPXHOCTh B €THHUILY

BpeMeHI/I) JJIA IJIOCKOM MOHOXpOMaTquCKOﬁ BOJIHBI MOXKHO 3allHCaTb B BHJIE

1 - =
I = —FEyFE,.
gr 00

PaccmorpuM npoxokjienne yepes Moagpu3aTop 3JeKTPOMATHUTHON BOJIHBI C TOJIAPH3a-
el odIIero MmoJIOKeHIs

Ey = Ey(cos ap; + € sina pj.).



Jg MOHMMaHUA TOTO, 9TO IMPOUCXOAUT BOCIOIb3yeMCsS IPUHITUIIOM CYIEPIO3UNHH, CIpa-

BEeJJIUBBIM B T€OPHHU 3JICKTPOMarHHTHOI'O IIOJIA.

Ega,q = E() Pl 0
= - ma;
Ey? = Eqcosap "% = I
~ @ I™ = [ycos* a
oTp __ iB — .
Ey" = Eye'? sin a . 1o = Jysin® o
> =g

So: mpu maJeHuH CBeTa MHTEHCUBHOCTH [ ¢ IPOU3BOIBLHOM IOIsIpU3aIinei Eo = Fy(cosap;+

e’ sin o Py ) HA TIOJISIPH3ATOD, TAJAIONIHI Ty IOK CBETA PACIIEILISICTCS HA JIBA Iy IKA: THHEHHO

HOJITPU30BAHHBII BIOJIb OCH TOJAPU3ATOPA NPoweowutl Yepes noAAPU3GMOp NHTEHCUBHOCTH

Iy cos? o m AMHEHHO MONAPU30BAHHEIH TTEPHEHIUKYIAPHO OCH TIOASPH3ATODA 0MPAAHCEHH LT
2

oM NOAAPUIAMOPG MHTEHCUBHOCTH [ sin® av.

Oxkcrnepument B.  ®orosddekr.

a. CymrHocTb 3¢ dpeKTa — BbLIET 3JIEKTPOHOB U3 BEIECTBA MO BO3AEHICTBUEM 3JIEKTPOMAr-

HUTHOT'O M3JIYYCHHUA

b. Benmumna QHEPTHUU € BBIPBAHHOT'O 9JIEKTPOHa HE 3aBUCUT OT MHTEHCUBHOCTU T1a/Jar0Iie-

I'O CBeTa ]07 a 3aBHUCHUT TOJIBKO OT 4aCTOTDBHI IIOCJIeIHEeTro W (HOpOFOBaH SaBI/ICI/IMOCTb)

C. HOHTCHCUBHOCTD CB€Ta JIUIIDL (bHKCprET KOJHUYECTBO BbIPBaHHBIX 3JIEKTPOHOB (HpHMO

IPOHOPIHOHATBHAST 3aBUCAMOCTD )

E(t,z) = R(Epe %) _ cper
3J1IEKTPOHBI B3aUMOJIECTBYIOT C homonamu

9JIeKTPOH sHeprud dhoToHa &y, = Aw
—t C 3Heprueit

ce=hw—-U;>0 UMIIYJIbC POTOHA Dy, = hk

Uo

Ob6bsicuenne addexra (A.Einstein): npu B3auMoeficTBUE CBeTa ¢ JIEKTPOHAMHE JIEKTPO-
MATrHATHYIO BOJIHY CJEeIyeT PacCMAaTPHBATh KAaK MOTOK YaCTHIL — (DOTOHOB, SHEPIUsS H MM-
IIyJIbC KOTOPbIX OLIPpEAECJIAIOTCA 4aCTOTOH U BOJIHOBBIM BEKTOPOM SJIGKTpOMaFHI/ITHOﬁ BOJIHBI,
HpI/Iqu TIJIOTHOCTDHh TTOTOKa 3TUX ‘{aCTI/IL[ {HJIOTHOCTI) IIOTOKa — YHUCJIO YaCTHIl, IIPOXOIAININX Yepe3
CAVMHUYIHYO MOBEPXHOCTH B €AUHUILY BpeMeHI/I} HpOHOL[I/IOHa.HbHa MHTEHCUBHOCTU TTOTOKa CBETAa.

PaccmorpuMm skcrepuMeHT A ¢ TOYKE 3peHns OObsACHEHHs dKcIepuMeHTa B.



- MOXKHO JI KOHIENNHI (POTOHOB IPUMEHUTHh K IKCIEPUMEHTY O IIPOXOZKJIEHHH CBETA
yepes nosasgpuzarop? [la, moromy 4To 910 — 3hdeKT B3auMOoaeCTBUA JJIEKTPOMATrHAT-

HOU BOJIHBI C BEIIECTBOM.

- MOXKHO JIM CBOMCTBO IOJISPHU3AINH 3JEKTPOMATHUTHON BOJIHBI HPUIUCATH €IMHUIHO-
My dhotory? MoxkHO (a. JTUHEHHO MOJIAPU30BAHHBINA cBeT B (HhoToddhdheKTe BHIPHIBAET
9JEKTPOHBI B BBIJACJCHHOM Halpapjenunu, b. pakT NpoOXOXKJIeHUs JTUHEHHO HOJISIPU30-
BAHHOI'O BJOJIb OCH P; CBETa Yepe3 MOJAAPU3aTOp He 3aBUCAT OT HHTEHCUBHOCTH MOTOKA

TAKOTO CBETA).

- oTCIaa ciaemyer, 9To (OTOH, JUHEHHO MOISIPU30BAHHBIN BIOJAb OCH [ MPOXOIUT He-
pe3 mospu3aTop, a GOTOH JIMHEHHO MOSPU30BAHHBII BIOJb OCH ;1" OTPAYKAETCA OT

HOJIIPU3ATOPA.

- 9TO MPOUCXOJUT C IIPOU3BOJILHO MOJIPU30BAHHBIM (POTOHOM TIPU B3AUMOJIEHCTBHE C

nosispu3aropom? unrema:

— (oTOH B pe3yabTaTe B3AUMOJAEHCTBHSA C MOJAIPU3IATOPOM PACIICILIACTC HA, IBA —
MPOTIEIITHI 1 OTPaKEeHHBIH, B 9TOM CJIydae 3aKOH COXPaHEHUs SHEPTHH TPedyerT,
9T00BI Aw™ = hw™ 4 hw°™. Takum 00pa3oM, 4aCTOTHI IIPOIIEIIIeil, OTpaKeHHOR

nu H&,ZL&IOHLGﬁ BOJIHBI JOJIZKHBI OTJIMYATbLCA, YTO Npomueopevuin IKCnepuMeringy.

— doToH HO0 TPOXOIUT UYepes3 IMOJIIPU3ATOD, JIHOO OTpazkaeTcsd OT Hero. Takum
00pa3oM, BO3HUKAET CTPOrasi BEPOATHOCTHASI KAPTUHA, KOTOPAsl NPOMUBOPE UM,

KAACCUYECKOT meopuu.

Pu3nKn, KOrma IPUXOAUThCS BHIOUPATH MEXKIY apryMeHTaMH TEOPETUIEeCKUME U SKCIePH-
MEHTAJbHBIMHE, BBIOHDAIOT mocae ure (IpaB/ia, ecau UX MHOIO U OHH yOeanuTeabHbIe).
B kakoMm ke mMecTe Kaaccumdeckass Teopust Bbgaer error? Hadaxnem mpoBepky.

[IyaxT nepserit: IlpocrpancTBo coctogumii — (a30Boe IPOCTPAHCTBO (2S-MEPHOE IPOCTPAHCTBO C
KOODJIMHATAMHA (1, . .., (s} Pl, - -, Ps;, S - UACIO CTEHEHeH CBOOOMBI), COCTOAHUE — TOUKA (HhazoBOroO
IPOCTPAHCTBA.

VTBep:KIeHHE KarKeTCs BIIOJIHE HeBHHHBIM. OIIpeaeiuTh COCTOSHUE — 3TO BCErO JIMIIhb 3a-
ngath napy uuces (¢,p) (aast upocrorel s = 1). Ho na dbusnka 3adame 3Ha9uT usmepumao.
N 31ech kpaiiHe Ba)KHO, 9TO HY’KHO MU3MEPUTH napy BeandwH. /leno B ToOM, 9TO J1r0b0oe 13-

MeEpeHrne BO3MYIIaeT HCCJICAYEMYIO CUCTEMY, boJee TOr'0, IIOBbINIECHNE TOYHOCTH HM3MEpEHUA



JIeJIaeT 3TO BO3MYINEeHHe Oojiee CHIbHBIM. [Ipu 3TOM MOXKET BO3HHUKHYTH IPUHIUIAAILHOE
MpEeNATCTBUE YBEJINIeHNI0 TOYHOCTU M3MepeHns BTOPOH BeJIMUHHBI. Kak MoKa3aJau MHOTO-
gucaennbie Gedanken skcrnepuMeHTHI, IMEHHO TaKasd CHTYAIUs U PEAJH3IYETCsS IIPU U3Me-
PEHUU KAHOHMYECKH CONPSZKEHHBIX HepeMeHHbIX (¢, p) {UTobb yBumers monoxkenne qacTuipl B
TIOCTPaHCTBE Ha HEE HYKHO TMOCMOTPETH, TO €CTh NMPUHATH PACCEAHHYIO Ha YaCTUIE JIEKTPOMArHuTHYIO
BostHy. IIpu 3TOM (DOTOHBI, CTAIKMUBASICH C YACTUIEH, TIEPETAIOT €if UMITYJIBC W UMITYJIHC YACTUIIBI TTPHOOPE-
TAET HEKOTOPYIO HeonpeesennocTs . TAK, UTO JKe: TPU UCCJIeTOBAHIN KOHKPeTHO (hu3mndecKoi
CHCTEMbBI BKJIIOYATh B PACCMOTPEHHE KOHKPETHYIO HPOIEeAypy H3MepeHus (DU3NIECKHX Be-
munuun? K cuacteio, ,J'ocnons Bor usompen, HO He 3JI0HaAMepeH™.

Heonpejenennoctu B pesysbrare U3MepeHusi KOOpAUHATH W uMiysabca Ag u Ap (kBaj-
paTHBIl KOPEHb U3 ;LHCHepCI/H/I) JiIst Jiroboi (pu3uaeckoil cucTeMbl, B JIFOOOM €€ COCTOSIHUH,
B J1I060M TPOIECCe M3MEpeHHsT CBA3AHbI COOTHOITEHUSIMH (COOTHOIIEHUST HeOolpeie/eHHO-

cru, W.Heisenberg)

Aq-Ap >

h
2

IV. IIpoctrpaHCTBO COCTOSHUIT KBAHTOBOI TeopUu

[TombiTaeMcst TOCTPOUTD MPOCTPAHCTBO COCTOSTHUIT KBAHTOBOW TEOPHH, ONMHUPAsCh HA IKC-
IEPUMEHT 110 TPOXOKJICHNIO CBETA Yepe3 MOJISTPU3aTop.

Jlnst mpoBejieHusl IKCIEPUMEHTA HYZKHO TPUTOTOBATH HCCJIeyeMoe cocTosiare ((hbOTOHBI
¢ ompe/ieJieHHoil nosspusanueii). OBO3HAYNM ITO COCTOSTHUE (NPUZOMOBAECHHOE COCTNOAHUE )
Kak |in) (ker-cocrosnue, P.A.M.Dirac). Cocrostnue cucrempl 1mocjie HpOXOXK/ICHUSs 0/ PH-
3aropa (usmepennoe cocmoanue) obosuaunm (f| (6pa-cocrosnmne). Tak Kak U3MepeHHOE CO-
CTOSTHHE MOYKHO PACCMATPHBATH KAK IPUTOTOBIEHHOE [JIsI IPYTOr0 SKCIIePUMEHTa, a MPOTIECe
IIPUTOTOBJIEHHUST KAK SKCIEPUMEHT, TO MeKJIy KeT- U OpPa-COCTOSHUSMEI MOYKHO YCTAHOBHUTH
B3aUMHO OJTHO3HAYHOE COOTBETCTBHE |¢) <= (¢|.

Y10 MBI 3HAEM JIOCTOBEPHO? EC/IM MPUTOTOBIEHHOE COCTOsTHIE — (DOTOH ¢ JINHEHHOH MOJIspH-
3anueit BIOJIb OCH HOJISIPA3ATOPA |+), TO OH HPOXOAUT Y€Pe3 HOJSIPUBATOD U €10 M3MEPEHHOe
cocrosiHme Takoe ke (+|. AHasornaHo 115 POTOHA € JTHHEHHOM TOIsIpU3aIieii, IepIeH Ky -
JISIPHOM OCH MOJISIPU3ATOPA, 0003HAUEHUE |—), € TOH JIUITH Pa3HuIedi, 9To (DOTOH OTparKaeTCst
OT moJiipu3aTopa. TakuM 06pa3oM, y HAC €CTh JIBA PA3IMIHBIX COCTOSHHUS, /71T KOTOPBIX pe-

SYJIbTAaTbl IKCIIEPHUMEHTa AOCTOBEPHO HM3BECTHLI. BBG,ZL@M YHUCJIOBYIO XapPaKTEPUCTHUKY 3ITHUX



SKCIHEPUMEHTOB (AMILTUTY/LY Mepexosia):

- €CJIM IPUTOTOBJIEHHOE COCTOAHNE |+), TO HPOTOH 8cezda nporodum Hepe3 mOTAPU3ATOD
(m3mepentoe cocrosnue (+|), He M3MEHsIsT COCTOSHHS. AMIIIHTYLY TaKOTO IPOLECCa

Oy/JeM CUUTaTh PABHOU € TUHHUIIBI
(+|+) = 1.

- ecJIM IPUIOTOBJIEHHOE COCTOsIHUE |+), TO (POTOH Hukozda He ompascaemcs OT TOJIsI-
pusaropa (n3mepeHHoe cocrosiuue (—|). AMIIUTYIy Takoro mporecca 6yaeM cauTaTh
pPaBHOM HYJIIO

(~I+) =0,

- aHaJIOTMYHO OIIpeJeJIuM

(15 =1, (+-) =0.

CocrosHust TAaKOTO THUHA OYIeM Ha3bIBaTh cOOCTBeHHBIMHU. OmpejiesieHbl TOJIbKO JIBA TAKUX
COCTOSIHUS, Ha CAMOM JieJie B PACCMATPUBAEMOM SKCIEPUMEHTE UX CYETHO MHOIO. YToOBI
yOeUThCHd B 3TOM, HYKHO O0pPAaTUTHCH K N-(POTOHHBIM COCTOSHUAM, CPeJu KOTOPbIX 1 + 1

COOCTBEHHBIX.

Cocroguus |¢,), n=1,2,... dusndeckoit cucteme B JAHHOM KCIIEPUMEHTE Ha-
3BIBAIOTCH COOCMBEHHBLMU, €CJIH PE3YIbTATH IKCIIEPUMEHTA C TAKUMHU COCTOSTHU-

MU NOAHOCbI0 docmosepHl. [1st TAKUX COCTOSHUT (OPTOHOPMUPOBAHHOCTB )

Cocrostnue (poTOHA ¢ HPOU3BOJILHON noJisgpu3anueii. [[puroroBienne TakOro COCTOSIHUSA:

Di '] mossipuzarop
Ej
o | FEgcosap;
?0 ﬁtfepKaﬂO Ey sin ap}, | EO(COiOéﬁl + ¢ sin a i)
] By sinag, VIEePIO3UIUS
BUJ CIlepeau 2kl = 8 mod 27
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OHOMDOTOHHOE COCTOSHUE ¢ MOJIgpH3amuei ooIero moaoxkeHus 0603HadnM |¢). POoToH B
TAKOM COCTOSTHUM JIMOO TPOXOJUT 9epe3 ToaApu3arop (u3meperHoe cocroguue (+|), au6o
oTpazkaercst OT Hero (u3MepenHoe cocrostaue (+|). Kakyio hU3HUECKYIO BEJIHIUHY MOXKHO
OIpE/IEIUTh U3 TAKOro dKcrepumenta’! Bepostaocts 3tux cobbituit. Ilposesem cepuio uz N
9KCHEPHMEHTOB [0 MPOXOKIeHUIO OTOHA B COCTOSIHUE |¢) depes nossipuzaTop. Poron N'™P-
pa3 npoiijger yepe3 noJsgpusarop u N°'P-pas orpasurcst ot Hero. Ecin cepust N gocTaTodHo
auaHast (N — 00), TO BePOSATHOCTH MPOXOXKICHUs U OTPAZKEHHUsT DABHbI

NP NoTp
WOTp —
N’ N

W =

Tak xKak GOTOHBI B JIJAHHOM SKCIEPUMEHTE He B3aUMOJICHCTBYIOT JAPYT € JAPyroM, HET Heob-
XOJIMMOCTH MPOBOJTUTH CEPUIO IKCIEPUMeHTOB. MoKHO cpa3y HallpaBUTh Ha TMOJISPU3ATOP
HOTOK (POTOHOB M CEPUIO IKCIIEPHUMEHTOB IIPOBECTH KAaK OJMH IKCIEepHMEHT. Tak Kak ILIoT-
HOCTH (DOTOHOB B HOTOKE HPONOPIMOHAJIbHA, HWHTEHCUBHOCTH CBeTa (CM. 9KcHepuMenT B),

OTBET JJIsl BEPOATHOCTeH m3BecTeH (CM. skcmepument A)
W™ = cos®a, W™ = sin” .

3ajava: TOCTPOUTH KOHCTPYKITHIO, KOTOPast MO3BOJISET Sbi%UCAUMb ITU BEPOSTHOCTH.
Kakoe o0cTOSATEIHCTBO MTO3BOJIMIO MPOCTO W KPACHUBO OOBSICHUTH 3(MEPEKT MPOXOXKIe-
Hus cBeTa 4depe3 nojsgpusarop? [IpuHIun cynepnosuiuu: J0CTATOYHO JIUIIL HPEICTaBUTD
HPOU3BOJIBHO TOJAPU30BAHHYIO 3JIEKTPOMATHUTHYIO BOJTHY KaK CYMMY JIBYX JIUHEHHO IOJIs-
PUB0BAHHBIX, /I KOTOPBIX PE3Y/IbTAT IKCIEePpUMEeHTa OaHOo3Ha4deH. COBEPIINM JIOTHYeCKHi
CKAYOK: PAcnpocmpaHum NPUHYUUN CYNEPno3utul Ha 6Ce COCMOAHUSA K8aHmMoeot meopuu. B

HAIIeM CJIydae 9T0 03HAYAET, YTO COCTOSTHUE |¢)) HPEJCTABHMO B BHJIE
|¢) = |+) cos o + |—) e sin av.

Hanucas sty dpopmyiny, Mbl (paKTUYECKH JOTOBOPUJIUCH, YTO, HE BBIXOJd U3 MPOCTPAHCTBA
COCTOSTHUI, MBI MOYKEM YMHOKATh COCTOAHWSA HA KOMILIEKCHOE YHACJIO U CKJAAJABIBATH COCTO-

SdHU, TO €CTh HAJIEJUIU IPOCTPAHCTBO COCTOSHUN MaTeMaTUdeCKOH CTPYKTYPOH.

YrBepikaerne o crpykrype 1 (npuamun cyneprnosurun). [IpocTpancTBo cocTO-
SHUI KBAHTOBOW T€OpUN H — JIMHEHHOE ITPOCTPAHCTBO HAJT T10/1EM KOMILJIEKCHBIX

qucesr: ecau |¢1) € H u |p2) € H, 10

1) c1 + |Pp2) co = |p) € H, ¢1,¢0 € C.
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BoramcsnM aMmaTy sl mepexoga (+ |¢) u (— |¢). DTo Jerko caenarb, ecau BOCIONIb-
30BaThCs PA3JIOKEHHEM COCTOSHUS |P) MO COOCTBEHHBIM COCTOSIHHSIM, OPTOHOPMUPOBAHHO-
CTBIO COOCTBEHHBIX COCTOSIHUN U, Npednooscus, 4mo amniumyoa nepexoda Aunetna no

Kem-apeymenmy:

(+|¢) = (+|(]+) cosa + |-)e’ sina) = (+|+) cosa + (+|—)e’ sina = cos a,

(—]¢) = (—[(|+) cosa + |—)e’ sina) = (—|[+) cosa + (—|-)e’ sina = e sin .

OTIO,ZLa JIETKO BHAETDH, KaK BBIYHUCJAATH BEPOATHOCTH IPOXOZKACHUA U OTPazKeHU A CI)OTOHa B

paccCMaTpUBACMOM IKCHICPUMCHTE!:
Wnp:C082a: ’<+|¢>‘2, WOTp:Sin2a: |<_|¢>’2
O606mmaeM.

[TycTh B 9KCIIEpUMEHTE TPUTOTOBIEHO COCTOSTHUE |in) 1 m3MepeHo coctosiame (f|.
Toraa BepOATHOCTH TAKOTO IPOILECCa ONPeIeIdeTcs KBaIpaToOM MO/l AMILIH-

TYJIBI TIepexo/ia

Whin = |{flin)|*.

Ilonyamm HEKOTOpBIE CBOMCTBA aMILTUTYABI TIEPEXOTA.

1. Cymma BeposTHOCTEN i POTOHA TPOHUTH U OTPA3UTHCA OT MOJSIPU3ATOPA PABHA €HHUITEI

1= W™ + W™ = (+[6) {+|¢) + (~[0)(~[¢) = (+]¢) cosa + {~[¢)e sinar. (1)

Cuenaem yTBepKIeHNE, TPEOYIONIEE JTOKAZATENBLCTBA: CYIIECTBYET TAKON IKCIEPUMEHT, B KOTOPOM
cocrostaue |¢p) — coberBennoe. B arom ciayaae (¢|¢) = 1.Vcnonb3yst TUHEHHOCTD aMILTATY/IBI TIepe-

XOJa II0 KeT-COCTOAHUIO, ITOJIYYINM

1= (gl¢) = (¢|+) cosa + (¢|—)e" sina. (2)

Cpasuus (1) u (2), Haxoaum

(Bl+) = (+10),  (¢l=) = (=[9).

So: coiicTBo amnTyAbl iepexoaa (¢ |pa) = (d2|p1).

2. Iycts |x) = |+)c1 + |—)c2, Torma

(xIx) = c1{x|+) + c2{x|=) = c1{+[x) + c2{=[x) = c1¢1 + c2C2 > 0,

IpUYeM PaBEHCTBO HyJO JoCTHraercd, ecaun |x) = 0.
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YTBep:KIeHue 0 CTPYKType 2 (AMILTUTY/Ia Hepexoia).

a. KarxKJIOMy KeT-COCTOSHHIO |p) OTBEYAET OJHO U TOJILKO OAHO OGPa-COCTOSHIE
(1,

b. kaxKmoit mape KeT- u OPa-coCTOAHUI CTABUTCI B COOTBETCTBUE KOMILIEKCHOE

ancio (¢1|ds) € C — ckangpHoe npousseeHue,

c. (P1|g2) = (P2|¢1),
d. (¢|¢) > 0, mpuuem paBeHCTBO JOCTUTAETCS TOTJIA W TOJBKO TOT/A, KOTJIA

|9) =

Ncnonb3ys cBoiicTBa CKaJIIPHOTO TTPOU3BEJIEHUS, B IPOCTPAHCTBE COCTOSIHUN MOZKHO BBE-

CTH paCTOdHHE MEZK/AYy COCTOAHUAMU

d(|61), 162)) = IOl = VXD, [xX) = [01) — [62),

", cJeaoBaTe/JIbHO, HOHATHE O CXOAUMOCTH HOCﬂe,ZLOBaTe.HbHOCTefI COCTOAHUN. DTO IOHATHUE

O3BOJIAET C(hOPMYTHUPOBATD

Y1BepiKaeHne 0 CTpyKType 3 (IOJTHOTA IPOCTPAHCTBA cocTostHM ). Beakast dyH-
JaMeHTaJbHAsd MOCJeJIOBATETHLHOCTh B MPOCTPAHCTBE COCTOAHHUIN — CXOIATIAAC.

CaeoBaTeIbHO:

NPOCMPAHCMEO COCTNOAHULT KEAHIMOBOT MEOPUL — 2UALOEPMOBO NPOCMPAHCMEO.

[Tociennee yTBep:kaeHne He cienoBajo u3 ananania namero Gedanken sxcnepumenta. O-
HAKO, U €ro CJeayeT Ipu3HaTh usuueckum mpebosanuem K teopun. Jlemo B ToMm, 9T0 ab-
CTpaKTHO€ MPOCTPaHCTBO COCTOIHUN KBAHTOBOM TEOPpUN MOXKHO pP€aJin30BaTh Pa3JIMYHBIMU
MaTeMaTHICCKUMU KOHCTPYKIUAMHU. VI TOJIBKO THILOEPTOBOCTH IIPOCTPAHCTBA COCTOSHUIMA
rapaHTupyer, 9To (bu3nIecKue BeJIUIUHBI (BEPOSATHOCTH TEPEXOJIOB, CIEKTP HADJIIOIAEMBIX
bu3MUECKUX BEJIMYMH) HE 3aBHCAT OT BHIOOPA KOHKDETHOH MATEMATHYeCKOH peau3aiuu
(J.von Neumann).

Baxmoe 3ameuanme.

iwt—i—ik:;r)

DnexkrpomarauTHas soiHa R(Egpre” — I0TOK (POTOHOB B cocTostHuu |+). Pacemorpum mpy-

ryto Bosiny R(c - Eoﬁle_"”““kx), r7e ¢ - KOMILJIEKCHOE YUC/I0, OTJIMYHOE OT HyJssd. Pacnpocrpanenue

[PUHIUIA CYTIEPIO3UIMK HA KBAHTOBYO TEOPHIO JaeT HaM cocTosiHue dhoroHa Buja c- |+). OpHako,
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B 9KIIEPUMEHTE I10 IPOXOZK/IEHUIO CBETA Y€Pe3 MOJISIPU3aTOP 3TU JBe 3JIeKTPOMATHUTHDIE BOJIHBI OT-
JITIAIOTCA JIUIIb KHTEHCUBHOCTAMH, TO €CTh TOJIBKO INIOTHOCTAME IIOTOKOB (POTOHOB, & He CAMUMHU
doronamu. [TosTomy ciaemyer npusHaTh, YTO BEKTOPA IMIBOEPTOBA IIPOCTPAHCTBA |@) u ¢-|P), ¢ # 0,
3a/1a10T OJIHO U TO K€ COCTOsTHUE (PU3UIECKON CHCTEMBI.

g BLIOOpa IpeacTaBuTe s 13 HabOpa OJHUX U TEX K€ COCTOSHMI UCIOIL3YeTC YCJI0OBUE HOPMU-

POBKH
(9l¢) = 1.

OHAKO, 9TO yCa0BUE HE (PUKCUPYET €JIMHCTBEHHOTO MPEICTABUTE/IS, OCTAETCS TPOU3BOJI B BBIGODE
Pa306020 MHOMHCUMENS, TO €CTH
— HOPMHPOBAHHBIE BEKTODHI |¢) u €?|¢), 6 — neiicTBuTEILHOE YHC/IO, ONPEIEIAIOT OJHO W TOXKE

cocrostHue (PU3NIECKON CHCTEMBI.

Baxknoe 3ameuganue K BaKHOMY 3aM€YaHUIO.

IIycts |¢1), |#2) - aBa pasmmanbix coctosanms. Torma, Kazamochk 61, e1|p), e%2|gg) -

JIBA TAKWX YK€ COCTOAHUS. YCTPOUM CYHEPIIO3UIINIO IEPBLIX U BTOPLIX

|61) + |d2)

e ]1) + e%2| o) = e (|¢1) + 70| y))

Buano, 910 pe3ysabTaThl CyNepIo3HInu — pa3Hble {B Hamem sKcnepuMeHTe COCTOSHUE
CBeTa ¢ IPOM3BOJIBHOMN mosapu3aueii |¢) = |+) cos o + |—) e'? sin o. ®azosbrit MuoxuTenH €7
MO3BOJISIET PA3JINYNUTE CYIIIECTBEHHO pa3Hble hU3nuecKue cuTyarun: ecan [ = 0, CBeT JIMHEHHO

nosspusoBa, a ecau 3 # 0, CBer HOJAPU30BAH JIJIUITUYECKH } .

So: Kpaiine BaxKHYIO pOJH UTPAT OTHOCUTEIBHBIE (DA3BI COCTOSHWI, W3 KOTOPBIX
YCTPAUBAETCS CYIEPIIO3UNUs. DKBUBAJEHTHOCTb COCTOSIHUN € pa3HbIMU (a30BBIMU

MHOZKUTEJIAMU OTHOCUTCA TOJIBKO K COCTOAHUIO (bI/ISI/I‘{eCKOﬁ CUCTEMBI 6 UEAOM.

[ToHOTA COOCTBEHHBIX COCTOSIHUIA.
N3 pacemorpennoro Gedanken skcmepuMeHTa caeayeT, 9TO U3MEPEHHOE COCTOSHUE — BCETIa
cobcTBennoe. Pu3nNIECKN OUEBUIHO MPEANOJIOKEHNE, 9TO JI00e COCTOSTHUE, KPOMe HYJIeBO-
ro, MOKeT ObITh M3MEDPEHO, TO €CTh XOTs Obl OJHA BEPOATHOCTDH IMEPexXo/a B COOCTBEHHOE

COCTOsIHUEe OTJINYHA OT HyJs. Ilnu, mo-ppyromy,

ectn (¢,|X) =0 ang Bcex n = |X) = 0.
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OrnpejiesiiM KeT-BEKTOp CJIEAYIONUM 00pa3oM
X) = 16) =D Ion)(dnlo),

rie |¢) - Npou3BOJIBHOE COCTOSIHUE, |¢,) - COOCTBEHHOE COCTOSIHHE M CyMMa Oepercs 1o
BCeM COOCTBEHHBIM COCTOAHUsAM. HaiizeM cKaJsipHOe IPOM3BEIeHHEe 3TOI0 KeT-BeKTOpa C

Gpa-BeKTOPOM (P, |

(Smlx) = (Gml®) = D (mldn) (@nld) = (dml®) = Y Smn(dald) = 0.

n
Tak Kak paBeHCTBO CLPABEIJIMBO Jijist JIIOOOro m, 3aK/odaem, 41o |y) = 0.
So: m06oe cocTogHne PUIMICCKONH CHCTEMBI MOXKHO Pa3JI0KUTh 110 COOCTBEHHBIM COCTOSHIAM

CJIIYIOIIIUM 00pa3oM

[6) =D én)(dnl ).

A

Ecim B npocrpancTse cocTosinuil BBeCTH €MHUYHBIN oneparop I, nepeBojsiiuii j0doe co-

cTOSHUE B ce0s ¥Ke, C/IeJIAHHOe YTBEPIK/IEHIEe MOXKHO 1epehOpMyIUPOBAUT BOT TaK:

CobCeTBeHHDBIE COCTOSTHUS |, ), m = 1,..., 00pa3yIoT MOTHBIH 6a3uC B TPOCTPAH-

CTBE COCTOSTHWI U JIIsl HUX CIIPABEJINBO PA3AOHCEHUE eJUHULDL

V. Habinonaembie, u3amepeHue HADJIIOAEMBbIX

[IpoctpancTBO cocTosinmii pusmdeckoit cucreMbl ecTh. HyKHO ero o0:KuBaTh: Hmepexo-
JIUTH W3 OTHOTO COCTOSIHUSI B Jpyroe. EcTecTBeHHBI MaTeMaTHYeCKHiI OOBEKT IJIsi 3TOTO
— oneparop, JefCTBYIONNI HA TPOCTPAHCTBE COCTOsSIHMI. Tak Kak MPUHIMI CYNePHO3UIIAN
IJIABEHCTBYIONINI B MUpe KBAHTOBOM, €CTECTBEHHO OTPAHUYATHLCS JIMHEHHBIMU OTIEPATOPAMH.

Hanomunaromee onpeneaeHue:

Jluneitabiv omeparopom O @ H — H, vae H - rusibbepToBO TPOCTPAHCTBO, HABBIBAETCS

COBOKYITHOCTH CJIE/IVIONIUX OOBEKTOB:

a. mogmpocrpanctsa Do mpocrpancrsa H (obmacts onpenenernst oneparopa O);
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b. JsmHeifiHOro 0TOOpaXKEHUs
O : Do —H, te. OA(Cl‘¢1> + CQ’¢2>) = Clé‘¢1> + CQO‘¢2>, ‘¢1>, ’qbz) € Do.

Tak Kak cocTOSAHUIO (PU3MIECKON CHCTEMBI OTBEYaeT IEJIBbIH KJIACC BEKTOPOB I'MJILOEPTOBA
MMPOCTPAHCTBA, B HaYaJA€e OTPAHNYNMCA YHUTAPHBIMU ONTEpATOPAMU, JUHEHHBIMU, OTIPeIeIeH-
HBIMH Ha BCEM I'HJIBOEPTOBOM IIPOCTPAHCTBE U COXPAHSIONMMI HOPMY BEKTOpa (B Ipejesax
JIOTOBOPEHHOCTH HOPMa DAaBHA eJMHHIIE).
DaKTUIECKU OJUH YHUTAPHBIN OTIepaTop ObLT yKe (DU3NIeCKN MOCTPOEH, KOTIA 00CY K TAJICS BOTIPOC
O IPUT'OTOBJIEHUN COCTOsiHUsI (DOTOHA C IIPOU3BOJIBHOM HoJisipu3alieii. 3ajgada: HailiuTe, KaK TaKoil
OIepaTop JefCTBYET HA COCTOsTHUE C1|+) + co|—)7 Apyroit yHUTapHBIN OIIEpATOp TOXKE BCTPETAJICS
— €IUHUYIHBIN.

[TonbiTaemcst onucarTh MPONECC U3MEPEeHns KaKOi-HuOy b (uzndeckoit Bequannbl. O6-
paTUMCs BHOBb K MPOXOXKIEHUIO CBeTa depe3 mosspus3arop. OnpenesnM XapakKTePUCTUKY

TOJIAPU3aIMOHHBIX CBOﬁCTB, MaJaI0Iero Ha HOJIdpu3aTop CBETa

JUP _ JOTP

P = cos2a = T
Kak usMepuTh 9Ty BeJIMYUHY B KJIACCHICCKOM SKCIIEPHUMEPTE OYEBHIHO U3 ONPEJIE/TeHHd: JI0-
CTATOYHO M3MEPHTH JIBe HHTEHCUBHOCTH U3 TPeX. A 9TO MOXKHO H3MEPHUTh, €CJIH ITPOBOIUTCS
9KCHEPUMEHT ¢ OTHUM (POTOHOM?

Ecqu npurorosieno cocrosune dorona |¢) = |+) cos a+ |—)e sin o, To dporon ¢ BeposiTHO-
crbio Wy, = cos? oo mbo mpoiier uepes moasgpusaTop, Jubo ¢ BeposaTHOCThI0 W_ 4 = sin? o
orpasuTcsd or Hero. [Ipubop MoxKer pUKCHUPOBATH JIUITL (DAKT MPOXOXKICHUS WA OTParKe-
Husd. g XapakTepuCTUKU STON JMJLIEMbl IPUMEM, YTO IPH MPOXOXkKJAeHue (poToHa IpH-

Gop Oyaer mokaseiBaTh 3HavYeHwWe p, = +1 (mias cocrosiHus |¢p) = |+), KOrma pesyabrar

U3MEepEeHnsl TOCTOBEPEH, €CTECTBEHHO MPEIIOI0KUTh, YTO MPHOOP MOKAXKET KJIACCHUECKOe

3HAYEHNe), a [P OTPaKeHNH — 3HadYeHHe p_ = —1.
|#) |¢)
+ + —
oty [
o () 0 ()
-\
-1 - —1
BepoATHOCTh W, 4 = cos? o BepOATHOCTb W_ 4 = sin? o

QukcupyeMm CBOICTBO M3MepeHHs B KBAHTOBOM CJIyYae: €CJH B KJIACCUYECKOM MHUPE CHEKTD

3HadeHuil (DU3UIECKON BeJUYHHBI OOBIYHO HenpepblBHBIE —1 < p < 1, TO B KBAHTOBOM
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caydae OH MOYXKET CTaThb JAUCKPETHBIM. YUTO ke mosydaercsd, B KBAHTOBOM JKIIepUMEHTe,
B OTJIMYHE OT KJACCHIECKOTO, HEJIb3s ONpe/IeTUTh HUKAKOH XapaKTepUCTUKNA U3MepPAeMOTO
cocrosguusi? Moxkno. /I 9TOro Hy»KHO IIPOBECTH CEPUIO SKCIEPUMEHTOB U ONPEIEIUTh U3
9TOI cepum cpegHee 3HadeHne HaOM0gaeMoi. CpejiHee 3HAYEHHE 110 OLPEIETeHITO

< >_ p+an +p_NOTp
2 N

=p Wi s +p_W_ 4 = cos2a.

N—oo

B Takoii cepun MOKHO BBIYHCJINTD ¥ HEOMPEETEHHOCTh B H3MEPeHUsX (KOPeHb KBaJAPATHBII

M3 JIUCIEePCUH)
Ap= /((p— 1)) = V{?) — (p)? = | sin 20].

Popmasin3yem Tporiecc u3mMepeHusi Had omaemoii. [IpeacraBuM nporecc u3mMepeHus Ha-
G.II0AEMOM KAK JefiCTBIe HEKOTOpOro omeparopa Up Ha NPUTOTOBIEHHOE COCTOSHHE |o).
O4eBHHO, YTO ITOIO HEJIb3s CHIEJATh, €CJIH COCTOSHUE |¢) TPOU3BOIBHO, TAK KAK Pe3yJib-
TaT U3MEPEHHsI B 9TOM CJIydae, BOOOIIe TOBOPs, He onHOo3HaYeH. O IHO3HAYHOCTD CYIIECTBYET
TOJIBKO JIJIsl COOCTBEHHBIX COCTOSIHUM |¢p,), n = 1,...,. Ho uamepenne cobcTBEHHOIO COCTO-
SIHAS TIPUBOIAUT K TOMY YK€ COCTOSHHIO, TO €CTh ONEpPaTOpP, KOTOPBIH ONpenesseT MPoIece
U3MePeHus — eIUHIIHBI! DTO IBHO HE TO, YTO HYKHO. HO: €/ [MHCTBEHHOE, UTO MOYKHO C/Ie-
JaTh, He pa3pyliad COOCTBEHHOTO COCTOSHUSA, YMHOMKHTD ero Ha (a30Bblil MHOKATEID €77
CamMo 110 cebe 9TO H3MeHeHne COCTOTHUs He Hab101aeMo. O THAKO, €CJIH YCTPOUTD CYIePIO3H-

[IHIO TaKOT'O COCTOAHHA ¢ HEKOTOPBIM 3TAJOHHBIM, IIPUCYHIEM JAHHOMY HpI/I60py COCTOdHHUEM

| D), usmenenne dasbl MOKHO 3adUKCHPOBATH B BH/IE TOKA3aHUH MpubOpa.

(@1l [¢1)e™
(¢2] [@2)e%
|4) : |
(&nl |¢n>elel
e Do) 0 l@n 10270 2m

0
A = Aoctg=
CIIEKTP HabII0TaeMoit /\”/ l A2 \ At 2

1 1

So:
UO|¢n> = eien‘gbn), n = ]., .

Bcnomuus paziioxkenune ejuauibl, oneparop Up 3anuiinemM B CJIeAYIONEM BU/JIE

UO: E elfn

n

On) (Pnl
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MoKHO ¥ HY2KHO TIOKa3aTb, YTO UO - omepaTop YHUTAPHBIA.

B paccMorpennoii cuTyarun cieKTp HabIIoIaeMoil JIeKUT Ha OTpe3Ke JIeHCTBUTETbHONE OCH
0 < 0, < 27. Knaccuueckass Hab/omaeMas OOBIYHO OIpeIe/ieHa Ha BCeill eificTBUTEIbHOM
ocu. YT0OBI COXPAHUTH COOTBETCTBHE (a4 OHO MOHATOOUTCsI ), 0TOBPA3UM OTPE30K HA BCIO JIeii-
CTBUTEJIbHYIO OCh, HAIIPUMED, BOT Tak A, = A\gctg(6,/2) (Ao - BHIGOD € IMHUIIBI H3MepeHHst ),

~

U OlpeJieiuM HOBBIi oreparop O
O =" Xlén) (-

JIerko BuIeTH, YTO HOBBI OITepaTOpP, BOOOIINE TOBOPSI, He YHUTApeH. BoJstee Toro, ero obsracthb
ompejieJIeHns MOYKeT He COBIaIaTh CO BCeM IPOCTPAHCTBOM H, TaK KaK BO3MOXKHA CHTYaIlUs,
KOTJIa A\, HEOrpaHUYEHHO BO3PACTAIOT U BO3HHKAIOT BOIPOCHI O CXOAUMOCTH OIIPeIe IAroNeit

omepaTop cyMMBI. Takoil omepaTop Ha3bIBAETCS CAMOCONDANCEHHDIM.

[Tycts O - omepaTop, OmpeeeHHbIH Ha TOAIPOCTpancTBe Do, BCIOAY MJIOTHBIM B H.
OnpezesuM conpsizkenublit X oneparopy O oneparop OT. O6macts onpegenenus O
COCTOMT M3 TEX M TOJBKO T€X BEKTOPOB |Y) € H, mua koropeix cymecrsyer |X) € H,

TAaKOU, 4TO

(x|Ol¢) = (X|¢) ana seex |¢) € Do,
npraenm 1o onpeaerernio O1|y) = | X).

ITyctes O - oneparop, onpeneeHHbIA Ha TOATPOCTpancTBe Do, BCIOAY MIOTHBIM B H.

Ecim O = O™, 10 Taxoii onepaTop Ha3BIBAETCH CAMOCONDPANCEHHBLM.

Omnepatop O JeiicTByeT Ha COOCTBEHHOE COCTOSIHUE BOT TaK
Olgn) =D Al bm) (Dmldn) = > Album)0mn = Anldn), n=1,.... (3)

[Ipeamonoxum, aro Bug oneparopa O MOXKHO ONPEIEINTh HE3ABUCUMBIM OT TPOIELYPhI N3~
MepeHHsI ¢IIocoboM (JTaJibIiie TaK OHO U OKaxKkeTcs1). B Takoii cutyarun coorHomenue (3) mpe-
BPAIACTCA B YpasHenue, Komopoe no360AAem Halmu cobCmeentvie CoOCOANUA U CIEeKmp

gnavenudl (cobemeennux anavernut) nabarodaemot, sadannoti onepamopom O.

YrBepiKaeHne o cTpyKrype 4 (HabuogaeMbie n u3Mepenne Hab01aeMbix). Ha-

OJT101a€MOil B KBAHTOBOI TEOPHUHM COOTBETCTBYET CAMOCOIPSKEHHBIN ornepaTop

O, neficTByonuit Ha IIIEOEPTOBOM IPOCTPAHCTBE COCTOSHMUIA.
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I3mepenne HabJ110/1aeMOii B COCTOSHEE |¢) ¢ BepoATHOCTBIO |{d,|é)|* npusomuT
K JIefiCTBUTE/ILHOMY 3HAYCHHIO HAOJIIOMaeMOR \,, IMpudeM U cOOCTBEHHBIE CO-
CTOSTHHSA |¢b,), B CHEKTP COOCTBEHHBIX 3HAUCHUI A, OMPEIETAIOTCS PEITCHUSIME

yPpaBHEHU

DPMUTOBOCTb CAMOCOIPSKEHHOI'O OLIEPATOPA.

Ilycrs |¢1), |¢2) € Do. Torna

(61|0l¢2) = ZA (D1]6n) (Pnld2) = ZA (f2]dn) (dnld1) = ($2|0]¢1).

CaMOCOIpsIZKEeHHBII OITepaTop — SPMHUTOB, HO 3PMUTOB — HE BCETIa CAMOCOIIPAZKEH.

Hepaxknoe 3ameganne.

Ecan BmecTo omeparopa O B3sth omepaTop a0 + I5} i, CIIEKTP COOCTBEHHBIX 3HAUEHUN M3MEHUTCHA 1
CTaHeT PaBHBIM A\, + 5, n = 1,..., 9TO COOTBETCTBYET BO3MOKHOCTH BBIGOPA €IUHUIIBI U3MEPEHUS
7 HavaJja OTCYeTa Ha TTKaJe mpudopa.

Haitnem cpemnee 3HadeHne HAOJIIOAaeMOl B cepUH IKCIEPUMEHTOB

= 2 AW = 32 Anlnl (0010} = ¢|[Z!¢n o{énl]16) = (¢101),

U JIUCIIEPCUI0 HADJIIOIaeMOii
(AOF* = (0%) = (OF = 3 X Woe = (0 ¢|[2An|¢n w{0l|16) = (0)* =
925\0[2!% ¢n}|¢> (0)2 = (910%19) ~ (61016)*.

O6cyum, 9TO Telepb MOXKHO CKa3aTh O COOTHOIIEHUSX HeolpeaeseHHoCTH. VTak, mycTh
CaMOCOIPSIZKEeHHbIE OTePATOPLl § U P - HAOTIOMAEMble KOODIHUHATHI W HMITYJIbCA, COOTBET-
CTBEHHO, U TMYCTh UX CPEJIHUE 3HAYCHHUS B COCTOSTHUU |P) paBHBI (¢) U (p), COOTBETCTBEHHO.

Omupee 1M HOBBIE OLEPATOPDI
Q=q¢— (), P=p— L

JIerko nokasarb, 4TO HEONPEJIEJEHHOCTH KOODMHATHI U UMILYJIbCA B COCTOSHUM |p) DaBHbBI

(Aq)? = (6|Q?[¢) u (Ap)? = (¢|P?|9).

Ompenennm cocrosaue |A)
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rje « - JelcTBUTeJbHOe JHuca0. PaccMOTpuM KBaJIpaT HOPMBI 9TOTO COCTOSHUSA, KOTOpasd

663yCJIOBHO He oTpuiaTejibHa

(A|A) = (A|(P +iaQ)|¢) = (A|P|¢) +ia(A|Q|¢) = (| P|A) +ia(g|QA) =
(6| P(P +iaQ)|¢) + ia(¢|Q(P +iaQ)|¢) = (¢|P2|¢) + a*(¢|Q2|¢) + a(¢li(PQ — QP)|¢) =

(Ap)? + a*(Ag)® + a(0[i(PQ — QP)|¢) > 0.

Orciona caeayer, 9TO

C' = (¢[i(PQ — QP)|¢) — neiicTBuTEIBHOE THCITIO,
f(a) = a*(Aq)* + aC + (Ap)* > 0.

Bropoe HepaBeHCTBO BBIIOJIHAETCS MPHU JIOOBIX (v, €CIu
1
Ag-Ap > §|C|

CpaBHHBasi 9TO YCJOBHE € COOTHOIIEHUSIME HeolpejeneHHocTu [aiizenbepra, 3ak/ai0daeM,

410 0 4100020 COCMOANUA |@) 110607 Pususeckol cucmembt
(Pli(PQ — QP)[¢) = h,
WM, 9TO TO ZKe caMoe
(0li(PQ — QP) — hl|¢) = 0.
DTOro J1erko M00UThCS, €CIM Ha ONePaTOPHOM YPOBHE CUHATATB, UTO
{(PO— OP) = Hi.
Benomunast onpeie/iente oneparopos (Q, P, sakiodaem (ypoBeHb 3aKOHA IPUPOH), UTO

B KBAHTOBOI Teopun Ha6J'IIO,ZLa€MBIe KOOPJAUHATHI 1 UMITYJIbCa MOAYNHAIOTCA Ka-

HOHUYECKUM KOMMYTNAUUOHHBIM COOTMHOWEHUAM

Q.

~ a1 def A

[G,9] = Gp — pg = ikl

3ameuanue.

Ecnu B dpusuueckoit cucreme s - creneneit cBOOOILI U OHU HE3ABUCUMDL, ODODIIEHNE TPUBUAIBHO

Gi, ) = ihdi 1, [y 45) = [Di, Pl =0, 4,5 =1,...,s.
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V1. /JduHamMuKa B KBAHTOBOII TeOopuu, KBAHTOBaHUE

A~

Pacemorpum 3aMKHYyTYIO dbuzndeckyio cucremy. Ilyers camoconpsizkeHHbIit oneparop H
— HabJoJaeMas, OTBeJaloIas YSHEPrud 3aMKHYTON cucTembl. Kak u B Kyaccmaeckoi Teo-
pum, Takas HaO/IO/aeMasi HA3bIBACTCH 2aMUALMOHUGHOM. CIeKTD COOCTBEHHBIX 3HAYEHUI

JHEPIrun u CcOOCTBEHHDBIC COCTOAHNS MaMUJILTOHHAHA HaXOoAdATCA U3 YPpaBHCHUA

Hpe,ZLHO,HO)KI/IM, q9T0 CO6CTB€HHBI€ COCTOdHHNA HE BBIPDOZKJACHBLI, TO €CTh KazKA0OMY CO6CTB€H—
HOMY 3HAIEHHIO COOTBETCTBYET TOJBKO OJHO COCTOsSHUE (CUTyarus OBIIEro moJI0KeHH s ).
[IycTb B MOMEHT BpeMeHH ¢ = tj cuCTeMa HAXOJUTCHA B COOCTBEHHOM COCTOSTHUM [aMUJIb-
ToHWAHA |d,(to)) = |¢pn). Kak 310 cocTosiHme MeHsieTcst ¢ TedeHHeM BpeMeHH? A HUKaK:
cHCTeMa 3aMKHYTA U 3aKOH COXPAHEHWsI YHEPIHH HUKTO HE OTMEHsI. EIuHCTBeHHOe, 9TO
paspereno, — Haber ¢azbl y cocrosinus. [Ipuuem, ongrb-Taku, U3-3a 3aMKHYTOCTH CUCTEMbI

sToT Haber (pa3bl OHOPOIEH IO BPEMEHH, TO €CTh

[6a (1)) = € (k).

[Tpoauddepennupyem 1Mo BpeMeHu u ycTpeMum ty — t:

d y
E[0u(1)) = Bu(0)]60 (1))

JIunamuka cOOCTBEHHOIO COCTOSIHUSA MaMUJIBTOHUAHA OIPE/Ie/IAeTCsd OJHON J1edCTBUTETbHON
Besnannoit 6,(0) ¢ pasmepHocThIO, 06paTHOl Bpemenn. Ho eanHcTBeHHAsT DU3naeckas Bem-
YUHA, KOTOpas XapaKTepu3yeT 3TO COCTOSHMe, — ero 3Heprusd [,. Vcnonb3ysa coobpazkeHuns

pa3MepHOCTH, Oe3 OrpaHnYeHnus OOIIHOCTHA HAXOIUM

. E,
— 4"
0,(0) pt

(COOTHOHIGHI/Ie MOTJIO OBI CoepzKaTh yHI/IBepCaﬂbeIﬁ IJId BCEX COOCTBEHHBIX COCTOAHUIN KO-
SCb(bHHHGHT, HO, COoIVIaCOBaB €IMHHIBI U3MEPCHUA BPEMEHHU H SHEPIHUH, €ro BCerJa MOXKHO
BbI6paTb PaBHBIM e,ZLI/IHI/II_le). Ocraercsa BOIIpOC O 3HaKe. HY)KGH IKCIIEpUMEHT. U om ectn
Yy HaC, OeJbIX JABa: B HUX AMHAMHKAQ SJIeKTpOMaFHI/ITHOIU/I BOJIHBI OIIpe/eideTrcd CbaSOBbIM
iwt

MHOKHTeeM e ! uin, ecam BeoMHUTE 1po oTonbr, e FH Takmm o6paszom, sBosonus

CcOOCTBEHHOI'O COCTOAHNA TaMUJILTOHHAHA CO BpeMeHneM olIpeaesideTcd BOT TaK

i 164(1)) = Bulon(t)) = Hl6a(t)).
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[IpuHIUD Cynepmo3uIuy IJIACUT, YTO €CJIH B MOMEHT BPEMeHH t; MeK/y COCTOTHUSAMU eCTh
JUHelHAad CBA3b, TO B MOMEHT BPeMeHU { = {9 9Ta JIMHEWHAA CBA3b COXPAHUTCA IIPU YCJIIOBUH,
9TO B MPOMEXKYTOK BpeMEeHH OT t 10 tp He OBLIO HpPOM3BEIeHO M3MepeHne. A Tak Kak B
pUKCUPOBAHHBII MOMEHT BpeMeHH JII000€ COCTOSHUE MOZKHO PAa3JIOKUTh 110 COOCTBEHHbBIM

COCTOSHUSAM MaMUJBTOHHAHA, OKOHYATEIbHO (bopMyHpyeM

YTBep:KIeHrue 0 CTPYKType b (nuHamuka). [luHAMUKA B KBAHTOBON TEOPUH OIPe-
aejdgercd raMuJIbTOHHaHOM IA{ HyCTb B MOMECHT BpeMeHI/I tO HpI/IFOTOBﬂeHO CO-
cTostHue U3 00JACTH OIpeIeIeHnsT TaMIJIBTOHIAHA |¢g). Toraa nanbHeilnas 380~
JIIOIUST 3TOrO COCTOSHUS, CBOOOIHAA OT M3MEPECHH, ONPEeIC/IAeTCsS yPABHCHUEM

(E.Schrédinger)
0 16(0) = Hlo()

¢ HAYAJIBHBIM yeaoBueM |o(to)) = |do)-

3aMedaHue.
B dopmymmpoBke yTBEpXKIEHHUS OIMIYIIEHO, YTO PACCMATPHUBAEMAs CHCTEMA - 3aMKHYTasg. DTO He
CJIy4aifHO, IIyCTHh TAKOE PACIIUPEHUE yTBEpKaeHus Oyaer 0DoOIIeHneM.

N3 npoBejieHHBIX pacCy:KAeHN BUIHO, YTO pellleHne 3a71a9u O COOCTBEHHBIX 3HAUYCHUSIX
W COCTOSTHUAX raMuIbTORuaHa H |bn) = En|dn) noarocmoro permaer AuHAMUYIECKYO 3aa9y
JIsT 3aMKHYTO# crucreMbl. [lycTh B MOMEHT BpeMeHH tg 3aJaH0 COCTOsTHUE |¢Pg). Ecsu pasio-

KHUTDH 3TO COCTOSAHHE MO COOCTBEHHBIM COCTOSHHSIM raMmuJIbTOHHaHa, 9BOJIONMA OYE€BUIHA

6(8)) = > e 09N (h[60) = Ussy o),

n

3/1eCh BBEJIEH OII€PATOD IBOJIIOIHI Ut.

KpanToBanue.
Ocrajcs ouH BOMPOC, KaK CTPOUTH CAMOCOIPsIzKEHHBIE oTlepaTophl HadogaeMbix? Ha sTor
BOIIPOC, KaK MOXKET, JIAeT OTBET 28pucmueckuti peuenm, KOTOPbIi Ha3bIBACTCS KE8AHMOGA-

HUEM KAGCCURECKOT meopuu. Cy’l’b €r'0 COCTOUT B CJIEAYIOIIEM:

0. meiictBue pU3UIECKONR CUCTEMBI JI0JI2KHO UMETb BU/I

ty
5:/ dtlpg — H(q,p)),
t

i
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1. ecm Hac WHTepecyeT Kakad-HHOYIb HaOIIOMaeMasd, HYXKHO B3d4Th ee KJIACCHYeCKHN

aHAJIOI B FaMIJIBTOHOBOM (bopMaJIm3Me
cl
O%(q,p),

2. 3aMeHUTH 0000IIEeHHbIE KOOPAWHATHI ¢ U 0DODIIMEHHbIE UMITYJILCHl P HAa KAHOHUYECKHU

A~

CONPsIzKEHHBIE OLIePATOPHI §, P, COOTBETCTBEHHO,
SRS VPN Ao g
O = 0%(q,p), [q,p] = ihl,
3. BBIMOJHUTH (hOPMATBHBIE eHCTBHUS TaK, 9T00BI OpepaTop O ObLI CAMOCOTPAZKEHHBIM.

Cy1ecTBEHHOE 3aMevaHue.
Tak Kak KjIacCHYecKue MePEeMEeHHbIe ¢, P KOMMYTATUBHBI, 8 KBAHTOBBIE ¢, D HET, YKA3AHHBIN CIIOCOD

KBAHTOBAHUA HE TO3BOJIACT 00HO3HAYHO BOCCTAHOBUTH KBaHTOBYTIO Ha6HIO,ZLaeMyIO O 1o kJraccude-

cxoit O%(q, p).

VII. TapmoHn4deckmnii OCIUAIISITOP

ZTo-I10JIOYKEHHE . U ) 1, 1,,
0 DABHOBECHS \ () / H(q,p) = Y4 + KW
m=1
E KBAHTOBAHUIE
0 q —_—
‘ & 1 1
\V i q s BT S PO S
4acTOTa OCHUJLIATOPA W H 2m + Qmw T [q,p ] iAl

PemuMm riaBHy10 3a/1a4y KBAHTOBOM MeXaHUKN

H|bn) = Enlon).

Bresiem onepaTopbl YHUUTOKEHUS U POZKICHUST

~ def 1 N FN ~ def 1 R N
= —(p—iwg), a"=-—=p+iwg).
V2hw V2hw
Haﬁ,ueM KOMMYTa]_[I/IOHHbIe COOTHOIIIEHU A Me}K,ﬂy STUMN OHepaTOpaMI/I

1 1 -
a,07) = 5o (—iwld.fl + wlp.d) = —izlip) =1

Brrpasum onepaTopbl KOOPAWHATHI, UMITY/IbCA depe3 ONepaTOPhl POKJICHUS U YHUITOXKEHU T
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U r'aMHWJIbTOHUAH

[TepBoHaUYa/ILHYIO 33424y TEPEIuIeM B BHJIE

hew [a*a + %I} 60) = Enldn) =

E, 1
ialo.) = (52— 5)16) = Mléw), B

I
£
>
3

+

| —
—

JlokaxkeM HECKOJTBKO YTBEPKIeHUA.

1. CobcTBeHHOE 3HAUEHNE ), HE OTPUIATEIBHO.

An = <¢n|/\n‘¢n> = <¢n‘d+d‘¢n> = (’X> = &’(bn» = <¢n|&+‘X> =

1 N | . . - N 5T I
:ﬁwn\pwm——M«X\pwnwmxmwn»— m@ﬂp iwq|¢n)

= (X|a|pn) = (X|X) >0, Q.E.D.

2. Ilycrb |¢y,) cobeTBeHHOE COCTOsIHME omeparopa a'd ¢ cOOCTBEHHBIM 3HaUeHHeM \,. Torma
a™|¢pn) Toxke cOBCTBEHHOE COCTOSHHME 3TOTO oNepaTopa (MOXKeT GbITh He HOPMHUPOBAHHOE Ha

eIMHNILY ) ¢ COOCTBEHHBIM 3HAYEHUEM A, + 1.

d+&’¢n> = )\n‘d)n>v d+d+d’¢n> = d+(dd+ - i)’¢n> = a+dd+‘¢n> - A+‘¢n> = And+‘¢n>a

win  (ata) at|o,) = M+ 1at|en), Q.E.D.

3. Tycrs |¢y,) cobeTBennoe cocrosinue oneparopa atd ¢ cOOCTBEHHbIM 3HAUEHHEM \,. Torma
a|¢py) TOXKe COBCTBEHHOE COCTOSTHHE STOTO Oeparopa (MOKeT OBITh HEe HOPDMHPOBAHHOE Ha

eIMHUILY ) ¢ COOCTBEHHBIM 3HAUYEHUEM A, — 1.

OnsiTh paccMOTPUM COOCTBEHHOE COCTOSIHUE |¢,) € CODCTBEHHBIM 3HaUYeHHeM A,. [Tomeii-
cTByeM Ha 910 cocrosiane N-pas oneparopom yuamuroxenns ((a)™|¢,)). Cormacuo yTBep-
JKJIEHUIO 3, TIOJyIeHHOe COCTOsHUE OyJIeT COOCTBEHHBIM ¢ COOCTBEHHBIM 3HAUYeHWEM A, — V.
KakoBo Ob1 He ObLIO 3HadYeHUEe \,, Bcerga Haiimercda Takoe N, 9To0bl BeudmHa A, — N
CTAJIa OTPUNIATEIBHON, YTO TPOTHBOPEYUT YTBEPKIACHUIO 1. BBIX0OI U3 9TOr0 MPOTUBOPEUHsT
COCTOUT B TOM, LITO6bI COIVIaCUTbCd € T€eM, YTO Ha HEKOTOPOM Iare 1pu ﬂeﬁCTBHH OIIC-
paTOpPOM YHUYTOXKEHUS T0JIy4YaeTCd HY/JIeBOI BEKTOP THJILOEPTOBA MPOCTPAHCTBA, KOTOPLI
BCEI/Ia pelaeT ypaBHEHHE Ha COOCTBEHHBIE COCTOSIHUSI, HO, 10 ONPE/IEIEeHUI0, He COOCTBEH-

HOe cocTogHue. [109TOMY: JOJMKHO CYIIeCTBOBATH COOCTBEHHOE COCTOsIHEE @p) (HA3BIBAETCS
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6AKYYMHOE) TAKOE, TITO
algo) =0, (o|do) = 1.

CobcTBeHHOE 3HAUEHNE 115 HTOrO COOCTBEHHOTO COCTOstHUSA G a|pg) = 0, paBHO Hy/110 \,, = 0.

[Tpumniesr gepes oneparopoB poxkjienus: jaoboe cocrosane Buaa (a*)"|dg), n- narypanbHOe

YHUCJI0, COIVIACHO YTBEPKJICHUIO 2, — COOCTBEHHOE ¢ COOCTBEHHBIM 3HadYeHueM A, = n. [Ipo-

CThle paccyzkaeHust (MeTOoJOM OT MPOTHBHOIO) TOKA3BIBAIOT, YTO MOXKHO CYUTATH, YTO JPY-

I'MX COOCTBEHHBIX COCTOSHUN HeT. OcTaeTcss OTHOPMUPOBATH MOIyYeHHbIe cocTosgHus. [1ycTh
. _ ~+\n

Ha#IeHBl TAKHE Cp, 9TO COCTOSIHUE |¢y,) = Cp(aT)"|Pg) - HOpMHPOBAHO, TOT/A

Cn Cn

(n-1laln) =

CnCn

L= (@nlén) = ca(@al(@®)") = —{9nlatgn-1) =

C'n,én ~ A CTZETL A A T
= ——(pp_1]aat|pp_1) = ——(pp_1|lata + 1|¢p_1) =

Cn—lén—l Cn—1Cpn—1 Cn—lén—l

Pertene pekyppenTHOTO COOTHOIIEHUS ¢, = 1/v/n!, KaK W MOJ0XKEHO, ¢ TOTHOCTHIO 0
¢da30BOro MHOKUTESI.
So: pelreHue 3a1a9M O CIEKTPE 3HAYEHUH IHEPrur U COOCTBEHHBIX COCTOSHHUSAX TaMUIb-

TOHHMaHa AJIAd TapMOHHNYIECKOIro OCHUJIJIATOPA

1
E,=hv(n+1/2),n=0,1,..., |n)= ﬁ(fﬁ)”m),

e BAKYYMHOE COCTOsIHUe onpe/essercst ypapaenuem a|0) = 0, (0|0) = 1,

(BBesIeHO HOBOE 0DO3HAUEHUE |, ) = |n)).

[Tonyyennbie cOOCTBEHHBIE COCTOSIHUS O0PA3YIOT IMOJIHBINI 6a3UC rHILOEPTOBA IPOCTPAHCTBA
U, CJIe/I0BATENbHO, ONPeaesioT ero. [locrpoennoe Takum 06pa3oM TPOCTPAHCTBO COCTOSTHIMH
nasbiBaercs gorosckum (B.A.Dox).

Pemraem 3amagn B paMkax m3y4eHHOTO hOpMaAIN3MA.

Peanuzanust KaHOHHYIECKUX KOMMYTAIMOHHBIX COOTHOIIEHUH B HEKOTOPOM KOHKPEMHOM
FI/IJIb6epTOBOM IPOCTPpaHCTBE (Hpe,ZLCTaBIIeHI/IG KaHOHUYECCKHUX KOMMYTallUOHHbIX COOTHOLIC-
HUil) 1aeT MPAKTHYIECKYI0 BO3MOXKHOCTD PeIaTh 3aa9i KBAHTOBON MeXaHUKH, HPUIEM TIPH
HEKOTOPBIX YCJIOBUAX Ta WJIN WHad peaJiu3allid IIPpHUBOIAUT K CbI/ISI/ILIGCKI/I IKBUBAJCHTHBIM
OTBeTaM.

PaceMorpuM mpocTpatcTBo Lo(—00 < x < 00,dx) KOMILIEKCHO3HAYHBIX byHKIui ¢(x),
3aJIJAHHDBIX Ha BCeil JefiCTBUTEIBLHON OCH, ¢ CYMMUDYeMbIM 110 Mepe Jlebera dr kBagpaTom

/00 dz ¢(z)é(r) < +o0.

—00
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JlBe dynknum, oTamyaionmecs Apyr OT Apyra Ha MHOKECTBE Mepbl Hy/Ib, CUATAIOTCH SKBHU-
BAJICHTHDBIMH.

Takoe mpoCTPaHCTBO JUHEHHO. KeT-cocTosHno rmapbepToBa IPOCTPAHCTEA |¢)) CTABUTCS B
coorsercrue dbynkuus ¢(z) € Ly, a 6pa-cocrognuio (¢| — ¢(x). Ckangproe npousseienue

o) = [ " de (2)().

(o9}
[IpocTpancTBO Ly MOIHO IO COOTBETCTBYIOMIEM 00PA30M ONpeIe/eHHOl HopMe.
CamocoupsizKeHHBIH onepaTop Koopaunarst § oupegeser na Dy ¢(z) € Dy, econ x¢(x) € Lo.

JeficTByer 3TOT Oneparop O4eHb IPOCTO

o) = z-¢x).

CaMoCOIpsiZKeHHBIN ollepaTop UMILy/Ibca p onpejenel Ha D,: ¢(x) € D, ecau ¢(x) - abeo-

moTHO HenpepbiBHas Qyukunsg u 0,¢(r) € Ly. Heiicrsue sroro oneparopa na D,

plo) = —ihd.¢(x).

[Tapa camMoconpsizKeHHBIX OIEPaTOPOB ¢, P, AEHCTBYIONINX Ha THIHOEPTOBOM IPOCTPAHCTBE
‘H, 06pazyloT npejicraBjieHne KAHOHUIECKUX KOMMYTAIIMOHHBIX COOTHOIIEHUi, ecin B H cy-

MIeCTBYeT IJIOTHOE BCiony mognpocrpanctso D: D C D, ND, n
Gp — pG =ihl waD.
[Tposepsem

(@p —pP)¢) = x(=1hdz)d(x) — (—ihdz)zd(x) = —ihd(x), Q.E.D.

JlanHasi KOHKpeTHas peau3alus r'njiboepToBa NPOCTPAHCTBA U KOMMYTAIIMOHHBIX COOTHO-
HIeHU{T HAa3bIBACTCS K00pdunamHuim npedecmasieruem. OUeBUIHO, 9TO ecTh U Apyrue (Ha-
IPUMED, UMNYALCHOE NPEICTaBAEHUE).

PaceMorpuM rapMOHTYECKHAN OCTIHIATOP B KOOPAWHATHOM ITpeICTaBIeHNH.

A 1 1 A h? 1
2p +2wq 5 x+2wx,

(9TOGBI TOT OmepaTop crana HabJIIIaeMOil, HY:KHO onpeleanth D). Bagada o crekTpe

FaMIJIBTOHUAHA U €r0 COOCTBEHHBIX COCTOAHUAX

h? 1
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IIpexie uem perraTh ypaBHEHUE, €10 HY2KHO 00e3pa3MepuTh. VlcTounuk pasmepuoctu — z. Crenaem
3aMeHy T = agU.

wat E,a?
h20u2¢n(u) =-2 ggo

h2
—Tc%agw(u) + L2220, (0) = Engn(u), 026m(u) — o (1)

2

Omnpenenum ag TaK, 4T0OBI

w?ag h
72 =1, a = av
1 BBeJIeM HOBYIO IIeDEMEHHYO
Ena? E,
NI TR T hw

TOI'la YpaBHEHNE IIPUHUMAET BUI

(85 - U’Q)(bn(u) = _2€n¢n(u)'

9TO0 ypaBHeHHe HYKHO pemmarTh. Ho He Oymem, moTomy 4To OHO y2Ke perreno. Halimem Bum

pemeHHﬁ B KOOpJAWHATHOM IIPpEIACTaBJICHUN. ,ZLHH 9TOr'0 BBIIIKUIIEM YpaBHCHUE Ha BaKYyyMHOE

COCTOSTHUE
. r .. 1 ) .
al0y = m(p —iw@)|0) =0 = m(—lh&; — iwx)po(z) =0,
(0 + u)do(u) = 0,  o(u) = Ce™2*.
Hopmuposka

1= /d$¢($)¢($) = C'Q\/g/due_“2 = (? %h, C= (%)1/4.

CobcTBeHHBIE COCTOAHU S

1 e—iwn/2 )

|m=7ﬁwww>$¢mo=oﬁﬁﬂm—w%%%

i, u3MeHuB (Ha30Bblil MHOKUTEIb (JOMYCTHMO), OTBET MOKHO HEPENUCATh Yepe3 HOTHHOMbI

dpmuTa
’lL2 dn 2

—U
dun

e

oulw) = (5) " At ) = (1)

Pemmu 337121y 0 TPOXOKIAEHUN CBETa Yepe3 MOJIAPU3ATOP.

lamunpronman cucremsl — H = i(P2 + w?Q?).
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/

-4 -2 0 2 4 -4 -2 0 2 4

Puc. 1: cobcTBerHHBIE COCTOSTHUST OCITUJLISITO- Puc. 2: cobcTBeHHBIE COCTOSITHUST OCIAIISITO-
pa B KOOPJMHATHOM IIPEJCTABJIEHUN ¢Op () pPa B KOODIMHATHOM TIPEICTABIEHUH Oy ()
mpun =0,2,4,6 npun=1,3,5

. [ir - . L
[Toste snekTpoMaruuTHOH BOIHBI — B = — Vw(wQ sin kx + P cos kx) = R(Epelt®).

I

WNurencusHocTh cBeta — I = 8—E0E0.
s

Bripazum Fy uepe3 KaHOHUYECKUE TTepEMEHHBIE

@:_fgm_m®.

Pazmoxkum KaHOHUYIECKUE TTEPEMEHHDIE TI0 HATIPABICHUSM BJIOJb OCU MOJSIPU3ATOPA. )

U TIOTIEPEK Py

—

Q = @D + @rDir, P = piD1 + DerDir-

Habuirojiaemble npumMyT Bu/i

1 1
H= 5(2912 +w?qf) + §(p?r +w?qp),

o 1 ) ) - 1 ) )
I"P = W(pl +iwg)(p —iwg), I°7P = W(ptr + iwqer ) (per — W@y ).

At At
[IpoxkBanTyeM Teopuio B TePMHHAX ONEPaTOPOB POXKICHUSA 4 ,dj, W YHUUTOXKEHHS
ay, Ggp. DTO HE CJOKHO, TAK KAK 3TO JIBA HE3ABUCUMBIX OCIUJISATOPa. KoMmwmyTraru-
OHHbBIE COOTHOLIEHHUS

[dlad?_] = [&tm&;—»] = 17 [dbdz’;-] = [dt’r‘7d?—] = [&h&t?"] = [d?_7d£t*] = 0.
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CobcTBeHHble COCTOAHNAS MaMUJILTOHUAHA

I R
1) = e @ @100 man =01, 10} =00 O}

rae |0);,|0)y onpenensiorest u3 ypasaenuii ¢;|0); = 0, Ggr|0)s = 0.
Hab6aromaembre

R 1 N 1

I™ = th&l*dl, 1P = hwvéz;dtr.

[Ipoanain3upoBas 3TH BbIPAXKEHUS, MOYKHO IOHSTH, 9TO OLEPATOP 4uciaa (POTOHOB

orrpegesdaeTCda BOT TaK

CocrosiHus, ¢ KOTOPBIME MBI PabOTaIH,
+) =4a;10), =)= agl0).

Teneps MOXKHO TTOBEPUTH aarebpoil rapMOHUIO.

VIII. W3mepeHns KOOPAWHATHI

Wsmepenune koopaunaThl. KoopaunaTHoe npejcrapienne. 3ajada Ha COOCTBEHHbIE 3HAYE-

Cj’¢q> =dq |¢q>- (4)

B koopaunaTHOM mpeacTasiaeHun |¢,) = ¢,(x) € Dy, ¢lo,) = vo,(z) n

T ¢g(x) = q Py(T).

Pemenne
0, ecomx +#q
Pq(x) = -
C, ecmnmx=q
Pemtenne ornmuaercst OT Hyssl HA MHOXKeCTBe Mepbl Hy/b. COOCTBEHHBIX COCTOSIHUI HET.
OtrBer du3MUeCKN TPABUJICH: U3 COOTHOIEHNsT HeonpeaeaennocTn Aq Ap > h/2, u TouHOe
onpeneserne KoopanHarel (Ag = 0) He BO3MOXKHO.

B cocrosinn |¢) maGmomaemast O ¢ J0CTOBEPHOCTHIO IPHHIMAET 3Hadenne \, ectu (G|O]d) = A

1 HEOIPEIEIeHHOCTh HabmogaeMoil B 3agannoM cocrogaun AgO = 0.
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[Tpennoxxenne: Habmromaemast O ¢ JIOCTOBEPHOCTBIO TPUHUMAET 3HAUEHWE A TOTJA W TOJBKO
TOrA, KOrma |¢) — cobeTBenHbIi BekTOp omeparopa O ¢ COBCTBEHHBIM 3HAUEHIEM .

Qusznyuecku JIOOYIO BEJIUYUHY A MOYXKHO HM3MEPHUTH JIMIL C KAKOW-TO TOYHOCTBHIO, MPH
9TOM XOYeTcs HaJIedThCs, 9TO 3TY TOYHOCTHh MOXKHO yJIy4ImuTh. (JTCI0/Ia TaKoe OlpeieieHue

u3MepeHusi (yTOUHEeHHe YTBePZKIeHHs O CTPYKTYpe 4):

nabarodaeman O npurumaem 3naverue X, ecar das aobozo € > 0 cywecmesyem
makoe HopMuposarroe cocmosanue |c), 4mo (¢ O|de) = A u neonpedeaernnocmo

nabarodaemoti 6 amom cocmoanuu Ay O < €, mo ecmo
1016e) = Mgl < e.

Temepb MOXKHO YTBEPKIATh, UTO CIIEKTP U3MEPSIEMBIX 3HAUCHUN KOOPIANHATHI TP/ ICTaB-
JSIeT BCIO JIEfCTBHTENBHYI0 0Ch (—00 < ¢ < 00). CooTBETCTBYIOIIEE STOMY H3MEPEHHIO

COCTOAHUE
1 _(z—9)?

|¢q,e> = ¢q,e(x) - e—ﬁe 262

Puc. 3: dyuxuus ¢g () npug=0ne=1/2

Puc. 4: cuernas cucrema BEKTOPOB ¢y, (),
(cepsiit), € = 1/8 (cunwmit), € = 1/32 (xpac-

st € = 1/32.
HBII).
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He#icTBUTEIBHO,

*  (z—q)* _(m—2q>2]1/2 G

litn) = alogoll = [ [~ artothe ] - L

—0o0
[TonbiTaemMcst MOCTPOUTH ,,0a3uc — NOJHBIN U opTOHOpMEUpPOBaHHBIH ‘. Ha ocu crekTpa Koop-

< €.

JUHATHL —00 < ¢ < 00 HaHeceM CeTKy ¢, = nd(e),n = 0,+1,. .., OUPEJEAIONYI0 CUCTHYO
cHCTEMY BEKTOPOB ¢, ().

Borancanm ckagsgpHoe Tpou3Be/IeHme

B 32(c)

<¢Qn,€|¢qm,6> = / d$¢Qn7E(x)¢qm75($) — e 12 (n—m)Q‘

o

Ecau Boibpars 0(€) = cv/€, Torna (Pg, c|Pgn.c) = Onm TpH € — 0 (OPTOHOPMHEPOBAHHOCTS ).

Pacemorpum JsinHeifHY 10 060J10UKYy
[6) =D caldy,.c) = d(@) = Y cady, o(2). (5)
[Tepenumem (5) (BbIOpas ¢ = /2+/7) B Bujie

1 e—0
0a) = 2 o) = 2 8(Een ez la) 3 / dge(q) @, (x),

n n

3/1eCh

e 22 =d(x—q).

Jluneitrnas obomouka (H4 ) MIOTHO BIOXKEHA B THILOEPTOBO npocTpancTBo (H). PyHK-
nust P,(x) € H_ (mpocTpamcTBo anTHIHHEHHBIX QyHKIMoHATOB (Py|p) HA H) u He

NPUHAIEKAT THALOEPTOBY MpOCTpaHCcTBY. MTak, Mbl mMeeM TPOIKY MpOCTPaHCTB
Hi CHCH-_.

IMpasunbro onucannasa (cm. ©.A.Bepesun, M.A.Illy6un, Ypasuernue Illpeduneepa,
1983, mobassenue 1, maparpad 2.) Tpoiika OPOCTPAHCTB HA3BIBACTCH OCHAULEHUEM

2uavbepmosa npocmpancmea H.

[TocraBum B coorsercrue dynkiun P, (r) abcTpakTHOE COCTOSIHEE U3 OCHANEHHOTO IHJIh-

OepToBa IPOCTPAHCTBA

Oy(2) = [lg),
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TOorla MO2KHO yTBEPXKJAATb, 4TO

(a1lga) = 31 — ), (opromopamposamocts Ha d-ysirmo),

9) = [ dactllg) 1= [ dalllall. (pasaomerne cmnins)

Eciin Tenepb nocraBuTh 3ajia4y Ha COOCTBEHHbIE 3HAYEHHUSI KOOPAUHATHI CJIELYIOIMUM 00pa-

30M
qlle) = qll@)

1K B KOOPpAUHATHOM IIpeacTaBJIeHnN

x®,(r) = qP,(x), Py (z) € H_,2Py(x) € H_,

(l’ - Q)(I)q(m) = Oa
TO 9TA 33/1a9a UMEET PEeIleHHe
—00 < qg<oo, Pyx)=Co(r—q)

u u3 ycaosust (q1]|q2) = d(q1 — q2) mosyugaem C = 1.
Kpye samxnyacs.

Nrak, TouyHO M3MepHUTh KOOPAUHATY Hesib3sd. Ho MOXKHO JIoKaIn30BaTh 9acTHIly B J1000#
CKOJIb YTOJIHO MaJIOH obsacTu aeiicrBuresibHoil ocu (¢, ¢+ Aq), Ag — 0. ljist sT0ro 4acruiy

HY>KHO II€peBeCTH B COCTOAHHE

(Aq)~Y2, ecu z € (q,q + Aq),
¢loc(x) =
0, ecin x ¢ (q,q + Aqg),
sHavenne (GpyHKIUN Ha wHTEpBaTe (¢,q + Aq) ompeaensercs m3 yeJIoBHsT HOPMUPOBKA. AM-

IJINTY/A TIePeXoia B TAKOE COCTOsIHUE DaBHA (Pioc|d) = &(q)v/Ag. Tosromy BeposiTHOCTH

oOHApYZKUTh YacTuIly B uHTepBaste (¢,q + Aq)

AW(q) = W0 = [(S10c0) | = Ag d(@)$(a), Ag — 0.

TO €CTh KBAJPAT MOJYJIs BOMHOBOI MyHKIWMH ¢(q)d(q) onpe/iesser II0THOCTh BEPOSTHOCTH

0OHApY KUTh JacTHILy B wHTepBase (¢, q + Aq).
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IX. MWN3mepenune ummoyabca

Koopanrataoe npeictaBiaenne. [loBTopeHne mpoiiIeHHOTO ¢ KOOPAUHATOM 7151 UMITYJIHCA.

Banaua Ha cOOCTBEHHBIE 3HAYEHUS:

p |¢p> =D |¢p>-

B koopamHATHOM IpeACTaBICHUN |¢,) = ¢p(x) € Dy, P|op) = —ih0.¢,(x).

—ih0,¢p(x) = p ().

Pemenne

dp(x) = Ce?*" ¢ [2(—0c0 < x < 00, dx).

CoOCTBEeHHBIX COCTOAHUIN HET.
MoxkHO yTBep:K/IaTh, YTO CIHEKTP U3MEPAEMbIX 3HAYEHUN MUMITYIbCA MPEJICTABAIET BCIO
JEeRCTBHTENBHYIO 0Ch (—00 < p < 00). COOTBETCTBYIOIIEE ITOMY H3MEPEHHIO COCTOSTHUE
2.2
\/E o 62;”2 +1%‘
7T1/4\/ﬁ

o0 S 2 C2,271/2

|¢p,e> = Cbp,E(x) =

€
J — = dx e n =—<ce¢
[610n) = plonll = [ | de—s 7
Ha ocu cmexrpa uMmiysibca —o0 < p < 00 HaHECeM CeTKy p, = nd(e),n = 0,+£1, ..., onpe/e-
JISIIONILY IO CUETHYIO CHCTEMY BEKTODPOB ¢y, ().
BbIUuc/iuM cKaJasgpHOe HPOU3BEIeHIe
> R f&(nfm)Q
k) = [ Aoty @0y, (o) = o 520
— 0o

Ecau Boibpars 0(€) = cv/€, Torna (¢, | Ppn.c) — Onm 1pH € — 0 (OPTOHOPMUPOBAHHOCTD).

PacevoTrpnMm uHeitHYIO 000JI09KY
(6) =D Caldpnc) = (@) =) cadp,o(@). (6)

[Tepenuiem (6) (BbIOpaB ¢ = /24/7) B Buje

1 e—0 /
ZL':ECn el E €)Cpn——=0p, < — [ dpc(p)®,(x),
3/1eCh
1 62m2+ipz 1 Y2y
®,(z) = lim e 22 TR e'n
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IToctaBum B coorBercTBue Gyukimu P, (x) abcTpakTHOE COCTOAHHE U3 OCHAIECHHOTO TUIIb-

OepToBa IPOCTPAHCTBA
Dy (x) = [Ip),

TOorJla MOZKHO yTBEP2KAaTh, 4YTO

(P1llp2) = 0(p1 — p2),  (opToHOpMEpOBAHHOCTE Ha J-byHKINIO),

lp) = /dpc(p)Hp> —1= /dp||p) (p||, (paznokeHue eTUHUIIBI).
Ecmu Tenepb mocTaBuTh 3aa4y Ha COOCTBEHHbBIE 3HAYEHUS MMILYJILCA CJELYIONIM 00pa3oM
plp) = plip)
WJIH B KOOPJUHATHOM IPEICTABICHAN
—ih0,®p(z) = pPpy(x), Pp(z) € H_, P (z) € H_,
TO 3TA 33,1294 UMEET PEITeHne
—00 < p<oo, ®y(x)=CeP/N

u u3 yeaosust (p1||pa) = 0(p1 — pe) nonyuaem C' = 1/+/27h.
Kpaiine BaxKHOE COOTHOIIEHUE
e—ipa/h

1 o :
- — d e_lpx/h(; _ — .
(wlla) %/_oo e =T

[TocTporm MMIYJIBCHOE TIpEJICTABIEHNE KOMMYTAIIMOHHBIX COOTHOIIIEHUI, He 00paIlasich K KOM-

MyTaluoHHbIM cooTHOIeHusAM. ITocTtasum Bo ru1aBy csoiicrsa 0600IEHHBIX CODCTBEHHbBIM COCTOSHUM

KOOPpAWMHATHI U UMITYJIBCA

dllgy = allg),  Bllp) = pllp)

i:/dq\qxqu, iz/dp\|p><pll

(allp) = —=

OupejennmM cKaasgpHOe HPOU3BEjEHNE abCTPAKTHOIO BEKTOPA IHJIbOEPTOBA NPOCTPAHCTBA @) C

06001IeHHBIM cOCTOsTHIEM (P|

o(p) = (pll9)-
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DTa BeJIMYUHA — KOMILJIEKCHOE 9HCJIO, 3aBUCHINEE OT JeACTBUTEIbHOTO YUCIa —00 < P < 00, TO €CThb

KOMILIeKCHO3HAaUYHAas (DYHKITUS, 3a/laHHas Ha JeficTBuTebHOM ocu. Tak kak

/dp@(pﬁp(p) = /de@H@ —/dp (Bllp)(pll¢) = (¢l 1|o) = (d]8),

TO 3Ta (DYHKIUS ¢ CYMMUPYEMBIM KBaJPATOM.

CxaJisipHoe pOoM3BeIeHNne

(@rl62) = [ dptolp)iplon) = [ apTTenlon = [ dpor(o)eato)
TleficTBIE OIEPATOPA KOODIUHATEI
m»:@M@=/@mwwmmw:/@mmwmmmmmm:
/pdqqso p1)elP1 P = 18/ ——dgp(p1)e® ”—18/ @(p1)2m0(p1 — p) = i0pp(p).
TleficTBIe ONEPATOPA MMITYJIBCA
plo) = (@llple) =p - (p).

lamuabronman
2
2 p dp1 i(p1—p)
qH P1—P)q_
l¢) = 2m<P(P)+/ o w(pl)/qu(q)e

Ananormano CTPOUTCA KOOPANHATHOE IIPDEACTABJICHUE

o(x) = (x[|9).

Ilepexon oT UMITYILCHOTO K KOOPANHATHOMY IIPEICTABICHUIO

o) = (alo) = [ dp alhiole) = [ L= otp)e

— mpocto npeobpazosanue Dypre.

X. CoekrpasbHasa TeopeMa

O0600611MM 0JTyYeHHbIE PE3YJIbTAThl HA CUTYAIUIO 00IEro mMoJ/I0KeHUs.

CraBum 3a7a4uy Ha COOCTBEHHBIE 3HAUEHUS B OCHAIIEHHOM T'HJILOEPTOBOM MPOCTPAHCTBE

Ollp) = A|¢).

CobcrBeHHble 3HAYCHUS
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® JIUCKPETHBIE )\, (KOHEYHOE UM CYETHOE MHOYKECTBO), COOCTBEHHbIE COCTOSHUA |¢y,) U3 MUIIb-

0OepToBa MPOCTPAHCTEA;

e menpepoisabie A € CEV C R (CEV - MHOXKECTBO HENPEPBIBHBIX COOCTBEHHBIX 3HAYEHU ),

06001eHHEBIE COOCTBEHHBIE COCTOSTHUS |¢)) W3 OCHAIEHHOTO THIHOEPTOBA MPOCTPAHCTBA.
CroiicTBa 0000IIEHABIX COOCTBEHHBIX COCTOSTHUIA

1. OPTOHOPMUPOBAHHOCTH
<¢n‘¢m> = 5nma <¢n”¢)\> = 07 <¢)\H¢M> = 5()\ - /~L)7 Avu € CEV

ii. pa3oXKeHNEe eIMHUITHI

T= kel + [ alox) (@l
lil. TpeJCcTaBJIeHne OTEPATOPA O
0= Mloa)(oal+ [ aAAlx) @l

OupenenumM npoekTop

Bi= 3 1ol + [ aA|éa) (@l

Sy CEV N{r<u}
T@OpBMG O CNEKMPANbHOM DPA3AOHCEHUU CAMOCONPANCEHHOZ20 ONEPATIIOPA 6 C€7’L(1p(l6€/t’b—

HOM 2UADOEPMOBOM NPOCMPAHCINGE.
[Iycte nam camoconpsizkerHbiit oeparop O B rusibbepToBoM npocrpancTee H. Torma:

1. CymecrByer pasioxkenue equHUIbl Fy, —00 < A < 00, T.e. CEMeHCTBO CaMOCOIps-
JKEHHBIX [IPOEKIMOHHBIX O1eparopos F)\ B npocTpancTse H, 3aBUCAIIUX OT BEIIECTBEH-

HOTO TIapaMeTrpa A u 00/Ia1aioux CAeAYIOIUME CBOMCTBAMA
a. E\E, = E,FE\ = E) upu A < y;

b. Ejio = E) B cubHOl oneparopHoil Tonosorum, T.e. ag joboro |¢) € H Bbimno-

HEHO IIPejIeIbHOe COOTHOIIEHNEe lir}rlo Exield) = Ex|¢) o mopme H;
e—

€. B cuIbHOI oneparopuoit Tomosorun  lim Fy =0, lim F) =1;
A——00 A—+400
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d. ecim A = (A1, A2] - mosyuHTEpBaJ BellecTBEHHON ocu, —00 < A} < Ay < 400
u E(A) = Ey, — Ey,, 10 E(AYH C Do u ana |¢) € E(A)H umeor mecto
HEPABEHCTBRA

A (¢l8) < (810¢) < Ao (dl9),

a raioke onenka [[(O = AD[@)]| < (Ao — M)|[|@)]| upu A € A, ossauaomasi, uro
BEKTOPHI 13 E(A)H npyu MajaoM A — o49TH COBCTBEHHBIE BEKTOPa OIEepaTopa, O

¢ COOCTBEHHBIM 3HAUEHHEM A € A,

e. omeparop O BoccTanaBauBaeTcs 10 cemeiictsy { Fy} dopmyioit
A S A
0:/ AE),
—0oQ
KOTOpast O3HAYALT, YTO BEKTOD |¢) € H npunaiexur Do Toraa u ToabKO TOTIa,

KOTJIa CXOJUTCI WHTErpaJt

+oo R +oo R
/ N2d(g| By ) = / N2d|| )2 < oo,

— 00 — 00

I

mpuveM JieBasi YacTh 9TOr0 HepaseHcTBa pasHa ||O|@)||* u, kpome Toro

+o00
Ol¢) = / A(Exl)),

—0o0

B .
Ijle mHTerpan Hajo moHuMaTh Kak lim  lim [ Ad(E)|¢)) no vHopme B H, a uH-
Q——00 f—+00

TerpaJibl 10 KOHEYHOMY IIPOMEKYTKY €CThb IIPOCTO IIPe/lesbl CBOMX UHTEeIPAJIbHBIX

CyMM 110 HOpMe B H M JTazke paBHOMEpPHBIE 110 BeeM |¢) ¢ |||¢)|| < 1.

2. Paznoxenne eaunniipr, obramaromniee CBOMCTBAMHE a.-€., €IHHCTBEHHO.

XI. IIpsamoyrosbHasa siMa

KoopuaarHoe npejcrapjieHue M03BOJISET CBECTH 33/1a4y O JBUKEHUM YaCTHUILbI 110 MPsi-
Moii (—o0 < ¢ < ©00) B NPOU3BOJBHOM (HOYTH TMPOU3BOJIBHOM) TOTEHIHAIE K PEIeHHIO

OOBIKHOBEHHOT'O JIMHEHHOTO JIuphepeHInajbHOTO YpaBHEHUST BTOPOTO MOPSIKA.

A 1 R
\ Ly = —p° +U(q)

2m
By KOOD/IMHATHOE TIPeJICTaBIeHNe
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Baja4da Ha COOCTBEHHDIEC 3HAUEHUI U COOCTBEHHLIE COCTOAHUA FaMUJILTOHIAHA

_;_ma§¢n(x) + U (2)¢n(x) = Enén(x).

Ecim xiaccuueckoe JBHKEHHE UPHHIMIMAJIBHO (PUHUTHOE, TO COOCTBEHHBIE COCTOAHMS
OOBIYHO TIPUHAJIEKAT MUIBOEPTOBY MPOCTPAHCTBY, €CaH Ke MH(MUHUTHOE, TO B OCHOBHOM,
CJIEyeT OJKMJIaTh, YTO CIMEKTDP COOCTBEHHBIX 3HAYCHUI HENPEPHIBEH, a COOCTBEHHBIE COCTOSI-
aug — 0000mmennbe. Kak pemars DOCTABJICHHYIO 33149y B CHTYAIMK OOMIEro MOJOKEHUS He
u3BecTHO. OIHAKO, €CTh psijl OYEHb HOJE3HBIX TEOPEM, CBI3aHHBIX C Pa3IHYHBIMU OTPAHH-
JeHUSAME Ha BU noTennuana U(z), KOTOpble OMpeesisiioT XapakTep U CTPYKTYPY CIEeKTpa
E,, n noegenue coberBenubx GyHkuuii ¢, (x) (em., nanpumep, ®.A.Bepesun, M. A . Illy6uHn,
Ypasuenue [lIpeauarepa, rmasa 2). Kpome Toro, cymecTByOT KIacchl MOTEHIMATIOB, KOTIA
BO3MOKHO TOYHOe perieHne 3aa4qu (MoHO cripocuth y MI.M.Kpudepepa).

MpI 2Ke paccMOTpUM, HY, O9€Hb HPOCTYIO 331a9y. SO: IPSIMOYTOJIbHAA SMAa:

h2
@ @6 DB 502 + Usb(a) = Bo(a)
UOA,U(Q) (83 — %2)¢(u) = 0,2%2 = MQ(hUzo_E), T =au
h
E ©) 5= 0%6(x) = Bo(a)
’E
—a a : e—=0 (33 + k2)¢(“) =0, k? = QmTaz

VY HaAC ecTb ypaBHEHUST BO BCEX 00JIACTSX MIPOCTPAHCTBA, KOTOPbIE MPOCTO pemarorces. Hyxuo
yMeTb CITUBATD PEIleHns Ha rpanunax pasjiena v = 1. [lougarHo, 9T0 peayjbHblil TOTEHIU-
aJl JIOJIZKEH OBITH JTOCTATOYHO TJIQJIKAM (CM. pI/IC.). MogenbHbIl TOTEHIIMAJ TTOJIyYIaeTcs u3
PeATTbHOrO MpeJiebHBIM TepexogioM &€ — 0. B ciaydae mragkoro morennuaia byHKIys ¢(x)
JOJKHA OBITH IBaxKIbl auddepeHnupyemoii (4106l permaeMoe ypaBHEHHEe UMEJIO CMBICT).
flcHO, 4TO 1IPU LIPEJIE/IBHOM LIEPEXO/Ie JOJI2KHA COXPAHUTHCS, KAK MUHUMYM, HEIIPEPbIBHOCTD
BOJTHOBOH (byHKIMH ¢(z). UTo Ke Kacaercs: IPOU3BOIHOI, ee MOBEeHIe MOKHO BOCCTAHO-

BUTH U3 CAMOTO YPABHEHUS, TPOUHTETPUPOBAB er0 BOJM3U 0CO00H TOUKH T(:
h2 zo+e/2 zo+e/2

2 ddow) = [ de(E - U@)ola)
2m xo—e/2 To—€/2
Tak kak B paccmarpuBaeMom ciaydae U(x) - orpanudena, a ¢(x) - HEIPEPBIBHA, B MpeIese

¢ — 0 mosy4aeTcsa HeIpepbIBHOI U NPOU3BOAHAA BOJIHOBONH (DYHKINH
OpP(x9 + 0) — Opp(x9 — 0) = 0.

Tenepb 3aJda49y MOXKHO pe€lllaTb, HO: JIy4IIe€ €lie HEMHOI'O IIOAYMAaTb.
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Oupeeum oteparop P:
Po(z) = 6(~a).

IlometicTByeM 3THM OmEpPaTOPOM Ha PeIlaeMylo 33Jady W BOCIIOJIbL3YeMCS TeM, U9TO B

~ A~

Hamem ciydae [P, H| = 0:
PH¢y(z) = PE,dn(z), H(Pon(x)) = En(Pon(z)).
Torma Bcerma MOKHO BBIOPATH Takue ¢ () (3TO yTBEPKICHNE HYKHO JOKA3aTh), 9TO

Pqﬁn(x) = Cpon ().

OTciona crenyer menovdka paBeHCTB

¢n(.%') = pp(bn(x) = Pcn¢n(x> = Ci(ﬁn(l’), cn = £1.

So: cobcTBennble DYHKINNA MaMUIBTOHHAHA, KOTOPHI WHBAPUAHTEH 10 OTHOIIEHUO K

3aMeHe & — —I, MOXKHO BBIOPATH JIMOO IETHBIMHU, JTUOO HEIETHBIMHU.

OrpannunMcest HAXOZKJICHUEM CIHEeKTpa dHepruu cBsazanubix cocrosuuit (0 < E < Up).
YerHbIE COCTOAHUA.

Pemenne ypaBuenus #a coOCTBEHHBIE COCTOSHUS B 00JaCTH —a < & < @
o¢(u) = Cy cos ku,

71 00JIaCTH & > @

gb(u) = C’2e_”“ + Cge’/““,

npudeM caenyer cantarh Cs = 0, unade ¢(x) ¢ Lo(—o00 < x < oo, dx).
YcnoBud CIIUBKI

Cicosk = Cee™, Ciksink = Cose™ .

Hanuuue neTpuBHaIbHOIO PEIEHNs HAXOAUTCH U3 YCJAOBUS PABEHCTBA HYJIIO OMPEICTUTE I
9TOW CUCTEMBl ypaBHEHUN
>
tgh = —.
k
Y1o0Bl MTPOAHATN3UPOBATH PEIIeHUus] ITOTO YPaBHEHUSs, er0 YA00HO MPeJICTABUTH B JIPYTOM

BHUJIE

h
k = +pk, tgk > 0, = —.
o8 bk, te P av/2mU,
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0.5

-0.54

Puc. 5: kopuu k;, 1711 9eTHBIX CBsI3aHHBIX cocrostHuit ipu 5 = 1/16.

0.5

-0.5 1

Puc. 6: xopau k,, j1s1 HeueTHbIX CBsI3aHHBIX cocTostauil npu 5 = 1/16.

h2k2

Kopuu storo ypasuenus k, onpeaessiorT CHeKTP CBA3AHHBIX COCTOAHME F, = Tl
ma

Heuernbie cocroganund.

HpOHyCKaH BBIKJIaJKH, ITHUIITEeM OTBET
sink = £06k, tgk < 0.

Ecrb eme ogun npocToit MOJE/IbHBIN TOTEeHIna, KOTOPbI UCHO/Ib3yeTcs Jijis [TOHUMA-
HUsI Ba)KHBIX KBAHTOBO-MEXaHNYECKHIX MPOTECCOB (pacIielienne ypoBHeil, TyHHeIHPOBaHHe,

pacraji KBa3uCTAIMOHAPHOTO COCTOSHMST). DTO MOTEHITHAJ BUIA

U(q) = ad(q),

rae 6(q) — neapra-byukuus lupaka.
B KOOpAMHATHOM TIpeJCTABICHUH I TaKOrO MOTEHIHAIA BO BCEM MPOCTPAHCTBE, KPOME

Touku r = (), cipaBe/INBO YpaBHEHUE

I o) = Eola). =40,
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B Touke x = 0 BosiHOBag pYyHKIMS HEIIPEPLIBHA

¢(+0) = ¢(=0) = ¢(0),

a IIPpOU3BOAHAA UCIHBITHIBaET CKA10K

[ ardtot) = —a [ st 0.6+0) - 2u0(-0) = 25600,

XII. Coxpangronmecs: Haba0IaeMbie

B knaccmieckoit Teopun KpaitHe BayKHYIO pOJIb HT'PAIOT WHTETPAJIbl JIBUKEHUSA, TO €CTh
HaOJII0/IaeMble, COXPAHSIOIINEe CBOE 3HAUYEHHEe B IPOIECCe IBOMIONUU CUCTeMbl. KBaHTOBas

Teopus TpeldyeT JPyroro onpe/ieseHus.

[Iycts B MOMenT Bpemenu ty npousseieno uzmepenne nabsiogaemoit O u pesyib-
TATOM U3MEPEHHS 0Ka3a/10Ch COOCTBEHHOE 3HAaYeHUE \,. [ic/in B MOMEHT BpeMeHu
t > ty m3MepeHne TOH ke HADIIOMAeMOl ¢ TOCTOBEPHOCTHIO JAET TO JKe 3HAUYeHe

Hab/II01aeMOit \,, TO TaKkas HaOJI01aeMasi Ha3bIBAETCS COXPAHSIIONIEHC.

Pacmudposas 310 onpejesenue, moayduM KPUTEpHl TOTO, 4TO HAOJII0JaeMasd — COXPaHSIO-
mascd. rax:
nYCMv 8 MOMERM, 8pemeny tg npouseedeno usmeperue Habarodaemoti O u pe3ysbmamom UdMePEeHUA

0KA3AAOCH CODCMBEHHOE 3HAUEHUE )\n

O|¢n(t0)> = )‘n|¢n(t0)>7

ecau 6 momenm epemenu t > ty (cucreMa TpPOIBOIONHOHUPOBAJIA COMTacHO ypasHeHuto [Ipeann-

repa, pacCMOTPUM 3BOJIOIKIO 33 Majioe Bpems t — tg = At — 0)

|6n(t)) = |n(to)) — iALH |¢n(t0)),

uameperue moti srce nabarwdaemoli ¢ docmosepocmoio daem mo sice 3HaueHUue HAOA00aeMOT Ay

O‘d)n(t» = )\n|¢n(t>>7

mo. .. OTCIOJIa CJEYET, YTO

OH|¢n(t0)) = M H|bn(t0)) = HAn|dn(to)) = HO|¢n(t0)).

Tak kax |¢p(to)) - r060e cobeTBEHHOE COCTOsIHUE HADJIIOIaeMOi O, To Ha OIEPATOPHOM YPOBHE
OH - HO =[0,H] =0.

So:
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HabJiolaeMast COXpaHseTcs, €CJIi OHA KOMMYTHUPYET ¢ TaMHJILTOHUAHOM (DU3H-

YeCcKON cucTeMbl.

XIII. Ilonaubrii HAabOp HAGJIO/TaEMbBIX

Bonpoc: Kakyl MaKCHMaJbHO BO3MOXKHYI HHGODPMAIHNIO (IOCTOBEPHYIO) MOXKHO IOJIY-

YUTH B pe3yJibTaTe u3MepeHus’

~

Ecan nabmaomaemoie O, . . ., Oy OTHOBPEMEHHO U3MEPUMBI U €CJIN BCSIKash HADJII0-
Jaemast, namepumast ogaoBpemerto ¢ O, ..., O, - HeKoTOpast HYHKIUS OT ITUX

BeJIMYINH, TO Habmomaembie Oy, ..., Oy 00pa3yoT noyHbH Habop. HarypaabHoe

YHUCJI0 S - YUCJIO cTeneHeil ¢cBoOOIbI.

JI100yto HabJII0JaeMyI0 MOKHO U3MEPHUTh ¢ J000i Harepes 3aJaHHON TOYHOCTHIO WM, TO-
JIPYTOMY, ee HeOIlIpeJIeIeHHOCTh B Pe3y/IbTaTe H3MEPEHUsI MOXKHO CAeJIaTh CKOJIb YIOIHO Ma-
qoii. Teneppb mycTh H3MepSIOTCS OJHOBPEMEHHO JIBe HaOJII0JaeMble.

Haiinem cooTHomreHne Me:Kay HEONPEIeTeHHOCTIMH IBYX HAOJIIOIaeMBIX IPH H3MEPEeHHH
IIPOU3BOJIBLHOTO COCTOsiHUA |¢). Ecjiu noBropurh BbIBOI, KOTOPBI ObLI IIPOBEJIEH [P UCC/Ie-

JIOBAaHUU COOTHOIIEHUI HeonpeaeaennocTu [aiizenbepra, To OKaxKeTcs, 4To
1 A oA
Ap01 - A0z = 5[{4]01, O:l|9)].

Otciofa cleayer, 9TO ecJn JABe HAOJII0JaeMble He KOMMYTHPYIOT JAPYT € JAPYTOM, OJTHOBpPE-
MEHHO€ UX M3MEPEHHE B CUTYalUH OOIIEro 110JI02KEeHUsI, BOOOIIE rOBOPs, HE BO3MOXKHO.
Heobxoaumo, 4aTobbl Hab/IIOgaeMble U3 MOJHOTO HabOOpa KOMMYTHPOBAJIH, JOCTATOYHO JIH
sroro? [maBHOE, UTO TMPOMCXOANUT NPH HU3MEPEHHH ITO TO, 4TO (PHU3HYECKas CHCTEMa IIe-
pexonuT (WA TMOYTH MEePEeXOJuT) B cOOCTBEHHOE cocTosHue Habmomaemoii. [losromy ecin
y HabJII0JaeMbIX eCTh o0was (eIuHas) cucTeMa COOCTBEHHBIX COCTOSIHHUIL, TO BBIBECTH O]I-
HOBPEMEHHO COOTBETCTBYIOIINE MOKA3AaHHUs Ha IMKaJy IPUOOpa — JAea0 TeXHUKH. /lokarkem
JIOCTATOYHOCTD, JIOKA3aB YTBEPXKJICHHE: JIJI JIBYX KOMMYTHPYIONIAX HAOJIIOIAEeMbIX Cluie-
cmeyem o0IIas cucTreMa COOCTBEHHBIX COCTOSHMUIA.

Yupaxuenue mo juHeinoit anrebpe. Ilycts |¢p o) — cobcTBeHHBIE COCTOSIHUS HAOIIOZAEMO O, ¢
COOCTBEHHHBIM 3HAYEHHEM A,. 37ech o = 1,..., N, ¥ pa3Hble IO « COCTOIHUsI OTBEYAIOT OJHOMY U

TOMY K€ COOCTBEHHOMY 3HAUEHUIO A, (COCTOSIHUS BBIPOXKJEHBI CO CTENEHbIO BhIPOXK1eHus N ).

Ol|¢n,a> :)\n|¢n,a>7 O[:l,...,N. (7)
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Houeficrsyem nadmosaemoii Oy, Koropast koumyTupyer ¢ O1, Ha 510 ypaBHeHUe
0201|¢n,a> = OAQ)\n‘(ﬁn,a%
O1 (O2|¢n,a>) = (O2|¢n,a>)
Cpasnus ¢ (7), 3akmo4aem, 9To
OQ“bn,a) = Caﬁ“bmﬁ% (8)
3/1€Ch 110 HOBTOPSIIOMIUMCS HHIEKCAM [IPOIPA3yMEBACTC CyMMUPOBAHUE, Cq3 - SPMUTOBA MATPHIIA

(neficTBUTENBHO, Cog = (Dn 5]O2|dn.a) 1 CaB = CB,a). OlpesiesuM HOBOE COCTOSHIE

|90n,a> = Uaﬁ|¢n,ﬁ>a
rae Uyp — IOKA TPOM3BOIbHAS HEBBIPOZK IEHHA MATPHIIA, TOTAA ypaBHeHre (8) MOXKHO IPe/ICTABUTD
B BUJIE
OA?’SOTL,O) = (UCU_I)aB’@n,B>'
Tak Kak MATpHIA C - SPMHUTOBA, TO BCErAA CyIIECTBYET TaKad YHHTAPHAd Marpuma U, 94To MaT-
puna UcU ™! - auaronanbHas ¢ 1efiCTBATEILHBIME COOCTBEHHBIMY 3HAYCHUSIMH flo, @ = 1,..., N.
BosbpMmeM Takyro MaTpHILy, TOrTa
OAQ|g0n,a> = lla|Pn.a), CYMMHDOBAHHUSA IO (v HET,

TO €CTb |Pp,q) — COOCTBEHHBIE COCTOSHUS OIIEPATOPA Os. Ho 5TH e COCTOTHUS — IpyTHe, HO COD-
CTBEHHBIE, COCTOIHUS 1 HAOIIOTAEMOI O1. Oun HE geM He Xy7Ke COCTOSHHN |y, ): U3-32 YHUTAPHO-
ctm MaTpuibl U OHE TakKe OPTOHOPMHUPOBAHBI U JIJIA HUX €CTh PA3JIOXKEHNe eIUMHUIIBI. Y TBEPK Ie-

HUE JOKA3AHO: I JBYX KOMMYTHUPYIOIHX HAOIIOTAEMBIX cyujecmseyem obiasa cucrema cobcTBeH-

HBIX COCTOAHWIA.

Habmomnaembie Oq, . . ., O 06pa3yIioT MOJIHBIH HAOOP TOTIA U TOJBKO TOT/Ia, KOTIa
oneparopbl O1, ..., HepeCTaHOBOIHBI MKy CODOI.
3aMedaHue.

Jlna nanHOl pU3NYecKoil CUCTEMBI MOT'YT CYIIIECTBOBATL PasdHbie TOJIHBIE HADOPHI HADJIIOIAEMBIX.

XIV. W3mepeHme MOMEHTA UMMIYJIbCA

PaccmorpuM  Kiraccmveckyro 9acTuiy B TpexmepHoM mnpoctpanctee (d = 3). Ilycrs
Qx> Qy; G- - €€ JI€KaPTOBbI KOOPJAMHATLL, & Py.Dy,P; - COOTBETCTBYIOIIUE UM ODODIIEHHLIEC M-

IIyJIbCBI. TOI‘II‘a KJIaCCHYeCKad Ha6mog:aeMaH - MOMEHT HMIIYJIbCa YaCTHIIbI OIIpede/IdeTCd



43
CJaeYIoONuUM 00pa30M: 3TO MCEBJIOBEKTOP ¢ KOMIOHEHTAMHI

Mg?l = GyPz — 4:Dy; M?jl = q:Pz — 4zP>, Mzd = QzPy — dyDu;

uiu B Jipyroit hopme
cl . .
Mi = €ijkqjPk, Z7.]7k:x7y727
rje 10 HOBTOPAIOIIUMCH MHJIEKCaM IoJIpasyMeBaeTcsd CyMMHPOBAaHUE, & €, - HOTHOCTBIO

AHTUCUMMETPUYHBIH TeH30D TPEThero panra, IpHIeM €z, , = 1.

[IpoBeem KBaHTOBaHUE

M:c = ijﬁz - Cjzﬁg,n My = quﬁ:c - qAxﬁza Mz = Qxﬁy - quﬁxa

rjie §;, Pi, 1 = X,Y, 2 - CAMOCOIPSI?KEHHbIE ONEPATOPbLI KOOPAMHAT U UMITYIbCOB, /1 KOTOPBIX

CHpaBe,ZLJ’II/IBbI KaHOHNYEeCKHUue KOMMyTaL[I/IOHHbIe COOTHOIIIEHU A
[4i, p;) = 1051, [Gi, ;] = [pi, D] =0, 4,5 =y, 2.

Bompoc Ne 1. MoxkHO i B KBAaHTOBOII TEOPUH M3MEPHUTH MOMEHT MMILY/IbCA TACTHILI! 10
eCTh OJHOBPEMEHHO W3MEPHUTh TP KOMHOOHEHTH M, M, M,. OTBeT maeT BhIYNCIEHTE KOM-

MYTallHOHHBIX COOTHOIIIEHN N

~

[Maca My] - [quﬁz - Cjzﬁyv quﬁm - qAacﬁz} = (jyﬁx[ﬁza Cjz] +ﬁijm[QZ7]§z] = (jxﬁyl - quﬁxl - 1Mz

So: B CHTyalluyd OOIINEro IOJIOKEHUs MOYKHO HU3MEPHTDL JIUIIb OJHY KOMIOHEHTY MOMEHTa
uMiysibca (Gymem uamepsats M, ). OJHAKO, MOXKHO MPOBEPUTH HJIH COOOPA3HTD, YTO HAPSIILY

C OIHO KOMIIOHEHTO! MOYKHO H3MEPHTD I KBaIPAT MOMeHTa uMItyabca M? = M2+ M7+ M?

[M27 Mz] = Mx[Mmy Mz] + [Mmy MZ]MJ? + My[Myy Mz] + [Myy Mz]My -
M, (=iM,) + (=iM,) M, + M,(iM,) + (iM,)M, =0, Q.E.D.

Cre10BaTeILHO, CYIMECTBYeT 00IIad CHcTeMa COOCTBEHHBIX COCTOHMI onepaTopos M, u M?,

KOTOPYIO HapAdy C CcOOCTBEHHBIMHU 3HAYCHUIMH 17 U M, COOTBETCTBEHHO, HYZ2KHO OIIPEJAC/INTDL:

Mz|m7 :u> = m|m7 M>7

MP|m, ) = plm, p).
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Jloia pemenns 3T0il 33191 BMECTO CaMOCOIIPAZKEHHBIX onepaTropos M, M, onpenenanm orre-
paTophl
M, =M, +iM,, M_ = M, —ib,.

B HOBBIX TepMuHaX
[MZ7 M:I:] - :tM:tu [M-H M—] - QMza
NP2 = NI NT 4 NE2 — NL = NI VT, + N2+ 0L, (N2, NEa] = (22, 8] = 0.

Tenepsb 3adukcupyeM cOOCTBEHHOE 3HAYEHUE KBa/JIpaTa MOMEHTA (i M JOKayKeM Dl yTBEp-

JKIIEHU T

1. Ksagpar cobCTBEHHOTO 3HAUEHHWS TPOEKIUKA MOMEHTA MMITY/JIbCA HA OCh 2 HE MPEBOCXOIUT

COBCTBEHHOTO 3HAYCHHS KBaJIpaTa MOMeHTa m? < [

= (m, p|MP|m, ) = (m, | Mz|m, p) + (m, p| M m, p) +m? > m?,

2. Ilycres |m, pu) cobersennoe cocrosinue omeparopa M, ¢ coberBentbiM 3uadenueM m. Torga
M |m, u) Toxke cOBCTBEHHOE COCTOSIHHE TOrO Omeparopa (MoxKeT GBITH He HOPMEPOBAHHOE

HAa, €JIMHUITY ) ¢ COOCTBEHHBIM 3HaUYeHHeM m + 1.
MZ’m7 M> = m‘ma /*L>7 M-%lemu /'L> = M2M+’m7 /’L> - M—‘r’m? /’L> = mM—‘r’mv M>7

nin Mz M+‘m7,u> = (m + 1)M+|m7u>> Q.E.D.

3. Tyctb |m, u) cobereernoe cocrosinme oneparopa M, ¢ cobecrBeHHbIM 3HadeHueM m. Torua
M_|m, ) Toxke coBCTBEHHOE COCTOSIHUE STOTO oreparopa (MoxKeT BbITh He HOPMHUPOBAHHOE

HA €JIUHUITY ) ¢ COOCTBEHHBIM 3HavYeHHeM m — 1.

Benovmunasi KBaHTOBaHUE TAPMOHUYECKOTO OCIUJLIATOPA, 3aKAI09aeM, 9TO CYIIECTBYIOT JIBA

COCTOSTHUS [Mpnin, (1) X |Mpax, 1), TAKHAE 9TO
M _|muin, 1) = 0, M [muyax, 1) = 0.
OTcrona HeMeIJIeHHO CAeLyeT, 9TO

0= M+M*’mrnin7 :u> = <M2 - Mz2 + Mz)lmmim/vo = [/JJ - mmin<mmin - 1)”mminnu>a

0= M—M+|mmax>ﬂ> = (MZ - Mzz - Mz)|mmax, ) = [t = Mumax (Mmax + 1)][Mmax, 1),
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njian
mmin<mmin - 1) = j(] + 1)7
p=j+1),
rae j = Mmax- Pemenne I[IepBOI'0 YpaBHEHUA MMy = —j. CO6CTB€HHbIe COCTOAdHUA MOZKHO

MOJIyYUTh [OCIEI0BATEbHBIM JeficTBIeM onepatopa M_ Ha COCTOSTHHE |Mypax, (), TOITOMY
cOOCTBEHHBIE 3HAUEHUsT M, TTpoberafoT 3uadenns j,7 — 1,...,—j + 1, —j. D10 o3Hagaer, 410
2j = n, T/1e N - HEOTPHUIIATEJIbHOE TeJI0e UYUCJI0 €IMHUIHBIX IIaroB oT j 10 —J.

SOZ CO6CTB€HHbIe 3Ha4YeHUAd KBaIpaTa MOMEHTa HUMIIYJIbCa
p=j+1), j=01/2,1,3/2,2...,

coOCTBeHHBIE 3HAUYCHUS IIPpOeKIHU MOMEHTa Ha BBIACJIECHHYIO OCb IIpHU (bI/IKCI/IpOBaHHOM 3Ha-

YeHuHn KBaJdpaTa MOMEHTa

m:_jv_j+1v7]_17j7

(cocTosIHUA ¢ OJMHAKOBBIM 3HAYEHHEM KBaJpaTa MOMEHTa 2j + 1-KpPaTHO BBIPOZK/IEHBI).

Hemuoro nsmennm 0603Ha9eHn4A
m, ) = |m,j).

Haiijtem cobcTBeHHBIE COCTOSHUS, OTBEYAIONINE U3MEPEHUIO MPOEKIUU W KBaJpaTa MoO-
MEHTa AMITYJIbCA.

3ammiieM CBA3b MEXK Ty COOCTBEHHBIME COCTOSTHUAMEY, CIUTAS WX HOPMUPOBAHHBIMU Ha €THHUITY
M_\m,j> =cmjlm—1,7).

Omnpenennm K03bdUIMIEHT TPONOPIHOHAILHOCTH Cpp j

Cm,jCmj = (M, §IMy M_|m, j) = (m, §|M® = M2+ M.|m, j) = j(j+1)—m>+m = (j+m)(i+1—m).

Orcrona mogyaaem

M_|m,j) = /(G +m)(j+1—m)m—1,5).



PaCCMOTpI/IM HOC.He,Z[OBaTeJIBHOCTB
M_|j,5) = /2§ - 1|5 — 1,5),
M2|j,5) = AM_|j—1,5) = /25 - (25 — 1) -1-2]j — 2, 7),

M3j,5) = ¢2y (2j—1)-(25—2)-1-2-3|j —3,5),

(24)!m!

M™j5,5) =225 —1)... (2] —m+1)-1-2...m[j —m,j) = 25 —m) |5 —m, ).

CitetoBaTe/ibHO,
[ GEm

rJie HOpMHPOBAHHOE COCTOSIHUE |J, j) OIpeessieTcs u3 ycJIoBus
Kooppunarnoe npejcrapienue.

0 = o), [ dedyds e oy 2) <
(0] = olz,y2)
<¢1’¢2> :/ dxdydzqgl(x,y,z)%(x,y,z)
R3
@wlo) = xo(z,y.2), Glo) = yo(@,y,2), ¢:[¢) = z2¢(z,y.2)
ﬁ$|¢> = —i8$¢(x,y,z), ﬁy|¢> = _iay¢(x7y7 Z), ﬁz|¢> = —iazgzﬁ(m,y,z)

OnepaTop MOMEHTa HMITYJIHCA
Mlg) = —i[Fx DR, 7= (,y,2),d = (9., 0,,0.).

[Tepeiigem Kk cpeputeckuM KOOpPAHHATAM

x =rsinfcosp, y =rsinfsinp, z =rcosf

O<r<oo,0<0<m 0<p<2nm

r=1re,
- . 0 L 0 0 1
0=é, ﬁjL 98l9+e¢81 = €,.0r + €p— 8g—|—e¢rsmga
1
1M—e¢89—egl 08

—

T p = —€.sinf + cos O(e, cos p + €y sin ), €, = —e, sinp + €, cos ¢

46
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Temnepsb MpOCTO MOJIYYIUTH, ITO
M, = isin 8y + ictg cos @0, iMy = cos p0y + ictghisin pd,, M, = —i0,.

So: B KOOPDJAUHATHOM IIPEACTaBJICHUN

M, = e (dy +ictghd,), M_ = e (—0p + ictghd,), M. = —id

3

KBa/JApaT MOMEHTa UMITYJIbCa

e 1
N2 = NI, N+ M2 — M, = — |02 + ctgh 9 + —82]

sin?6 ?1
Banaya Ha COOCTBEHHBIC 3HAYCHUA U COCTOAHULA
_iangm,l<97 90> = mYm,l(97 ()0)7 (9)
1
— |95 + ctgh 9y + mé’i] Yina(0, ) = U1+ 1)Y (0, ). (10)

Tak xak HaOII0IaEMBIX MZ, M? HemoCTATOYHO JIs dbopMUpPOBaHUS IIOJHOTO HAbOpa H3Me-
PSIEMBIX, COCTOSHHE CHCTEMbI [IPH M3MEDPEHUU ITUX HADJIOJAEMbIX COJEPKHAT IIPOU3BOJI (He
ONpeessieTcsl 3aBUCHMOCTh BOJIHOBON (DYHKIME OT KOOpAMHATHL 7). [103TOMY COCTOSTHHIO
|m, j) = |m,l) craButca B coorBeTcTBHE (DYHKINS TOIBKO OT YIJIOB Yy, (6, @) ¢ ecrecTBen-

HBIM YCJIOBHEM HOPMHDPOBKH

2m s
/ dgp/ df sin0Y,,1(0, )Y (0,0) = 1.
0 0
)

Pemmv mpocroe ypashenue (9
eimap

NoTS

JIst TOro, 9To6sl BotHOBasA GyHKIuS ¢(7) = f(r)Y,,.(0 obL1a dynknueil Ha R3, Heobxo-
il ; y NG y ;

Yini(0,¢) = Omu(0)

MO 9T00BI Yy, 1(0,0) = Y,,,,(6, 27). Orciona maxoaum
m=0,4+1,42, ...

H, CJIeJ0BaTEJIbHO, MAaKCUMaJIbHO BO3MOXKHasA IIPOEKI A MOMEHTa UMIIYJIbCa Ha BbIAEJICHHYIO

OCb MOZKET IIPpUHHUMATDL JUIIL HEeOTpUuIlaTe/IbHbIE IIeJIble 3HaYCHUA

1=0,1,2,...]
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Asirebpandeckoe KBAHTOBAHHE MOMEHTA He alle/I/IUPYeT K KOHKPETHOMY BBIPAzKEHHIO Olepa-
TOpa MOMEHTa Yepes3 OlepaTopbl UMIIYJIbCa U KoopauHaThl. OHO OCHOBAHO TOJBKO HA KOM-
MYTAIMOHHBIX COOTHOIIEHHSX MEXK/y KOMIOHEHTAMH MOMEHTa MMIIyJbca. 1103ToMy Takas
cxeMa MOzKeT Bbiiarh (1 Boigaer!) mumane’ (mostynesbe) 3HadeHnsi MAaKCUMAJIbHO BO3ZMOZK-
HOIl TPOEKIH MOMeHTa. Takue y»K OHU JIHITHIE — 00CYANM 9yTh 1032Ke (crnuh). OTMedeHHoe
CBOHCTBO OObsCHSET BBeJileHne OYKBBI [ 71t OPOUTATILHOIO MOMEHTa BMECTO OYKBHI .

s maxoxkmenus meomnpesessgemoit u3 ypasuenus (9) dbynkunun O,,;(0) Bocmonb3yemcs
ypasrenuem (10)

2

892 + ctgh Oy — Oma(0) = =1l +1)0,,1(0).

sin? 6
Pemars 910 ypaBHeHHe MBI KOHEYHO 2Ke He OyaeM: OHO yzke pemieHo. Ocraercst BBIIHCATH

I[IOJIy4Y€HHBbIE pEIleHHd B KOOPDAMHATHOM IIpeJCTaB/JICHUH.

Permnwv ypasuenune na crapmmii sBekrop |1, 1)

ML)y =0 = (9 +ictghd,)Yi, =0,

(39 - lCtg@)@u = 0, ®l,l = Cl sinl 0.
Hopmuposka

1= Olcl/ dé sinfsin? 6 = C,C,J,,
0

1 1 1
Jy = / dz (1 — 2?)! = —/ (A1 — zH)Hz = 21/ de2?(1 — 2%)! = 210,y — 21Ty,

-1 -1 -1

21
Jp = 2[7—1—1(]171’ Jo =2,
(1222 @i+
T T oz

Crapiiuil BEKTOp B KOOPAUHATHOM IIPEACTABICHAN

2l+1) 1

1 ilp
sin’ fe'¥.
w120+

Y =

CobOcTBeHHBIE COCTOSHUS IpOoeKIUHN 1 KBaJdpaTa MOMEHTa B KOOPAWMHATHOM IIpeJCcTaBJICHHN

I+ +m) 1
7(l—m)l 112041

le(e’ SO) -

)

[e7%(—0p + ictgh,,)] T gin gelle.

B maremarnueckoii dpusnke rakue GyHKIHH (€ TOYHOCTHIO 10 HA30BOr0 MHOKHUTES) HASbI-

BaIOTCs ChepUIecKIMH.
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— 0.2
- 0.3+

—0.08 —0.08

0.08 0.08

/3 : /5
Puc. 9: Vi1 = 4/ — sin feT'¥ Puc. 10: Yoz = {/ ~——(3cos* 0 — 1)
' 8w ' 167

Ha pucynkax mpejcraBiieHa mI0THOCTb BEPOSTHOCTH Ym’lYm,l(e, ) OBHAPYKUTH YACTHILY
B aj1eMenTe TestecHoro yria do = dyp df sin 6.

CocTognus ¢ pa3HbIMU 3HAYCHUSIME MAaKCHMAJbLHO BO3MOXKHOII MPOEKIHeldl MOMEHTa Ha
BBIJIEJIEHHYIO OCh MHOT/IA 0003HAYA0T OYKBaMU (MCTOKH — ATOMHAsl CIIEKTPOCKONHst). Tak

cocrosinue ¢ | = 0 obo3nadaror OykBoii s (s-cocrosinue, or sharp - pes3kast cepusi B aTOMHbBIX
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15 : 15 :
Puc. 11: Yi12 = F4/ —sinf cos g Puc. 12: Yioo =1/ =—— sin? ge1?
' 8w ’ 327

crektpax), [ = 1 — p-cocrosiume (principal - rmaBnas), [ = 2 — d-cocrosgnue (diffuse - nud-

dysnas), | = 3 — f-cocrosame (fundamental - dbyHnnamenTanbHas), Janee MO JATHHCKOMY

andasuty (gh,i,...).

KpanroBanme MoMeHTa KaK KBAaHTOBAHNE ABYX OCIHUJLJIIATOPOB.

OmnpejiesiuM JiBe TIapbl OMEPATOPOB POKJIECHUS W YHUUTOKEHUSI

A A

[a,a7) =[b,b"] =1, [a,b]=a",b]=]a,bT]=[at,bt]=0.

IToctpoum poroBCKOE TPOCTPAHCTBO € HA3WCOM

1
‘naanb> = \/W
0a) =0, b05) =0, (04]04) = (04]05) = 1,

(&-l—)na (6+)nb’0(l> ® |0b>7 Ng, Ny = 07 17 27 sy

joN

atalng, np) = nalna, np), 5+5|na,nb> = Np|Ng, Mp)-

Ecnm ompenesnTs omepaTophl

. 1 . . . 1 . .
M, = S(@*b+b*a), M, = (a*h—ba), M. =
1

TO OHHU 6yﬂ;yT YAOBJIETBOPATHD KOMMYTAalIUMOHHBIM COOTHOIICHUAM JIJIs1 KOMIIOHEHT MO-

MEHTa UMIIYJIbCA. A eCliv BBECTH eI11e OJUH CaMOCOIPSIKEHHBIN 0TIepaTop

~ 1 Al
J = §(A+(Al+b+b),
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TO 4epe3 Hero MOXKHO OIpeJe/UTh U OllepaTop KBapaTa MOMEHTa UMILY/IbCa
M? = J%+J.
Pemenne 3amagn 06 m3MepeHnsa IpoeKInN U KBAIPaTa MOMEHTa BO BBEIEHHOM (POKOB-
CKOM HpOCTpaHCTBe
) ) ) 1
m,j) =|na=j+mmnpy=37—m), j= §(na+nb) =0,1/2,1,....

JelicTBUTENBHO,

A ) 1., -, ) ) ) )
J’m7]>:§(a+a+b+b)|na:]+m7nb:j_m>:j‘m7j>
M?|m,j) =j(G+1)|m,j), j=01/21,...

~ . 1 . ~ A ) ) )
NLfm. ) = S(@a— 5B ng =+ momy = § —m) = mjm,
1 . .
m = i(na - nb) =MNgqg — ), (na)min =0, (na)max =29

m=—j,—j+1,....,7—1,7

XV. KsanToBas Teopusd YacTUIbI B IIEHTPAJIbHOM HOTEHOMAIIE

Hawubosiee nnrepecun mojiabie HAOOPbl HAOJIIOIAEMbIX, KOTOPbIE CO/IEPZKAT FNAMIJILTOHUAH.
OueBuIHO, ITO TaKWe TO/IHBIE HAOOPHI COCTOSIT W3 COXPAHSIONNXCs HaOfomaemMbix. [1osro-
MYy, eCJI MBI XOTHM JOMOJTHUTH HAO/II01aeMble TPOEKIINA W KBAIPATa MOMEHTA JI0 TTOJTHOTO
HAOOPA, COMEPIKAIIET0 TAMUJILTOHUAH, HYKHO 00PATUTh BHUMAaHUE HA (DU3UIECKUAE CUCTEMBI,
KOTOpbIe HHBAPHAHTHBI OTHOCUTEIHHO BPAIIEHUl B TpeXMepHOM mpocTpancTse. Ha kiracen-

YeCKOM YPOBHE 3TO, PeXKJie BCero, 4acTuIa, ABUKYIIASICS B IIeHTPAJIbHOM TOJe

~

. 1 R 1 -
H(q,p) = %ﬁg +U(|q]) xBamroBanme H = %ﬁz +U(|q)),

[Qiaﬁj] = i5z‘ji7 [unqu] = [ﬁuﬁj] =0, 4,7=u1,y,z
[Tokazkem, aTo []\2, I:I] = 0. Ho cuenaeMm 310 He COBCEM HMPSMBIM CIIOCODOM:
M? = MiM; = €ijk€imndiPrdmbn = GmPnlmbn — Gnbmlmbn = D" + 1mbm + (1mbm) (1dndn),
KOODJMHATHOE npescTaBienne (chepudeckue KOOPJANHATHI) @& = 12, iGmPm = 10,
P’ = T%MZ - %637’ (11)
TaK KaK B KOOPpAMHATHOM HPEACTaBJICHUN OIl€epaTOp MOMEHTa UMITYJIbCa 3aBUCUT JIUIIL OT

VIJIOB B c(hepUUECKHUX KOOPJAUHATAX U HE 3aBUCHUT OT 7', TO

~

0%, M;] = [U(r),M;] =0, to0ects [H,M)=0, Q.E.D.



52

So: mombiit Habop Habaogaembrx M,, M?, H, 3a1aua Ha COOCTBEHHBIC 3HAUCHUS I COOCTBEH-

HbI€ COCTOAHUA

lem,l,n) =m|m,l,n),
MP|m, 1) = (1 +1)|m, 1, n),
Him,l,n) = E,|m,1,n).

Koopaunarnoe npescrasienne (cdepuaeckue koopaumaarsl) |[m,l,n) = R, (r)Ym.(0,¢).

Ucnonbaysa (11), momyanm

MzYm,l(07 @) = mYm,l(Ou 90)7 MQYm,l(ea (:0) = l(l + 1)Ym,l(0a 90)7

~ oz D )] Rt = BB,

2mr " 2mr?

Ecau BBecT HOBY10 DYHKIHUIO X, (1) = 1Ry (7), TO mOCIEHEE YPABHEHNE TPUHAMACT CJIe-
AVIONIAN BA

1
2m

I(1+1)

o2mr2 "’

0% + Ut (1) s (1) = Buxuar), - Uesr) = U(r) +

C yCHOBI/IeM HOpMI/IpOBKI/I
/ dr Xp,i (1) Xna(r) = 1.
0

D10 ypaBHEHHUE — OJIHOMEPHOE ypPaBHEHUE HA COOCTBEHHDbIC 3HAYEHUS U COCTOSHUS, 33/ [AHHOE
Ha noJiyocu (0 < r < 0o. Tak Kak apekTuBHAd MOTEHIUATILHAS SHEPIUA 3aBUCUT TOJIHKO OT
KBAHTOBOI'O YHCIA [, CIIEKTP TaMUJIBTOHUAHA MOYTH BCET/Ia BHIPOZKIEH C MUHUMAJIbHON KpaT-
HOCTHIO BRIpOkKAeHUd 2] 4+ 1. [locTanoBka 3amaun Ha Togyocu TpedyeT IPAHUYHOTO YCIOBHS
fa GYHKIHO X, (r) mpu 7 = 0. OHO JOIKHO CIeJ0BATh U3 YCJIOBHS CAMOCONPIZKEHHOCTH
npeCcTaBJIeHHOTO omepaTopa. B paMkax Tex 3ajad, KOTOpbie OYAYT HAC WHTEPECOBATH, ITO

ycjioBue (GOpMyJIUPYETCs JOCTATOYHO IIPOCTO

Xn,l(o) = 0.

XVI. Arom BOgOpoOza

ATom BOIOPOIA COCTOUT U3 JABYX YACTHUIL — IJEKTPOHA U IIPOTOHA, B3AUMOIEHCTBYIOMNX

1o 3akony KyJjiona B TpeXMepHOM MPOCTPAHCTRBE.



Kanonunueckue IIepeMeHHbIC

laMuapronnan

(Geis Qp.i Peir Ppii),

i=1,2,3.
S
H = pe + pp
2me
Tpa Macc)

62

(12)
0=

2mp |Qe - Qp|
Kanonnueckoe npeobpa3oBanime (Bbl;LeJIeHI/Ie OTHOCUTEJIHbHOTO JABUXKCHUA U JBUKCHUA TICH-

y 4=qe —(Qp
z ~ ~ ~ myp meP
= — - pr'e er’p
P=p.+py, pP= :
ITpoBepka KAHOHUIHOCTH

Q. P] =

ime

imy, .
+ =1,

Me + My Me + My
imy i

1Me
_|_
Me + My

=i
Me + My

[cj,P]:i—izO,
Q. 5] =

imemy,
S —
(me +myp)
Kunerndeckas sHeprust

imemy,

(me +my)

P2 (me +my) g
2memy,
ﬁ?mp

2(me +my) B
Pame
2me(me + my)

. DeDPp
2mp(me + my)

9
Pe
2me +

P2+ P2+ 2pep)p

2(me + mp)
TEJILHOTO JIBUZKEHUS

~

l'amMuabTOHUAH pacliadaeTcCd B CYMMY I'aMHJbTOHHAHOB ABH2KE€HHA HEHTPAa MaCC U OTHOCH-
H = H.(

P,Q) + Hpm (P,

S>

)

(13)
2 2
P e
p7q_> EYEEEEE
2n gl
_Z\f_qne—}—rnp7 W= memy

(14)
(15)

93
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Bana4a Ha COOCTBEHHDBIEC 3HAUCHUI M COCTOSHUSI
H|®y) = Ex|Dy).

’(I)N> = |(I)7L17n2> = ‘¢n1> ® |wn2> —

F[cm|¢n1> == €n1|¢n1>7 [:[rm|¢n2> == 5n2|¢n2>a EN = Enl,ng = €n,y + Eng

~

Tak KaK [Hep, P] = 0, T0 B KadecTBe |¢p,) MOKHO BBHIOPATH 0OOOIIEHHBIE COBCTBEHHBIE

COCTOSIHUSL OllepaTopa UMILyJIbca || P)

. eiﬁcj p2
Ony) = ||P) = €n, = €3 = —
n ny — .
‘ 1> H > \/%7 1 P 2M
. . memmy
OrnocuresibHoOE JABHKeHune 1npeiacraBiideT coboit ABUZKCHHEe 9aCTHUIIbI MaCCOHU T B
me my

2

e
IEHTPAJIBHOM II0JIe _‘_T Takag 3amaya cBomuTcd K pentenuio audpepennuajibHoro ypas-
q

HEeHUA
\ Ueff 1 2
X‘ _ﬂar + Ueff(r) Xn,l(r) == Ean,l (7’)
\ 2 1+ 1)
\\ E>0 Ue(r) = o 22
\ r 1
\ |¢TL2> = |m7 l,’l’L> = _Xn,l(r)ym,l(ea 90)7 Eng = En
E <O r

Ncenenyem cesizanubie coctognus ¢ < 0.

0. Ob6ezpasmMepuBanne

—|—2ua(2)E =0, a=—

(l+1) 2 2
( )+uzoe

r=apu, O — 5

u

1
(w202 —1(1+1) +2u — v*u?)x(u) =0, E= —§Me4y2, v>0.

1. AcumnroTukn
uw—0, (W22 —101+1)x(u) =0, x(u) = cu™ + cou™", c3 = 0 (rpan. yeu.).

u— o0, (02 —1v2)x(u) =0, x(u) = Cre ™" 4 Cye”™, Cy = 0 (x € Lo(0 < u < 00, du)).

2. Beegnenne nosoit dynkumm w(u) (x(u) ompenenserca Kak IPOU3BEJEHHE ACUMIITOTHK HA

w(uw))

YpasHuenue Ha w(u)

uw” +2(1+1—vu)w' +2(1 —v(l+1))w =0.
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3. MimeM perieHue B BAJE PAIA
w(u) = Z cput.
k=0
Pesynbrar mojacTaHoBKEU psga B ypasHenue Ha w(u)
vik+14+1)-1
(k+2(1+1))(k+1)

Cht1 = 2 ck, k=0,1,....

4. BosbMmeMm Taxoe oueHb OoJibitioe uncyao K, uro mug k > K — oo

QU 2 k—K
Ck+1 = ?Ck, Ck = (K - 1)'((1{:)_1)'01(, k> K.
Torna
K-l k—1
B e uck (K —1)! (2vu) B
wlu) = 2 e’ + =5 7 D k-1
k=0 =K
= ucg (K - 21/u ucK(K —1)! 9,
Z (2v)K-1 Z k-1 °
=1
ucg (K —1)! 5,
= PK—l(U) —+ We U

5. Orcroma creayer, uro ecau cx # 0, 1o x(u) ¢ Lo(0 < u < oo,du). Jdns Toro, urobsr 3roro

He CJIy9IHIIOCh, JOJIZKHO CyIecTBoBaTh Takoe ko, ko = 0,1,2, ..., uTo ¢y 41 = 0. To ecTn
1
vikb+L+1)=1, v=—n=12,...,1<n.
n

[Tonyuennblit moTMHOM — 00DOOIEHHBIN TToImHOM Jlareppa

z k+l+1—n .
n(k+20+1))k+1) "

n—{—1
k
Wni(u) = Z CU™y  Ck+1 =
k=0
,H,eIL/'ICTBI/ITeJII)HbIﬁ Cp onpeneJidercd u3 yCcJoBUd HOPMHUPOBKU

/ du e‘2u/nu2(l+1)wi’l(u) =1.
0

[Ipocteie Maple-Brrancienust

w1,0 27
wzo—i<1—lu) ’w21:L
VA A A V()
wgo—i(l—gu—i-3 2) w31 = 8 (1—1’&) 3.2 L
3V3 3727 T 276 ’ 8130
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054 0.10-
0.4 0.08+
0.3 0.061
0.2 0.04+
0.1 0.02+

0 \\ T T T T T T | 0 oL T T

o 2 4 6 § 10 12 14 16 0 10 20 30

u u
[— 15 2s 2p] | 3s 3p 34|
Puc. 13: opburanu 1s,2s,2p Puc. 14: opburamu 3s,3p,3d
0 :
: o s 20 CuexTp aToMa BOIOPOIA
u p—

P 1,
0.1\ / En’p:m—ﬁue,nzl,l....

ypOBHI/I C JaHHBIM KBAaHTOBBIM YHCJIOM N
-0.24

N2-KPaTHO BBIPOKIEHBI.

N

Cer 031 _S Ocnosuoe cocrogane — |m = 0,1 = 0,n = 1)
(He BBIPOKJIEHO)
0 ITepBoe BO30YKAEHHOE —
o Im=0,l=0,n=2),lm=0,l=1,n=
e 2. |m = 41,1 = 1,n = 2)

Ha pucynkax (13), (14) n3o6pazena IIOTHOCT BEPOATHOCTH X (1) 0OHADYKHTH TacTHILY
B unrepsaJje du Jjisgd HUXKHUX opOuTaleil.
ATom BOIOPOZA — JIBA MOMEHTA MMITY/IbCA, — UETHIPE OCIUJLISITOPA

WaTterpan apuKenus



Jloka3aTeabeTBO:
AL = S 2 ) 4 o Y~ Iy, )
) ) — S s T ~—€ijk i\Pky —] — iy k)
T R T

9 Qiq qi g, .1 qiqk\ . qiqr 1
[p ag] = pr[pr; g] + [Pks E]Pk = _1pk§(5ik - qu) — i(0uk, — ?)* ks

1 . qr. . qj
€ijk (M [pr, g] —[pj, =IMy) = 15ijk5jmnanm¥ - lﬁijkﬁkmnq%qmpn =

o

. qiqk . qidk
=ipr—(0; — +1(0; — —DE;
[H,A;] =0, Q.E.D.

Paccmorpumv kommyTaTop

2
e 1 1
(M, A;] = E[MS’ @) + ﬂ%k[]\/fs, M;pi] — ﬂeijk[Msaijk]
2 2 2
e e”, . € gk
—[Ms, ¢i) = —l€sinqr = i€sik
q q q

€ijk[Ms, Mjpr] = €ijki€simMmpr + €iji Mji€spnDn =
1(0i50km — GimOks) Mmpr — 1(0isOjn — Gindjs) Mjpy =
1Mok (0isOkm — OimOks — SisOmk + OikOms) =
iMnpr (6ikOms — OimOks) = i€sik  €kmnMmpn
Taxum obpasom, mosyduaem, B 00IIEM-TO, OYEBUIHOE PABEHCTBO
[Ms, A;] = i€gi, Ak

So: ecTh erie o uH TOJHBIT HADOP HADIIOMAEMBIX, COAEPKAIINI TAMUJIBTOHUAH,

H,M,,A,.
OmpeiesiuM KOMMYTaTOP
2
e“q; 1 1
[Ai, As] = | . -, Ag] + ﬁeijk:[MjpkaAs] - %eijk[ijbAs] =
e? qi 1
ﬂfsmn[g7 Mnpn + pan] + ﬂfijk[Mjpk +pij7 As] =
2
e . ) . .
Tesmn(Mm[&apn] + [&Jjn]Mm + [@7 Myp]pn + pn[@> My])
K q q q q
1
ﬂeijk(Mj[pkvAs] + [prs As| M + [Mj, Aslpr + p[Mj, As]) =
2 . .
e i ; i ; )
ﬂ((pSQn - ans)g(din - q;an) + 6(5m - q;qgn)(ans — qspn) + 1€smn6imp(qupn +pn%:))_

o7
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: 2
1 (& q q
—€ijk€jsm(Ampr + PkAm) — ((Pigk — Prai) [Pk ES] + [Pks 5](%}% — qipk))+

2u 2u
1
m((piqk - kai)[pkzv Esmn(Mmpn +Pan)] + [pkza Esmn(Mmpn +Pan)](Qk:pi - Qipk)) =
. e? 2 ds ds qdk dk
—ig, [(pigs — psti) (vt P ) = S —|—pk;)] n
i
W ((Qkpi - Qipk)esmnekmppppn + €smn€kmpPpPn (piQk - kai))
i
*ﬂ(@s(z%pk + prAr) — (Aips + psAi)) =
2i 2
———(pigs — psqi)+
1oq
% (gspip* — (qkpr)pPivs — Pips(PRar) + P*Pigs) +
2u
i
e (—qipsp® + (@kPr)PiPs — PRaiDkDs + (PEQR)PiDs — DsDRGiPE + DsPiGkPk — PsP G + PsPrPidk) =
2.p* €. 2. .
= = [t — —]ipigs — ps@;) = ——H i€ismMn,
L2 g %

Boiksagkm, KoTOphle HE yIa/I0Ch COKPATUTD, BBIIAIN
S °0H .
[Ai,Aj] = _TL 1eijkMk.

ITpursanMcest K KOMMYTAIMOHHBIM COOTHOTIIEHUSIM oTtepaTopoB M;, A;, 1 = x,y, z. Tak kax raMuib-

TOHHAH KOMMYTHPYET CO BCEMH STHUMH OIlepaTopaMu, BMecTo A; BBegeM npyroii B;
. 2H .
Az’ = —737;.
"

[M;, Mj] = i€iju My, [M;, B;] = i€ijuBy, [Bi, Bj] = ieij1, M.

Torya nosiyuaeM Takyr BOT ajaredpy

D70 anrebpa reHepaToOPOB MOBOPOTOB B UETHIPEXMEPHOM E€BKJIU/IOBOM IIPOCTPAHCTBE, KOTOPAS OT-
BETCTBEHHA 338 CUMMETPHIO KYJIOHOBCKON 3aa4M.

OmpemesiiMm e1rie OTHW HOBBIE OTIEPATOPEI
J1 =
Jlist 9TUX omepaTopoB

[Jii, 1) = ieip i, [Jois Joj] = €ijrdog,  [Jri,Jos] =0,
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TO €CTh 9TO MPABUJIA KOMMYTAIMA JIBYX HE3A6UCUMBLT BEKTOPOB TPEXMEPHOTO MOMEHTa MMILYJIbCA.
CobcrBennble 3navennst Ji, J5 pasasl ji(j1 + 1), j2(j2 + 1), mpudem ji,j2 = 0,1/2,1,.... Jlerko

nokazars, 4yro M B = 0, nosromy

rae j = j1 = ja2. So:
n=2j+1=1,2,...,

KpaTHOCTH BRIpOXKIenns (251 + 1)(2jo + 1) = (25 + 1)? = n?.

Takum o6pa3oM, BBIBOJ: JIBUXKEHUE B KYJOHOBCKOM I10JI€ OIUCHIBAETCS JBYMs HE3aBUCHMBIMU
MOMEHTAMU HUMITYJIbCA, KazKJbll M3 KOTOPBIX, B CBOIO OYEpE/lb, CBOJAUTCH K JBYM HE3aBHCHUMBIM

OCIIUJIJIATOPAaM. ,HBI/DKGHI/IG B KYJIOHOBCKOM II0JI€ < Y€ThIpE€ HE3aBUCHUMBIX OCHUJLIATOPA.

XVII. Teopusa dupaka, conuH

Teopuio, KOTOPYIO MBI CTPOUJIM JO CHX IIOpP, OBLIA HepeasaTuBUCTCKoil. [locMoTpuM, Kax

BBILVISIIUT T€OPUs CBOOOJHON pesigTuBUCTCKON yacTunpbl. Ha Kjaaccuieckom ypoBHe

cl/ -
H(q,p) = VDP* +m?,
3/IeCh M - MaCCa PEeJISTUBHCTCKON YaCTHIbI, CKOPOCTh CBETa PAaBHA €IUHUIIHI.

CT&H,ILapTHOG KBaHTOBaHUE U IIePeXOJ B KOOPpAUHATHOE IpeJCTaBJICHE IIPUBOJAT BOT K Ta-

KOMY YpaBHEHUIO JUHAMHUKHU KBAHTOBOM TeOpUun peﬂHTI/IBHCTCKOﬁ JaCTHUIIbI
180¢(t7 f) = _52 + mz(b(t? f)a ¢(t07 'f) = (/b(](‘f) (16)

[Ton Jupak: ,Xorst B ypapaennu (16) u yuTeHa pesiTHBUCTCKAS CBSI3b MEKLY UMITYJIbCOM I
SHEPrHeil, OHO BCe YKe HeYIOBJIeTBOPUTEIBLHO ¢ TOYKH 3PEHUsI PEIATHBUCTCKOI Teopun’. OHO
CTOJIb HECHMMETPUUYHO OTHOCHTEIBHO Jy U APYIUX J, 4TO 5TO IPOTHBOPEUUT CAMOMY ODLiie-
My YPOBHIO MOHUMAHUS PEASTUBUCTCKON TEOPUM, KOTOPas HACTAMBAET Ha €JIMHOO00PA3HOM
PACCMOTPEHUH [IPOCTPAHCTBEHHBIX KOOPJAUHAT YACTHUIBI M BpeMeHH. I[OHATHO, 4TO MeInaeT
KOpeHb KBaJIpaTHBIA. MareMarnyeckdn ¢ KOPHEM KBaJPATHBIM MOYKHO Pa300parbCd IBYMs
crocobamMu — JIu0O0 BO3BECTH ero B KBaJpar, JUOO U3BJIEUb €ro.

Cnoco6 nepspiit (O.Klein, W.Gordon). IIpoguddepennupyem ypasuenue (16) no Bpeme-

HHX 1 BOCHOJIB3YEMCd UM 2Ke, TOT'Jda

(=R + 0% — m®)¢(t, &) = (8,0" —m>)¢ = 0.
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C pe/ldaTUBHCTCKONW HMHBAPUAHTHOCTH BCE OYEHL XOPOIIO, C TOYKH K€ 3PEHHS KBAHTOBOM

TEOpUHU U3MEHUJIOCh JUHAMHUY€CKOE€ YpaBHEHHUE TEOPpUN

—03ley="1"19)
U TAKOE U3MEHEHHe abcoatommo we donycmumo. J1efcTBUTENbHO, COCTOSTHIE — 9TO Ta, uHMOp-
Mallisi, KOTOPYIO HYXKHO 33/aTh, 4TOOBI MPEJICKA3ATh JATbHERITYI0 SBOJONNI0 (PU3UYECKOi
cucreMbl. [109TOMY JUHAMUYECKOE YpaBHEHHE Ha COCTOSIHHE B JIIOOOW Teopuu, KaK MaTeMa-
THYECKHUil 00DbeKT, — 910 JuddepennuaibHoe 110 BpeMEeHH YPaBHEHHE NEPE020 NopAdKa.
Croco6 Bropoii (P.A.M.Dirac). 3amuien raMuIbTOHRAH, JTHHEHHBIH 110 UMIIYIbCY [ (TO-
r1a B KOODAMHATHOM IIPEICTABICHHN IUHAMHMYECKOE YpaBHEHHE KBaHTOBOH Teopuu Oymer

JIMHEHHO KaK 10 BPEMEHH, TaK U [0 HPOCTPAHCTBEHHBIM II€PEMEHHbIM)
H = q;p; + mp = \/p* + m?,

JIst ¢CBODO/THON YaCTHIBI B TPEXMEPHOM [IPOCTPAHCTBE (B KBAHTOBOW TEOPUM YACTHUIIA CBO-
GosHA, eCU ee MMITYJIbC COXPAHAeTCs) omneparopbl (,&;, i = &,Yy,z He 3aBUCAT OT §; U
KOMMYTHPYIOT ¢ KAHOHHIECKUMU TIepeMeHHbIME. [[03TOMY @, f ONUCHIBAIOT HEKOTOPHIE HO-
Bble HAOTIOaeMble, OTHOCATIRECS K KAKOMY-TO BHYTPDEHHEMY YCTPOicTBY dacTunpl. Tak Kak

H? = 2 + m2, 10
Qi pipr + m(&q B + Bay)pi + m* B = dupipr + m>.

Otciona caeayer, 94To

OAézoAék + dk@z = 25’Lk‘7 i? k= x,y,z (17)
3?2 =1, (19)

YeThIpe ONePATOpPa AHTUKOMMYTHUPYIOT JIPYT € JPYTOM W UX KBaJIPAThl PABHBI €IUHUYIHO-
My oneparopy. Tak Kak raMUJIbTOHUAH SPMHUTOB, TO 3PMUTOBBI M 3TU oneparopbl. Haiigem
IIPEJICTABJICHAE JIJId 3THX ONEePATOPOB MAMHUMAJIBLHON Pa3MEepHOCTH.

OueBuUIHBI TTPOCTHIE YTBEPKIEHUS
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YHATapHBIM Ipeodpa30BaHHeM JIHArOHAJIH3YeM MaTpuily [, ee cOOCTBEHHBbIE 3HAUEHUS PaB-

el +1 mwim —1. Tak kak

~

&, = —fa;, B = —a; Ba;, Spf = —Spa; ' fa; = —Spf, Spf =0,
MO3TOMY KOm4decTBO +1 m —1 — omuHakoBo. MaTpura B IpeacTaBUMa B OJIOTHOM BHLIE

. ||T o
B
0 -1

Y

npuyYeM pasMepbl Beex GJOKOB paBHBI. Mcmosnb3ys (18), MaTpuIsl &; MOYKHO MPEJICTABUTH

cJIe Iy oM 06pa3om (Toxke GIOYHBIN BII)

R 0 o; .
o = 3 1=V, %,
g; 0
a IIpUMeHeHue yCJa0Bud (17) JaeT caeaymuee COOTHOIICHHUE Ha MAaTPUIbLI 0;, Pa3MEPbl KOTO-

PBIX BJIBOE MEHBINe MaTPHIL &, 3,
00 + 00; :25zk7 ivk:xayaz'

Jlerko BUIIeTh, 9TO 3aj1avda OCTaJach TOH Ke, TOJBKO KOJMIECTBO MATPHI] CTAJIO HA OJIHY

MEHbIIIE. HOBTOpHGM npoueaypy

1 0 0 ¢,
0, = y  Om =— , M=1T,.
0 —1 ¢y O

YeqaoBue Ha ¢y,

CmCn + CmCpn = 20mn, M,N = T,Y,
n 9TO YC.HOBI/IQ MOXKHO BbIHOJIHI/ITb, eCJIn CYUTaTh Cp, - KOMIIJIECKCHBIMUA LH/ICJIaMI/I, paBHbIMI/I
ez =1,¢y=1

So: onpeneauM MaTpuilsl 1laymu

01 0 —i 1 0
Or = , Oy = , Oz = 5
10 i 0 0 -1
a 9epe3 HUX MaTpPHUIIbL
0 ag; ~ I 0
az = 9 1= w7y7 Za B =
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Tenepb MOXKHO BBIIHCATDL YpaBHEHHE JIMHAMHUKU BOJHOBO# (DYHKIMHM pPEJIATHUBUCTCKON da-

CTHIIBI B KOOPpAUHaATHOM IIpeJCcTaBJIeHUH
100 = Ho = (—i6,0; + Bm)o.

YMHOKUM 3TO YpaBHEHUE HA MATPUILY [, U OIPeIe/ MM HOBbIe MaTPUIbl 4 X 4

A A

= (7" = (B, Ba;).
STI/I ManI/IHbI OHpe,ZLeJIHIOTCH aHTI/IKOMMyTaHI/IOHHbIMI/I COOTHOIIIEHU MU
VY ) =AY A = =20,

1€ ¢y, - METPHYECKHIT TEH30P IJIOCKOIO IIPOCTPAHCTBA-BPEMEHH € CHIHATY POl (—, +, +, +).
Ncnonb3ys 3Tu y-MaTpuIbl, ypaBHEHHE JUHAMUKHA COCTOSHHUSA MOYKHO TEePernucarb B dBHO

PeJIAITHBUCTCKY WHBApHAHTHOM BHe (ypasHenue /lupaka)
(iv"0, —m)¢p = 0.

OcraeTcs MOHATH, KAKOil 00BEKT ¢ MpeCTaBIsgeT COCTOSIHIE YACTHIBI B TIILOEPTOBOM TPO-

crpancrse? M3 BeIBOIA OUEBHIHO, 9TO

©1(T) ¢1(%)

o |[92(D) . _ _ o ()
o(%) = ,  HOpMHpOBKa: 1 = dZ ||, (Z) Po(T) D3(T) du(T )
@ =7 o Lo s o |7

$4(T) $4(T)

T0 ecth ¢(T) € L*(T € R3, dadydz) @ C1. Kaskoit nabiiiogaemoii, onpe/e/ienuoii panee st
gacTuIl 6e3 BHYTPEHHHX CTemeHeil cBoBGOJbI, COOTBETCTBYET Hab/IioJaeMas B IIPOCTPAHCTBE
COCTOSTHUHM YACTHIL ¢ BHYTPEHHUMH CTeneHsaMu cBobosr: onepatop O B L2(...) mepexoaur B
Ol A M it na C*, eit

onepatop O®I. Ananoruuno, onepatop M, onpeenennsiit na C*, neficTByet B mpocTpancTse
cocrogumit Kak I ® M.

I/ITaK, PEIAATUBUCTCKAA CBO60ﬂHaH YaCTUIa COXpaHdeT UMITYJIbLC. HepeﬂHTI/IBI/ICTCKaﬂ CBO-
OO/IHAsT YACTHUIA COXPAHSET He TOJHKO MMITYJIhC, HO U MOMEHT Tocjennero. [locmorpum co-

XpaHHJIOCHh JIH 9TO CBOMCTBO B peﬂHTHBI/ICTCKOﬁ TEOPpHUU: BBIYUCJIHUM KOMMYTaTOPD

[ﬁa Mz] = @k[ﬁk, Mz] = iEz’jkﬁj@k 75 0. (20)
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OpbuTaynbHblil (MOCTPOCHHBIH M3 KOOPIMHAT U MMILYJIbCOB) MOMEHT HMILYJIbCA HE COLPAH-
emcA JIjisg CBOOOJIHON YaCTHUIIbI.

OnpenesuM onepaTop, CBA3aHHbIN ¢ BHYTPEHHUMHU CTEIEHSIMHU CBOOOIBI

N 10'10
S_

2—5 ,1=2,Y, 2.
0 g;

CroiicTBa TOr0 OMEpaTOpa CACAYIOT U3 KOMMYTAIIMOHHBIX CBOCTB MaTpuil [laymm

[0z, 0y] = 2i0,, [0,,0,] = 2i0y, [0y, 0.] = 2i0,, [0, 0;] = 2i€j;,0%.

KOMMYTaLLI/IOHHbIe COOTHONICHUA HAa KOMIIOHEHTHI dTON Ha6JHO,ILaeMOI'7I

[Si, Sj] = 1e,~ijk.
COBIIaJalOT C KOMMYTAaODUMOHHBIMKU COOTHOHIIEHUAMMU KOMIIOHEHT MOMEHTa HMIIYJIbCa. Boiee
TOro, KOMMYTaTOp

~ A

[H, Sz] = —iGijkﬁj@k.
CpaBHI/IB 9TO BBIpazKC€HHE C (20), NpuxXoauM K BaKHOMY BBIBOILY

oueparop J; = M;+S; (noanozo momenma umnysvea wacmuyot), KOTOPbIH paBeH
cymme oneparopa M; = €;xq;Dr (0pOuUmManvio20 MOMEHMA UMNYALCG YACTNUYDL)
u oneparopa S; (cnuna wacmuyst), TpeACTaBIsieT cODOH COXPAHSIIOILYIOCS Ha-

OJTI0IAEMY IO PEJIATUBUCTCKOM JaCTHIIBI

A

[H,.J;] =0

1 IIOAYUHAETCA KOMMYTAallMOHHBIM COOTHOINECHUAM JJId MOMEHTa HMIIYJIbCa

~ ~

[Jz, J]] = i€ijkjk-

Tak Kak
. 3. 1,1 .
2
:—I:—(— 1)1
S 4 2 2+ ’

TO MaKCHMaJIbHO BO3MOZKHAadA IPOEKIUA OII€paTOPa CIIMHA Ha BBIACJICHHYIO OCh paBHA




64

I/ICCJIG,ZLyeM CcOOCTBEHHDIE 3HAYEHHUS U COCTOAHUA TaMIJILTOHIAHA CBO60,D;HOﬁ PeIATUBUCT-

ckoit yactunpl. OupeaeauM JIBYXKOMIIOHEHTHbIE (DYHKITUN

e e
L P K

TOI‘,IL& 3ala4da Ha cOOCTBEHHBbIC 3HAUCHUS U COCTOSHNS FaMUJILTOHUAHA IpUHUMaET BU/I

GO () + mp(F) = B(#)
—i60p(¥) — mx(%) = Ex(Z)
Tak kak ramMujibTOHUAH CBOOOIHOMN YacTUIbI KOMMYTHPYET C OllePaTOPOM UMILYJIbCa, a 0000-

meHHbIe cOOCTBEHHDBIC COCTOAHUST UMITYJIbCa U3BECTHBI, TO

- 1 ip% bed 1
g0($) = (27T)3/2ep P X($) = (27T>3/2e

g
ipx

Xp-
CiietoBaTeIbHO,

E—m)pz;—adpxz =0
( )i 7 1)

Py — (E+m)xz =0

CHeKTp TaMUWJIBTOHUaHAQ OIIpeaec/adeTCd paBeHCTBOM HYJIIO JeTepMUHaHTA

1 2
EW=FE® =¢; EO® =FW = _c;  e;=/p2+m2
E CobcrBeHHbIE COCTOSHUS € TIOJIOXKUTEIBHOM dHEpTrHeit s =T,
HAI -
stup SO(@) = olPT (5 +m)ps e 1 o= 0
2m E=0 Amymepesm) | G, 0 1
_ hw CobcTBeHHbBIE COCTOSHUS C OTPUIATENIBHON dHepTHei s =T, |
Mope o s
', ;/ FHHpaKa ¢g_) (f) = elpx UpXS 5 XT = 1 7X~L = 0
dmy/mep(ep + m) (€5 + m)Xs 0 1

ITpu 3a1aHHOM 3HAYCHUH €5 Y HAC €CTh JIBYKPATHO BBIPOZK/ICHHOE COCTOAHHE C ITOJIOKUTEb-
HO SHeprueil U IBYKpPaTHO BRIPOXKJIEHHOE ¢ OTPHUIATE/ILHOI SHeprueil. B HepegaTuBHCTCKOM
npegene p < m Ajs pelleHnil ¢ TOJIOXKUTEIbHOI sHeprueil x; < @z, a IId peleHui ¢ oT-

pHunaTebHON 3Heprueil BhIIOIHACTCA 00paTHOE COOTHOIIEHHE Q5 K X -
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CrekTp raMuJIbTOHHAHA HE OUPAHUYEH CHU3Y, IIOITOMY cAedyem npudHams 00-

HOYACTNUYHYN PEAATIUBUCITNCKRYIO TMEOPUND HE COCMOABULETLCA.

[Ipobiiem 661 He OBLIO, eciin ObI BEPOSTHOCTD MEPEXOJIOB U3 COCTOSHUI € TOJIOMKUTE b
HOIT HEprueil B COCTOSTHUS ¢ SHEPTHEH OTPUIATe/bHON ObLIa OB paBHa HyJ 0. OTHAKO,
9TO HE TAK, HAIIPUMED, IO BJIMSIHUEM BHEITHETO 110J1s. JlupaK: ,,ipeAno0KumM, 9T 10~
UTH BCE COCTOAHUA C OTpHHaTeﬂbHOﬁ SHepFI/Ieﬁ 3aIIOJTHEHBI, IIpUYeM B KaK10M COCTO-
SHUW B COOTBETCTBUU C MIPUHITUIIOM 3ampera [laysim HaxoauTed mo OgHOMY 3JIEKTPOHY
(mope dumpaka). B sroM ciiydae mepexombl U3 COCTOAHUE C TOJOKHUTEIBHON SHEPIH-
eil B cocrostaust Mops Jlupaka HeBO3ZMOXKHBI, €CJIU TOCETHUE TTOJTHOCTBIO 3All0THEHBI.
Ecyn e B pe3ysibTaTe BHEITHETO BO3IEHCTBYs (HATPUMED, Y-KBAHT) HEKOTOPOE COCTO-
situue B Mope Jlupaka CTaHOBUTCsI CBODOIHBIM, TO TaKO€ COCTOSHEUE ¢ OTPHUIATEIBHO
9Heprmeil TPOosBIgeT cebsT KaK JacTuiia, o0Ia1aromas SHepruel moToKNTeIbHOM, Tak
KaK JIJIg TOTO, 9TOOBI Takoi 00HLEKT ncues, HyXKHO J00aBUTDH JIEKTPOH C OTPUIIATEh-
HOIT 3Heprueil. Bosiee TOTO, JIErKO MOHATH, YTO TaKad JIBIPKA B JUPAKOBCKOM MODE,
B3amMo/IeficTBOBasa OBl C 3JIEKTPOMATHUTHBIM TIOJIEM KAK YaCTUIA C 3aPSI0M, IPOTHU-

BOIOJIOZKHBIM 3aPAy YaCTHUITHI € TTOJOKUTETBHOM HEprueil.

So:  s3aumodeticmeue BBHIHYKIAET NPUOETHYTH K MHOTOYACTUIHOH (31eCh
,MHOT0"="6ecKOHeYHO MHOTO") (DOPMYJIHPOBKE, B KOTOPOH YUCI0 YACTHI] HE CO-

XpaHdeTrcd, TO eCTb K KBaHMOBOT meopuu NoAA.

XVIII. /IBuxkeHue 3JIEKTPOHA B MATHUTHOM II0JI€

Yro0bl (pusmyeckn MposiBUIACH HOBas BHYTPEHHAS CTEIEHb CBOOOJbI YaCTUILI - CIIHH,

pPacCMOTPpHM IIOBeJeHHE YaCTUIbI B 3JICKTPOMarouTHOM IIOJIE.

YrBepKaenne: myctb H(q,p) — raMUIBTOHHAH YACTHUILI B TPEXMEPHOM IPO-
cTpancTBe. Ecm 3apsa 3TOil 9acTHUIIHI paBeH €, TO ee JBWKEHHWE B JIEKTPO-

MArHHTHOM nojte ¢ 4-norenuuanom A* = (¢(Z), /T(f)) OIUCHIBACTCS TAMUJIBTO-

HHaHOM
H(7,7— eAQ). ) + ed (D).

Camu QJIEKTPOMaruuTHLIC ITOJIA OIIPpeae/IdI0TCA COOTHOINECHUAMN

E(Z) = —0,A(Z) — 0p(Z), B =[x A(7)].
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Ncnonb3ys 310 yTBEPKIAeHHE, UCCIeAyeM MOBeAeHne TUPAKOBCKOM JACTUIHI B TOCTOSHHOM

AJIEKTPOMArouTHOM IIOJIe

~

H = &;(p; — eAi()) +mp + ed(),
0i(pi — eAi(T)) X(T) + mp(Z) + e¢(T)p(T) = Bp(7)
0i(pi — eAi(T)) o () — mx(T) + ed(Z)x(T) = Ex(T)
Bysiem paccmarpuBarh HEPeJSTUBUCTCKUN 1IPeIes JJjisd COCTOAHUN ¢ HOJIOKUTEJIbHON IHED-

rueit (Hamr Mup). DHepru OyJeM OTCUYATHIBATH OT 3HAYEHHS] MACCHI KAK MPHHATO B Hepe-

JIATUBUCTCKOI Teopuu, TO ecTh ' = m + €.
BTopoe YpaBHE€HHE B IVIaBHOM HEDPEJIATHBHCTCKOM HpI/I6HI/I}KeHI/II/I MOXKHO PEmHUTL OTHOCHUTEJIILHO
X(Z)

(2m + & — (7)) x(T) = 2mx (D) = 0: (i — eAi(T)) p(T), | — ed(T)| < m,

X(®) = 5 - 0u(s — eA(@) (@),

[ToacranoBka B mepBOe ypaBHEHUE
N L S R N
(e — ed(2)p(Z) = 5 —0i(pi — eAi()) ok (P — eA()) () =

2m
(G i) (1 — A7) (B — eAR() () =
o (5 (@) () ~ 5o 4:(@), 1)) () =
o (5= eA@) 0l8) + 5 eimom A D)o (@) = [5- (5 - eA@)’ = 5B (@),

S0: raMIJILTOHUAH ,ZLI/IpaKOBCKOfI HepeﬂHTI/IBI/ICTCKOfI TaCTUIBI B 9JICKTPOMATrHUTHOM IIOJIE

€ —

H=—(7—eA®)" - 5O B(T) + ().

Orciofa BHIHO, 9TO AUPAKOBCKas 3apsiKeHHas dacThIa 00J1aJaeT MArHUTHBIM MOMEHTOM,

I[IPOIIOPIIUOHAJIbHBIM €€ CIIUHY

€ 2, 1 R
—38, = —0.
m 2

CocrosiHue TaKoil 4acTUIBI B KOOPJMHATHOM IipejicTapienun o(Z) € L (7 € R3,d¥) @ C%

VIR

=p

L ||[(@) L
) = , 1= dZ |11 (Z)1(Z) + o (Z)he(X) |-
Gl i IS UG RERRCIE)

BapsizKeHHasT JaCTHIA B OJHOPOJHOM MAaTHUTHOM TI0Jie (KJIacCHIecKasd TeOpPHs).
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A A -
A B_
y MarHUTHOE I10JIE Ay =—yB, Ay = A, =0
H(z,y; = — eBy)? + —p?
<Y (@43 s py) = 5 (pe + eBY)* + 5 —py
~T Z=(z,y)
— e, m-3ap4il, Macca 4aCTUIEI
» T
YpaBHeHUs TBUKEHUS
1 : .1 ) eB
&= —(ps+eBy), po =0, §=—py, py=——(pa +eBy).
m m m
Permum ypaBHeHust 1BUMKEHUS
Py = const
eB\2 eB\2
y= —<*) <y+ &)7 y= P + Rcoswt, w?= (—)
m eB eB m

T =wRcoswt, = =1x9+ Rsinwt

Ilosmoxkenme 1eHTPa OKPYKHOCTH X, Yo, IO KOTOPOH BpallaeTcs 3apsayKeHHasl TacTUIla,
HE MEHHEeTCd C TeYeHHEeM BpeMenu. ECjinm HaM yIacTCd BbIPA3UTh ITU BEJIMYUHBL U€PEe3

KaHOHWYECKUE NMePEMEHHBIC, MBI TTOJIYIUM JBa MHTETrPAJId ABUZKCHUA

1 1 1
Yo = —e—Bpx, To :x—Rsinwt:x+;y:x+e§py
KBanToBag Teopus.
laMuapronnan
A 1 1 eB
H=—p,+eBij)*+ —p> — —0..
2m (P 9) om?y T om

Kanonnueckue KOMMYTallUOHHBIEC COOTHOIIEeHU A

(#,pa] = [9, 0] = 1, [2,9] = [&,py] = [Pe, §] = [P, ] = 0.

Hab.miomaembie nenTpa opouThi

. 1 « 1
X=+—p,, Y =—p,.
epr eB b
Boimonnm kaHOHTYECKOe 1mpeodpas3oBaHme
A ~ . A . A R 1 . A N
Q=9+ ——F7bs, P=py, X =&+ —7py, I=p,.

eB
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Heob6xoauMo npoBepuTh KAHOHUYHOCTD:

A A ) L. . A a A 1 . o
Q,P]=[X,1l] =1, [P,I]=[P,X]=[Q,1]=0, [Q, X]= £([y,py] + [ps, 2]) = 0.
FaMuibTOHMAH B HOBBIX IIEPEMEHHBIX
- 1 - 2 A B
H=—P*+ ﬂQQ — sgnegaz, W= ’i.
2m 2 2 m

Coxpangdroniecsd HabJ/Io1aeMble TeHTPa OpOUTHI

CrekTp cOGCTBEHHBIX 3HAYEHUH TaMIJIBTOHUAHA ([T TeX, KTO KBAHTOBAJ OCIIILIATOD,
OH OYEBUJICH)

E, = wn, n=0,1,2...,

npuYeM OCHOBHOE COCTOSTHHE ,He BBIPOZXKJIEHO, a cocTosiHust ¢ n > 0 ,JIBYKPATHO BBIPOK-
JIeHBI . B 3TOM CcOCTOMT SKCIEepUMEHTAJIbHO IIPOoBepsieMoe IIPOsiBJICHIE HOBOHM BHYTpeHHei
CTeIleHH CBOOOJBI — cuHA. KaBBIUKHM paccTaB/JIeHbl He CJIydYailHO, IOTOMY YTO KPAaTHOCTD
BBIPOXKJIEHUS JIIOOOTO YPOBHS HY?KHO YMHOXKHUTH HA O€CKOHEUHOCTH. DTO CBIA3AHO € TEM, UTO
raMHJIBTOHHAH HE 3aBHCHT OT OIIEPATOPOB X , }A/, KazKJIblil 13 KOTOPBIX MOZKeT ObITh BKJIIOUEH
B ITOJIHBITT HAOOD.

OjiHaKo, HHTEpeceH TaKoil BLIOOD MOJTHOrO HabOpa, KOIjia BTopas HabJiojaeMasd omIpee-
JITeT KBaJpaT PacCTOSHUSA JI0 ,IEeHTpa OpOUTHI 3J1eKTPOHA

I SN R (S &)
e?B?

DTa HaOIIaeMas, B OTJIHIAN OT KOOPAWHAT IIeHTPa OPOUTHI, HMEET CUeTHBIH Habop coO-
CTBEHHBIX COCTOSTHUI W ee COOCTBEHHbIE 3HAYEHUST PABHBI

1
R:2=—(2N+1), N=0.1,....
N GB( + )7 )

Orcroza cireiyer, 9T0 eCjii ONPAHUYHUTD JIBUKEHUE 3aPIKEHHON YaCTHITBI B IJIOCKOCTH OO0JIb-
1oit, HO KoHeuHOii 0bjacTbio mwiomaau S = TR%, TO KpaTHOCTL BHIPOXKJCHUS yDOBHe(l
Jlanmay craneT Takyke KOHEYHOM, HO MaKPOCKOMUYECKH OOIbIoi - e BS/271 (1151 0CHOBHOTO

COCTOSTHUS ).
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Ectp eme onnn dpu3uueckn BaXKHBIN MOIHBIN HAOOp. [IpaBaa, on 6osee SpKO MIpOABIIs-

€TCs B JIpYyIroit KaJnbpoBKe:

A, = —%yB7 Ay = %J)B7 A, =0.
lamunbronman:
L+ Lo+ Lo, - Lo = Lz vt + ™86 1 %) - B an, - )
H= %ﬁQ + mgﬂ%? - ;—B(MZ +28.)

Ilosmerii HaGop (momspuas cuvmverpus) — (H, M, S.).

XIX. ToxkagecTBeHHbIE UACTUITHI

PaccMoTpuM (DU3UUECKYIO CHCTEMY, COCTOSANLY IO U3 N OMHAKOBBIX (TOXKIECTBEHHbBIX ) Ya-
crui. HamepBo HYKHO HOSICHUTB CJIOBA ,,0MHAKOBBIE", | TOXKIecTBeHHDbIE . PU3ndecKas Cu-
cTeMa OIpeIe/IseTcss TaMIJIBTOHHAHOM, B KOTOPOM KayK/Iasl JacTUIA 33aeTCs KAHOHIIECKH-
MU TIePEMEHHBIMU U BHYTPEHHUMH CTEHeHsSIMU CBOOObI (CIIUH, HAIpUMED) — c?a,]%a, ?a, o=
1,...,N. Kpome TOrO, raMHUJILTOHHAH COJEPKUT HEKOTOPHIE MAPaMETPhl — MACCHI, 3apsiIbl
u TOMY HO,ZLO6HO€. TaK BOT: (bI/ISI/ILIeCKaH CHUCTEMa COCTOUT U3 TOKIAECCTBEHHBIX YaCTHUII, €CJIN

raMHuJIbTOHHAH

~ ~

H = H(q17p17817"‘>qa7pa78a7"'7qﬁ7pﬁ7sﬁa"‘7QN7pN78N)

npu JI000il 3aMeHe (y, Po, So <=  (3,D3, Sp OCTAETCSA NMPEZKHIM.
[Tosnbrit HAGOP AJIsT TAKO# cuUCTEMBI BhIOepeM KaK OObeIMHSIOMNN IOJIHBIE HAOOPHI s

KasKJI0#l 9aCTUNbl B OTAEJABHOCTH (71, . .., )N ), LIe, HAIPUMED, Ty = (¢a, Sa.z), @ =1,..., N

Cocrostaust Hareii hbu3ndeckoii cucremsl |¢) Gyaem mpecTaBasTh B BUIe KOMILIEKCHO3HAY-

HOU ¢ CYMMHPYEMBIM KBa/IpAaTOM (DYHKITIH

(M, nn) = (ml@--- @ (n]9),

rie [Na), @« =1,..., N, — cOGCTBEHHBIE COCTOSIHUS MOJTHOTO HaOOpa HABIIOIAEMBIX 7], OJHOI

JaCTHIIBI.
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[IprHIIN TOXKAECTBEHHOCTH YaCTHII,

Cocrostrzie ¢(M1,y .., Nos - - - 3Ny - - -, ) DUBMTECKOI CHCTEMBI TOXKIECTBEHHBIX
TACTHI] He UIMEHAEMCA TIPU JIODOH 3aMene 1), < 1z (cocrognue GU3MIECKOil

CHUCTEMBbI HE U3MEHAETCAd IIPU IMePEeCTaHOBKH ABYX TOXKIECTBEHHBIX ‘IaCTI/ILL).

DTO 03HAYAET, UTO

My 5By s Nay - sIN) = C - Oy ooy Moy -+ 3Ny -« -, Ny ), ipudenm |C| = 1.

[IpuMensa OmepaIiio HepecTaHoOBKE OBTopHO, noaydaem C? = 1 mwm C = +1.
SO: IPUHIIKI TOXKJIECCTBEHHOCTH YaCTHI TpebyeT, 9TOObI BOJTHOBad (DYHKIIHA CHCTEMBI TAKHX

qacTuil ObLIa OO0 CUMMEMPUYHA

G(Mye o s Ny s My ooy MIN) = FO(M1y - M3y -+ sNay -, 1IN),  OO30HBL

60 AHTMUCUMMEMPUYHA

¢(7717---777m---777[5‘7---,77N) = _gb(nlv"‘anﬁ7"'7na7"‘a77N)7 (bepMHOHbI

IPU IEePECTAHOBKHU JIOOBIX JIBYX apryMeHTOB.

B xBanTOBOII TEOPUHU TOJIST €CTH 3aMedaTeIbHas TeOPeMa, KOTOpas YTBEPKIAET, UTO H030-
Mol — 9MO YACTUYDL C UEADM CNUHOM, & HEPMUOHDL — YACTNULDL € NOAYUEABIM CIUHOM (TEOo-
pema 0 CBSI3H CIIHHA CO CTATHCTHKOIT). VIMeeTcst B BU/y JIOKAJIbHAS, JOPEHII-HHBAPHAHTHAS,
C eJIJMHCTBEHHBIM BaKyyMOM TeOPHUS TOJId, B KOTOPOIl BBHIIOJTHEHO YCAOBHE MUKPOTPUINHHO-
CTH.

To ecTh, J0KaIBHBIE WTOTHOCTH HabIOmaemMbix O(t, )

O- / Az O(t, 7)
IOJIZKHBI KOMMyTI/IpOBaTb JJIdd HpOCTpaHCTBeHHO—HOLLO6HbIX I/IHTepBaHOB

[O(tl,fl),O(tg,fg)] = 0, ecaun (tl — t2)2 < (fl — 52)2.

PaceMorpuM 1Be HeB3aMMOAEHCTBYIONINE TOXKICTBEHHBIE YaCTHUIHI ¢ TAMIIBTOHUAHOM

~

H = h((?lvﬁlagl) + h(é&,ﬁg,gg).
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Bagaqa Ha COOCTBEHHBIE 3HAUCHUA U COCTOSHNS TaMIJILTOHHAHA,

ﬁ¢N(U1>772) = (h@hﬁb 51) + h(q2, P2, §2>)¢N<7717772> = Enén(n1,m2).
DTa 3a1a4a JONMYCKAET pasjieseHne mepeMeHHbIX

iLgbm (771) iL¢n2 (772)
Qbm (771) ¢n2 (772)

Opmnako, nosyueHHas cobcTBeHHas (DYHKIHA He 00ajiaeT HYKHBIMH cBoiicTBamu. OHa He

¢N(7]1> 772) - qu (771) ’ ¢n2 (7]2)7

=€p, +€n, = En.

CUMMETPUYHA U He AaHTUCUMMETPHUYHA [0 OTHOIIEHUIO K MepPecTaHOBKe apryMeHToB. Cutya-
U0 CIACAET TO OOCTOATE/BCTBO, YTO COCTOSTHHE C JAHHBIM 3HAYEHUEM SHEPIUH, KAK MUHHU-
MyM, JBYKPATHO BbIPOKIeHO. JleficrBure/ibHO, cocrostHue O (11, M2) = Pn, (1) On, (12) TOKE
cobcTBennoe ¢ Heprueil €,, + €,, = Fy. A yxKe HCIOJB3YS 3TH 068G COCTOSHUS, HETPYIHO

HOJIYYUTH COCTOAHUE JIjisT DO30HOB

68 (02 712) = % (s (1) 6y (12) + Gy (1) ()], 11 # 12,

D=y (11, 12) = G ()P (12) — GO30HBL

u (pepmMuonos

1
ON—frrma} (M1, 112) = 7 [Dny (1) Py (012) = Dy (2) Py (m1)] — Depymons.

13 niocaennedt GopMyIIbl CleayeT IMPOKO H3BECTHBI B Y3KIX KPyTax npunyun sanpema Ila-
yAu: Ba HEB3aUMOIeHCTBYIOMEIX (hepMIoHa (3MeKTPOHA, HAIPEMED) HEe MOTYT HaXOMUTHCST
B OJMHAKOBBIX OJHOYACTHUIHBIX COCTOSHUSIX (n; # ng). CocrostHMe ¢ Ny = ng MPOCTO He
cymectsyer ¢f = 0.

OTMedeHHBIe 0CODEHHOCTH CHCTEM TOKJICCTBEHHBIX HEB3aMMOJICHCTBYIONIMX HYACTHIL JIETKO
PACHPOCTPAHSIIOTCS Ha UHCIO YACTUIL GOJIbIIee, TeM 2.

Dopmau3M TCOPHH € JIIOOBIM 9HCJIOM TOXKICCTBEHHBIX YaCTHUIL.

[TycTs mpocTpancTBo cocrogumil cucremsl n3 N wacrun — HY. CocTogame cucrembl — KOM-
IJIeKCHO3HAYHAS (DYHKIUS C CyMMUDPYeMbIM KBajipatoMm ¢(ny,...,ny) € HY. Cucrema us
N TOKIECTBEHHBIX YACTHUIL OMACKIBACTCA WK ToanpocTpancTsoM HY C HY | cocTosmenm us

CUMMeTPUYHbIX (byHKIMi (6030HbI), WIH moanIpocTpancTsa HyY C HY aHTHCHMMETPHYHBIX

dbyuxImii (hepMuoHbI).
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CucreMa zKe, COCTOdAINAs U3 MEPEMEHHOI0 YU/ O030HOB WM (PEPMHUOHOB, OINHUCHIBACTC C

IIOMOIIIBIO ITPOCTPAHCTBA COCTOSHIH
oo o0
N N
HBZ@'HB, Win HFZ@’HF.
N=0 N=0

Crpoum Gasuc Takux TpoCTpaHcTs. Ilycts |¢,), n = 0,1, ... — coGCTBEHHBIE COCTOSHUS TIOJI-
HOT'O OJIHOYACTHYHOTO HaGopa HabJ0aeMbIX, He 06a3aTebHO 7). ¢n(n) = (n|¢,) — noHast

opTOoHOpMHpOBaHHas cucTeMa dyukmumit. Torna B HY MoxkHO 3a7aTH 6aznc

(bm (771)%2 (772) Tt ¢HN (7]N) = H ¢nk (nk)v

ni,MNg,...,NyN - BCE BOBMOXKHBIE BBIOOPKH U3 WHIEKCOB COBCTBEHHBIX COCTOSIHU ¢, (1)), 1 =
0,1,....

B npocrpancteax HY n HY 6azucel (HeHOPMHUPOBAHHbIE) MOIYYAIOTCS JefiCTBHEM CHMMET-
PU3YIOIIEro OmepaTopa Sy win AHTUCHMMETPU3YIOIIET0 OMEePaTopa A 110 Beem apryMeHTaM

n ua Gasuc B HY
N

N
SN H ¢nk (nk’)v AN H qbnk (77k)
k=1

k=1
ni<ng<--<ny

Y100kl 1HOHATH KaK JefICTBYIOT BHOBb BBEJICHHBIE OlIEPATOPbI, HyKeH HeDOJIbIION IKCKYPC B

IIPpOCThIE CBOIICTBA, nepecranoBOK.

- IlepecranoBka cBsI3bIBa€T COBOKYMHOCTH N yIIOPSIO9€HHBIX OOBEKTOB 7)1, . .., 7N C TON K€ COBOKYII-
HOCTBIO, PACIIOJIO?KEHHOK B IPYTOM HOPSAIKE gy, 5 -« + 5 oy s TAE Q15 . . ., N - 38 UCKJIIOYEHUEM IIOPAIKA,
TO YK€ caMoe MHOXKECTBO, uTo u 1,..., V.

- HepeCTaHOBKy MOZKHO 3alluCbIBaThb B BHUIE

al a2 ... aN
mpuueM Pny =14, ..., PON = Moy
- IlepecramnoBka CTOJIOIOB HE MEHSIET TEPECTAHOBKH.

IIycTs

a1 Qg - QN

B1 P2 - BN
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TOIJIA OIPEIETIEHO TPOU3BEICHUE

B1 B2 - BN

JIerko omnpesenuTh TOXKIECTBEHHYIO MepecTaHOBKY U obparHyto. COBOKYIHOCTh BCEX MEPECTAHOBOK

QP =

N 06bekToB 06pa3yroT TpyIiny (CUMMETPpUIECKas IPYINa).

- TpaHcno3uimsg - mepecTaHOBKA BUIA

12+ a--f8 -+ N
Pr =

128 -+ a--N
- Kakmasa mepecraHoBKa MOXKeT OBITh pas30nTa Ha MPOM3BEICHNWE TPAHCHO3umwi. YeTHOCTh dYucia
TPAHCIO3UINI, HA KOTOPbIE PA30UTa MEPECTAHOBKA, OJHO3HAYHA. TakuM 00pa3oMm, mepecTaHoBky P
MOXKHO OXapaKTepPU30BaTh ee YeTHOCTHIO O p, PaBHOM +1 /11 4eTHOM 11epecTaHOBKM, ¥ — 1 Jjist HedeT-

HOIA.

Temneps JIeTKO ONIPeeTuTh

A ef 1
Swf (- nw) € 55 DS (P, Pryy),
TP

A of 1
Anf(m, ... ) dzfﬁZ%f(PTh,---,PﬁN);
P

rae cymmupoBanue uaeT 1mo N! sjgemeHTaM CHMMeTPHYECKOH IPYIIIIbI.

[Tony4dennsle meiicrBueM omepaTopoB Sy U Ay 6a3UCHI MOXKHO 3aIUCHIBATH B BHIE

|N07N1a"'7Nna"‘>a (22)
B 9TOM Bhipakenud N,, n = 0,1,..., - unciao dbyaknuit ¢, (1) B BLIMUCAHHBIX TPOU3BEIE-
nugx. Odgepuano, aro N, moxker npuauMmarb 3Hadenusa 0,1,2,... aas 603008 u 0,1 s

depMHUOHOB, TAK YTO
E N, = N.
n=0

[Tocsieinee orpannydenre MOXKHO CHSTh, €CJIU IepeiiTn B IpocTpaHcTBa cocroduuit Hp u Hp.

Onucannas KOHCTPYKIIUA — npe&cmaeﬂeHue Hucen sanoAHEHUA.
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Bseiem onepaTopsl, MO3BOJILIONIUE IIY TEIIECTBOBATD B IIPOCTPAHCTBE COCTOAHUIM. DTO Olle-

paToOpBl POXK/IeHUS U YHUUTOXKeHUs. /g mpocTpancTtBa Hp

@t |Noy Nuy oo Ny Y & /Ny + 1| Noy Npy oo N + 1,0,
Gn |Noy N1y oo Ny Y & /Ny INoy Ny, Ny — 1,00

MozxHO IIOKa3aThb, 4TO 9TU OllePaTOPbl IIOAYNHAIOTCA KOMMYTAIIMOHHBIM COOTHOIHNCHUAM

~

[&m,az] = 5mn7 [&m7&n} = [& , @

M COMPSIZKEHBI IPYT APYTY (BCIOMUHAEM MapMOHHYECKUI OCIHILIATOD).

Oupegennm BaKyyMHOE COCTOSHHUE CJICAYIONIErO BHUIA
|0y =10,0,...,0,...),
TOrJA COCTOsTHUE (22) MPEJICTABUMO B BHJIE

[Noy Niyoo, Ny ) = (@)™ @)™ - (@)™ .0y = [T axlo),

roe O = {nl, o, ... ,nN} - MHOXKECTBO 3aHATHIX OJIHOYACTHYHBIX COCTOSHUN ¢ Yy4eTOM KpaT-
HOCTHU "X 3alO0JITHEHUA (TO €CTh B MHOZKECTBE O MOTyT 6bITb OAMHaAKOBBIC SJIeMeHTbI).
IIycts h = h(q, P, §) - oqHOYACTUYIHBIH raMUIbTOHKAH. [locMOoTpuM Kak Ha N-dacTudHOe

COCTOodHue ,ILGfICTByeT TraMUJIBTOHNAH
N
H(] - E hm
m=1

Ouesuano, uro [Hy, Sy] = 0, mosromy

m=1

N N N N
Holooo,Nuyooo) = S hi [ b ) = S Y b (1) [T s ()
k=1 m=1 15;711
BocnonssyeMest cooTHOTIIEHTEM
W bn,) = Y 16a) (Gal h165) (Bl On) = Y hapbpndaliin)
a,=0 a,B8=0

" HalaeM, 9TO

N
Ho[Jat0) < Hol...,Nooo) = > hagal > 0pn, [] @t 10). (23)

neo a,3=0 m=1 neO
NFE N



NaTepecHasa menoyka paBeHCTB

n#nm

CpasuuBas Haiinennoe ¢ (23) u ucnosab3ys, 910 dg|0) = 0, moaydaem

Hyl...,Npy...) =Y hapifag|...,Ny,...).

a,B=0

Omneparop AByX4YaCTHIHOIO B3aUMOIEHCTBUS

N 1 N
V= Vim = 3 Vim
Il,m=1 I,m=1
l<m l#m

ImepenucbiBacTCA B BUAEC

<>
Il

Z ot at a
Vasay,B12bay Aoy A1 aﬁz
aq,02=0

B1,62=0
Brison;:

V|"'aNn>"' = SN Z VlmH¢nk 77k SN Z Vlm¢nl m ¢nm nm H ¢nk nk

I,m=1 I,m=1
l;ﬁm l;ém k;él m
ﬁlmgbnz (nl)¢”m = Z Vagan,B182 ¢a1 ("71)%2 (nm)5n1,51 5nm,52 )
a1,a2=0
B1,82=0

Vasay,8182 = <a2| ® <a1| v ’61> ® |52> )

V|7N Z Vaza1,5152Aa1 Z 5nz,ﬂ1 nm,B2 H &:L_’O>

aq,a2=0 Il,m=1 neO
B1,82=0 I#m n#EN,Mm

N
g, a8, H d:; |0> = ap, Z 571%52 H CL Z 57117[7’1 Z 6n7n152 H &7—: |0> .

ne0 m=1 neo ne0
NFENm l;ﬁm N#ENm,Ny
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st pepmuonoB Hp ducaa 3al0JHEHHsS MOTYT IPUHUMATDL TOJBKO JBa 3HadeHus 0 win

1. Ilycte O = {ny,ng,...,ny} - ynopspouentoe (n; < nNgi 1) MHOKECTBO 3aHSATHIX OJHO-

YaCTUYHBIX COCTOAHMIA. TOI‘,ZLa onepaTopbl pOXKACHUA W YHHUYTOXKCHUA OIIpeAe/idAioTcd BOT

TaK

& 1,0, 0N,y = (D)1= Ny | 1,0, 0, N, 1)

-~~~

k equHUAIL
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nl -y 10,50, 0, Ny = (= 1)FNy |- 1,0, 0,0, N, — 1,00 )

N

-~

k equnum
DTHU OMEPATOPHI TAKZKE COIPSIZKEHBI JAPYT APYTY U MOIIUHSIOTCS AHTUKOMMY TAIMOHHBIM CO-
OTHOIIEHUAM

[éﬂﬂ é;rl]Jr = 5nm7 [énu ém]Jr = [é:;’ é:rrz]+ = 0.

basucuoe N-uacTtuunoe cocTosguue
_ At ~t At _ At
b g L) =6 e e o= [T b,
neO

ni<nag<---<ny

3mech [0) = |0,...,0,...) - BAKYYMHO€ COCTOSIHHE.
[aMuAbTOHHAH ¢ ABYXYACTUYIHBIM B3aUMOIEHCTBHEM
H= hogéle +1 v et et eg e
- afla B 9 aga,B182Ca0 b 8182
a,=0 aq,a2=0
B1,62=0

['paduuecknit obpa3 BzauMoaeicTBusI B (DOKOBCKOM IIPOCTPAHCTBE

Qg (63, Voo ag, (Cg,)

nocJie B3anMOJIEACTBH A JIO B3aUMOJIEACTBHU A
A+ A+ A A
a’ag (Cag) a52 (062)
B3anMoaeicTBue
IIycts Oy = nq,n9,...,nN — NPOU3BOJbHAA BBIOOPKA HOMEDPOB OTHOYACTHYHBIX CO-

CTOSHUIH |¢n) (,ZLJIH 0030HOB HEKOTOpPBIE WJIH BCE T MOI'yT COBHOaIATh, a A4 dbepMHOHOB
ny < ng < --- < nN). Torna I POU3BOJABHOE COCTOdAHUE TOXKIAECTBEHHBbIX YaCTHIL B CbOKOB—
CKOM IIPOCTPAHCTBE MOXKHO 3aIlICATH B BHOE (3)1er OIIepPaTOPHI POXKIECHNI U YHHYTOXKEHUA

dbepmuoHOB 0003HAYAIOTCSA TaKkKe, KAaK U GO30HHBIE )

o0
|®) = Z Z C”lv”Q,-..,”Nd’jl_leZ e 'd:N|O>'

N=0 On

A~

Ecim ognovacTUYHbI raMIIbTOHHAH h KOMMYTHPYET ¢ BBIOpAHHBIM IIOJHBIM HAOOPOM Ha-

OJIIONACMBIX, TO Rog = €4008 (Eo — SHEPreTUYECKAd OMHOYACTUYHLINA CIIEKTD) U
) B B
-~ o
Hy = E Ealy Ao
«

a TaK KaK OIeparop G} d, CYUTaeT YHCJI0 YACTHUIL B COCTOSHUU |Py), TO BHIOPAHHBII CIIOCOD

OllnuCaHm«d (1)I/IBI/I‘IGCKI/I BIIOJIHE aJcKBaTeH.
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XX. KorepeHTHbIE COCTOAHUS

So: ompeaesaeHo MPOCTPAHCTBO COCTOAHHME CHCTEMBI JII0OOr0 YHCJIa TOXKJIECTBEHHBIX Ya-
crur, (6030H0B U bepMuoHOB). OnepaTopbl POXKJIEHUS U YHUUTOXKEHUs, JNeHCTBYIONIHE B
9TOM MPOCTPAHCTBE, OUUHIIOTCH KAHOHUYECKHUM KOMMYTAIMOHHBIM (QHTHKOMMY TAIHOH-
HBIM) COOTHOITEHUSIM. [I0OCTPOUM Tpe/ICTaBIeH s STHX COOTHOINEHHH, & JJIsl 9TOTO CHAYAA,
OIpeIeTUM OJTHOYACTUIHBIE KOT€PEHTHBIE COCTOSHUS, KOTOPbIe Oy/IyT UCIOJIb30BATHCS JIJIs

I[IOCTPpOEeHUA NPEACTaBJICHNA.

A. Boszounnt

O,ZLHO‘{aCTI/I‘{HbIG KOI'€pCHTHbBIC COCTOAHNA MOZKHO OIIPpEAC/INTH KaK cOOCTBEHHBIE COCTOS-

HU ONepaTopa YHUUTOXKEHUS
ala) = ala). (24)

JLng usydenusi CBOMCTB TaKUX COCTOSHUI 1OCTpOUM 6a3UC OJIHOYACTUYHOIO IPOCTPAHCTBA

u3 coOCTBEHHBIX cocTostHuil [n), n = 0,1,..., caMOCONPsAKEHHOTO oneparopa G a
ataln) = \,|n).

DTO ypaBHEHHE YK€ PEIIajioch MPH H3YyUIeHHH FapMOHHYECKOro OoCHuIsaTopa. OmepaTopsb
POXKJIEHUS U YHUUTOXKEHU I TAPMOHUYECKOT'O OCIHUJLIATOPA CTPOUJIUCH COBEPIITEHHO JPY-
UM CIIOCOOOM, HO JIJI HAXOXKJIEHHS COOCTBEHHBIX COCTOSHUN M 3HAYECHHIl MCIOJIb30BAIUCD
TOJILKO JIBA CBOMCTBA TAKWX OMEPATOPOB: UX CONPSAKEHHOCTH JAPYT K APYTY U KOMMYTAIIU-

OHHBIE CcOOTHOMIeHU [d,aT| = 1. Tlosromy oTser:
1. cobcrBennbie 3nadenus oneparopa A\, =n, n=0,1,...,

2. cylmecTByeT HOPMHUPOBAHHOE BaKyyMHOe cocTostaue |0), KOTopoe yI0BIeTBOPSET YPaB-

aernio a|0) = 0,
3. cobCTBEHHBIE COCTOAHULA

n) = —=(a")"0), n=0,1,...,

2~

4. 9TH COCTOSHUSA OPTOHOPMUPOBAHBI (N |M) = dppm
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5. W JUI HUX CYMIECTBYET PA3JIOKEHUE €TUHUIIBI

> ) (n] =1.

n=0

Pazmoxkum KorepenTHoe cocrostHme mo 6asucy |o) = g Cn|n), Torma

n=0
ch,Jn} = ch\/ﬁ\n 1) = chﬂvn + 1|n) = achm).
n=0 n=1 n=0 n=0

an

Otciona caemyer, 9To ¢, = Cp——, & U3 YCJIOBUSA HOPMUPOBKH HAXOJHMM Co. TakuM oOpa3oM,

Vn!
o) = exp[—%q Z j—%|n> = exp [—@7& + Ozdﬂ |0),

npudeM o — Jiodoe KOMILIEKCHOe YHca0. Takas cucremMa cOOCTBEHHBIX COCTOSHUN Meperoi-

n=0

Hexa.

CxansipHOe NMPOU3BeIeHne KOTePEeHTHBIX COCTOSHUM

1 1_ _
(a1]ag) = exp —5(11(11 - 5042042 + aras|.

s mocTpoeHus npeacTapiaeHuss (pOKOBCKOTO MPOCTPAHCTBA KpaifHe BayKHO, 9TO JIJIsT KOTe-

PEHTHbBIX COCTOSHUI eCTh Pa3Ji0zKeHue ¢ quHUuIbL
_ s . _ 1
dada|a) (a] =1, a=x+iy, dada = —dzdy,
C ™

HHTErpupoBaHue BEIETCA II0 BCeil KOMILTEKCHOI IJIOCKOCTH.

JelcTBUTEIBHO:
n) (m| —Ga,n~
dady |a) (o] = ——— [ dzdye” **a"a™ =
/ yla) (al m%:zo T y
n) (m| /°° ¢ / o n) (m| [ -
= d ntme—e dpel?(—m) — do200" e 5, =
Z nlm! Jo eee 0 7 Z vnlm! Jo e=00

m,n=0 m,n=0

= Z \nijm /000 duve™ =7 Z |n) (n| = =l.

n=0
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B. ®epmuonsi

Teneps mombpiTaeMcs peaJu30BaTh NPUBEIEHHYIO MPOTPAMMY MOCTPOEHUS KOTepeHTHBIX
COCTOSTHUI 171 (PepMHUOHOB. AHTHKOMMYTAIIMOHHBIE COOTHOMIEHUS /TSI OTHOYACTIHIHOIO CO-

CTOAHUA

00 01

10 00

3ajaua Ha COOCTBEHHBIE 3HAUEHUSI A, U COCTOSHHUSI |[Nn) CAMOCONPSIZKEHHOrO oleparopa ¢ ¢:
1. cobcrBennbie 3nadenus oneparopa A\, =n, n = 0,1,

2. CcymecTByeT HOPMHPOBAHHOE BAKyyMHOE cocTostHTE |0), KOTOPOE YIOBIETBOPSET YPaB-

wennio ¢|0) = 0,
3. cobersennoe cocrosiame |1) = ¢|0),
4. 9TH COCTOSHUSA OPTOHOPMUPOBAHBI (N|M) = §pp m

5 m JJId HUX CYIIECTBYET pa3JIOzKeHue €IUHUITBI

OHpe,ILGJH/IM KOrepeHTHbI€ COCTOAHUA KaK PEIIeHUd YPpaBHEHHA
clo) =016),

rie (mpeaBocxuiias GJuzkaiiniee 6yayiee) § — HEKOTOPbIH 00HEKT, HMEIOIIUIT KOMILIEKCHY 0
cTpYKTYpy 6 = x + iy. Pazmarag xorepentnoe cocrostane mo 6aszucy |0) = ¢l0) + ¢1|1),

ITOJLY UMM

é|0> :C1’O> :0(C0’O>+Cl|1>), 01:(9C0, 6C1 =0.

[Tpocreiitmuit anau3 MOKa3bIBAET, YTO HETPUBUAJILHOE PElleHre BO3MOYKHO, €CJIH

0 =2 -y +i(zy +yr) =0, 2°=¢y*=0, zy +yx =0.



80

Koneuno xe x = y = 0, ecia 3T0 JIefiCTBUTEIbHBIE YUC/TA, U, BMECTO CEMENCTBA KOT€PEHTHBIX
COCTOSIHUM, €CTh TOJBKO OJHO — BaKyyMmHOoe. OHAKO, ceMeiCcTBO KOTePEeHTHBIX COCTOAHMIM,
KOTOpBIe TTapaMeTPU3YIOTCs BEJIUYHUHON 6, CyIIecTBYeT, ecii CUUTATh MEepEeMeHHBbIe X,1 —
rpaccManoBbiMu. Takoil 1yTh, BOOOIE I'OBOps, MaTeMaTUYeCKU He [POCT: YMHOXKEHUE Ha
I'PACCMaHOBY MEPEMEHHYIO He ONPEJIE/JICHO B THab0epToBOM mpocrpancTse. Ho, ecian odeHb
HaJ10, MOZKHO monpoboBaTh. Tak, x, y — geficTBuTe/IbHBIE 0Opa3yiomiue ajredpol I'paccmana.

Ecyim BBecTH conpsizkeHHYIO IepeMeHnnyio # = x — iy, To

SanumeM Korepentunie ket- u bra- cocrognus
10) = co(|0) +6[1)), (0] = (0] + (1),
BOCITOJIB3YEMCsI YCJIOBHEM HOPMHUPOBKH
1= (0]6) = Goco(1 + 00) = Gocoe®.

Orciona, BO-TIEPBHIX, CIEAYET MPABUJIO COMPSKEHNS MPOU3BEICHNS KOMILIEKCHBIX IpaccMa-
HOBBIX IlepEMEHHBIX

0 = 00,

a TaKzKe OKOH4YaTeJIbHOe BbhlpazKeHue 14 ceMelcTBa KOTePEeHTHBIX OﬂHO(bepMI/IOHHbIX COCTO-

STHU

007 < O" 00
0) = exp|~ | D" —=In) = exp| ==+ 02*]0),
2 n=0 n! 2
rje  — KOMILIEKCHAsi IPACCMAHOBA MepeMeHHas (CPABHUTH ¢ GO30HHBIM CJIy9aeM).

CKaJgapHOe MPOM3BEICHIe KOTCPEHTHBIX COCTOAHHI
1. 1. _
(01]05) = exp [—591‘91 - 59292 + 9192]

Paznoxkenune enuaunsl. [lo anagorun ¢ 6030HHBIM Pa3/I0:KeHHEM € IMHUIBL 3amuiieM (hop-

MaJIbBHO€E Bpra)I(eHI/Ie
[ sy o) o

C UHTEIrPUPOBAHUEM IO T'PACCMAHOBBIM IIEPEMEHHBIM W OIIPeJeJUM IPOUeAYPY UHTErPUPO-

BaHnud Tak, ITOOBI pa3JiozKeHne e JMHUIbI CYINECTBOBAJIO U B 9TOM CJIy4ae.
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Takum obpazom,
[ sy o) 01 -
=0) (0| /dxdy e 410y (1] /dmdy e %6+ |1) (0| /dmdy e %0+ 1) (1 /dxdy e 0990 =
— o) <0|/dxdy(1 + 2iyz) + |0) <1|/dxdy (& —iy) + 1) (0] /dxdy (@ +1iy) + 1) (1|/dxdy2iyw
D10 BbIPAXKEHUE CBOAUTCHA K PA3JIOXKEHUIO €MHUIIbL, €CIIU
/dxdy (1+ 2iyx) = /dxdy 2iyx # 0, /dxdy (x+iy) = /dxdy (x —iy) = 0.
Bynem camrars, aro cumBosbl dx, dy — TOXKEe IpacCMaHOBbBI ITIEPEMEHHBIE, TO €CTh
dz? = dy? = 0, dady + dydz = 0, zdz + dzz = zdy + dyz = ydz + doy = ydy + dyy = 0.

Tbraa IIOCTaBJIEHHDbIE YCJIOBUA 6yﬂyT BbIIIOJIHEHDBI, €CJIM KPAaTHbIE MHTEI'DAJIbl IIOHUMAThb KaK IIOBTOPDHBIE U

/dx:/dyzo, /dxx:/dyyzl.

cuurarb, yro (®.A.Bepe3un)

B sTom caygae

Taxk kak 6,60 — TOKe IrpacCMaHOBbI IIEPEMEHHBIE, TO

1= /dédﬁ@éz Qi/dédﬁya: = /dxdyym,

CJjie10BaTe/IbHO,

dAdo = dz(_i .

1

Takum obpazom, pasjiokeHne e TUHUATILI 10 (PEPMHOHHBIM KOT€PEHTHBIM COCTOSTHIAM MOYKHO
OTpeIeJINTh U OHO MUMEeT BU/I
/de‘de|9> 0] =1.

So: myTeM BBEJEHHsI TPACCMAHOBBIX IMEPEMEHHBIX W IPABUI HHTEIPUPOBAHUS IO HUM,
VIAJIOCHh JOOUTHCSA TOAHON (hopMaIbHON aHAJOTHN MeKy OJHOYACTUYHBLIMH KOT€PEHTHBIMU
cocToTHUSAMEU 0030HOB U (HEePMHUOHOB.

DileMeHTAPHbBIN aHAJIN3 HA IPACCMAHOBOM airebpe.

Ilycts x;,1 =0,1,..., — TpacCMaHOBBI TIepeMEHHbIE

x; T + rpx; = 0.



OyHKIMY OT I'PACCMAHOBbIX [1€PEMEHHBIX

f(l’):fo‘f'z:fl(n)xn‘f' Z fa(n1,m2)Tn, Ty + -+ + Z In(nL, .. nN)Tn,

ni<ng ny<---<ny

OnpeiesuM npOU3BOAHBIE (JIEBbIE U IIPABBIE)

N
0 _ k—1
Ty e Ty Ty Ty Ty = (= 1) Ty Ty Ty - Ty
0%n,
—
9 N—k
Ty oo Ty Ty Ty - - .anaT = (-1) Ty -+ Tng_1 Trgyy -+ Py
n

Wurerpar.

I'paccmanoBer cumBogbl auddepennuaios dr;
dx;dxp, + dxpde; = x;deg + degz; = 0.
OgHOKpATHBIE HHTErPAJIBI
/dxi =0, /dzi x; = 1, cyMMUpOBaHUSA 110 ¢ HET.

Kparubie mHTErpasIbl IOHUMAIOTCH KAK [TOBTOPHBIE.

B 7 e
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Jluneitnas 3amena nepemenubix. Oupenenum y; = a;,T. llepemennnie y; — rpaccManoBbl. Haiinem, 9To npu

Takoii 3amene npoucxomuT ¢ auddepenmuanamu dy;. [lycrs dy; = dzy by, Torma

i = /dyi Y = /dﬂcm T biniQhen = Qembimi, ik, = (@)

CrenoBaresnbHO, TP JIMHEHHON 3aMeHe
yi = agwy, dy; =day (a);
Orciofa caeayer, 910

1
dy; dys ... d = ———dzi1dxs...dzy.
Y1 dAy2 YN det(aik) X1 dT2 TN

XXI. IIpeacraBieHnsi KOMMYTAIITMOHHBIX ¥ AHTUKOMMYTAIIMOHHBIX COOTHOIIEHU

[ToBTopumcs. Ilycts Oy = nq,no,...,ny — IPOU3BOJbHAS BHIOOPKA HOMEDPOB OTHOYA-

CTUYHBIX COCTOSIHHE |¢p,) (17151 GO30HOB HEKOTOpBIE WM BCE 7; MOTYT COBIAJATb, & JJIsI
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dbepMuOHOB N < Ny < --+ < ny). Torma TPOU3BOJIBHOE COCTOSTHHE TOXKIECTBEHHBIX Ya-
cTuI, B (POKOBCKOM MPOCTPAHCTBE MOXKHO 3aIMCATH B BUJE (3/1€Ch OMEPATOPBI POKJICHUS U

VHUUTO)KEeHUsT (hePMUOHOB 0BO3HAYAIOTCSI TAKKe, KAK U GO30HHbIE)

(o)
|®) = Z Z Cnth,-..,nNd:’l_ld':Q e 'dZN|O>'

N=0 On

PaCCMOTpI/IM KOT€pEeHTHOE COCTOAdHHUE
‘Oé> = ‘()40,0[1,...,Oéi,...> = |a0>®|a1>®®|al>®a

Jlasee, ecyi 3TO HE OT'OBOPEHO CIEIUAIBHO, (v — KOMILIEKCHAs IepeMeHHas st 0030HOB U
rpaccMaHoBa JI1s1 (DEPMHUOHOB.

[Ipencraiaenue ket-cocrosinusg onmpejeuM BOT TaKk

1
|®) = P(a) = exp [50704} (a]®), aa=)» oo

~—

N3 3Toro onpejiesieHnss HAXOIUM

o0
¢(d) = § Cn1,n2,...,nNdn1dn2 oo an’
N=0 On

U TPOU3BOJILHOE COCTOSTHUE TPEJICTaBIsAeTCS aHTHIOJOMOP(pHON QyHKIMeH MHOTHX Tepe-
MEHHBIX (PoJTOMOPhHOE MPEeICTABICHNE).
Bra-coctosnme, Kak oOBIYHO, HOJydaeTcd colpsizkeHueM 3Toit dyuknuu. Oanako, 0o603Ha-

JaTh TaKy (GyHKIU Oy/1eM HECKOTBbKO WHaUe, IMes B BHJY CJeayIolee

0

m (i)(Oé) == Z Z C_’nl,ng,...,nNOénloénz <Oy
N On

=0

CKaﬂHpHOG IIpou3BeJeHnue B TaKOM IIpEACTaBJICHUU
<CI)1’CI)2> = /d&dO[ <q)1|0é> <O[|q)2> = /dO&dOf e_o_‘aél(a)@g(d), dada = 1_‘[(:107@(1()(Z
1=0

Haiinem Kak mpeicTaBisgeTcs COCTOTHIE, MTOJTydalonieecsd B pe3yibTaTe IeicTBUS HOPMAJTbHO

i,

yuopsijtodennoro oneparopa N(...,a;,...|...,ax,...) (oneparopa, B KOTOPOM BCe Olepa-

TOPBI POXKJIEHHS CTOAT CJI€Ba, a BCE OLePATOPhl YHUUTOXKEHNUS - CIpaBa) Ha cocrosiaue |P)

~

NC.oat, . )|®) = eaa/Z/daOdaO (] N]a?) (a0]®) —

1

— /dO_éOdOéO eaa/27&0a0/2N<0_4‘a0)<Oé’040> q)(a0> — /daodao e(afao)aoN(O_é’a% (I)(C_KO)
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XXII. KouTuHyaJbHBII WHTErpaJl

DBOMONUS HAYATBHOTO cOCTOsHUSA |P) B KBAHTOBOH TEOPHH YIPABIAETCH TAMUILTOHU-

aHOM (PU3UUIECKON CHUCTEMBI H=H (a*,a) w onuckiBaercs ypasuennem IlIpennarepa
.d 3
i [2(t) = H|®(1)), [|(t)) = |Do).

Pazobbem sosmonuio Ha K, paBHbIX € = (t — t)/K, IpoMe:kyTKa BpeMeHH (peleToTHasI

ANMPOKCUMAIHsT BOJIIONUH). Yerpemum K — oo, € — 0.

k=K k k=0

Torga cocroguue B HadaabHbIH MOMeHT BpemeHu |P(tg)) = |[Pr_g) CBA3AHO ¢ KOHETHBIM

|®(t)) = |Pr=k) cooTHOMEHUEM
|Pp—r) = exp[—ie]:[K_l} exp[—ie]:[K_z} . .exp[—ieﬁk] o exp[—ie]:.fo] | Pr—o)-
BeraBum pasnokeHud eIuHAIBL
i:/dakdaﬂ@ o, k=0, K-1,

110 IIPUBEJIEHHON HIXKe cXeMe U IepefijieM B rojioMopdHOe 1pejcTaBieHne:

<O¢K|exp[7id:IK_1}|aK*1) daX—1daX -1 <aK*1\exp[7iefIK_2]\aK’2> daX—2daf -2

Pr(ag) =ee o o
K (0k) =y E=kK-1 k=K —2
exp[i(aKaK _ &K—laK—l)] exp[i(aK_laK_l _ aK—QaK—Q)}
dakda® (aﬂexp[—ieﬁk_l]\ak*l) dak—1dak—1 daldal! (al\exp[—ieﬁo]\ao) da®da’
- & L g L g ' @ &
k : ko1 . k=1 ; ito  Po(@)
exp[g(o?kak — &kilakfl)] exp[i(o’zlal — &an)]

Pesyabrar 9BoJTIONUN M0 HAYAILHOMY COCTOSIHUIO MOYKHO TPEICTABUTE B BH/IE
_ _ 000 _ _
d,(ar) = /dozodozoe T, 40 (@, %) Dg(ag).

31ech olpeiesieHa KIodeBast JJid JUHAMHKA (PU3ATIECKON CHCTEMbI BEJINUYHHA — /IPO Ollepa-
~K 0
topa spoonun Uy, (@™, "), anrurosomopdroe 1o mepomy u roaoMopdHoe 110 BTOPOMY

apryMeHTy:

K—1 K
_ 1 S _
Uwo(dK,aO) = eo‘oo‘[)(kl_[l /dd’“dak> ]Cl_[lepr(@kak —6/“’10/“’1) <o/“] exp[—ler,lﬂak 1).
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,ZLJIH BbIYHUCJIEHUA MAaTPUYIHOI'O 3JIEMEHTa 11O KOI'€PEHTHBIM COCTOAHUAM IIPpOAeJIaeM CJIedYI0-

ILY0 MPOIeaypy (raMuJIbTOHUAH H=H (...,a;,...]... 4, ... ) IPEIIONATACTCH HOPMAJTH-

HO YIIOPSJIOYEHHBIM )
(o] exp[—ieH)_1]|a* ™) = (a|[1 — ieHp_1]|oF 1) + O(€%) =
= <ozk|o/“_1>[1 — ier_l(dk, ozk_l)] + O(ez) = (ak|ak_1> exp[—ier_l(@ﬂozk_l)} + 0(62).

Temephb gIpo OMepaTOpa IBOJIIONUY TPEJCTABUMO B BUJe (eCTh HAJ Y€M TIOYMATh)

K- K
Usio (@™, ") = ™ <H /d@kd&k) [[expl(@* —a" ") —ieH, i (a"|o" )]

K—oo
(25)
IIpencraBumM unTerpadsl no da*da®, k=1,..., K — 1, B Buae cymm Puvana. /Ing sToro
pa3obbeM KOMILIEKCHOE IPOCTPAHCTBO (Cék) K& Q(f) ®....,k=1,...,K — 1, (unmgekc

n HyMepyeT OJHOYACTUIHBIE COCTOSHHS, IO KOTOPBIM TMOCTPOEHO (POKOBCKOE IMTPOCTPAHCTBO,
a MHJEKC k yKa3biBaeT Ha MOMEHT BPEMEeHH, KOrja Oepercs MHTerpas) Ha S71eMeHTADHBIE

gueiiku Ay obbema vol(Agk) — 0. Dtu sueiikn nporymepyem nraexkcom a. Oupesennm

Yali = 75— &Nk e o (aF okt .
ab=t oXp (Oé @ )& ek 1(0& ‘CK ) akGAak,ak_IEAak—l

Torna

Ut,to (0_4K7 040) =

— o’ Z vol (Agr—1) - - Z vol (Agk) - -+ Z vol(Ag1) aa;f_l . Ya‘ikﬂ a‘ik,l LY =

ak-1 ak al

K
= Z vol, exp [Z [(@" —aF ") — ier_l(dk|ak_l)H
k=

y={al,.ak,...akK~1} 1

Ql

b
akEAak,akev

K-1

3J1eCh V0l = H VOl (A 4k ) g ey B IPUBEICHHBIX BHIPAXKEHUSAX TTPOBEIEHO ePecy MMIPOBaHHE

k=1
(cM. PHCYHOK): BMeCTO IIOCTeN0BaTeIbHOTO cyMmMupoBanud mo al,...,a¥ ... a®~1 B3ara
npousBosbHas BeIOopKa (11yTh) v = {al, ..., a¥, ... a®~'} (xaxapiit ungexc af nopu ganHoM

k BCTpedaeTcst TOJBKO OJMH pas), BIOJb 3TO# BHIOOPKH (IYTH) MPOBEJIEHO CYyMMHDPOBAHHE,

a 3aTeM MPOBEJEHO CYMMHUPOBAHHE [0 BCEM BO3MOYKHBIM BBHIOODKaM 7y (IyTsiM).
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k

-

k N R V. A I |
a a ao
f)/

Aak-, Aal

Aal""H

_ (1 k K-1y "7
vy=A{a,...,ad" . ...;a" 7"}

[Tostomy B mpegene vol, — 0, K — 00, 41po onepaTopa 3BOJTIONUNA MOXKHO HPEJCTABIATDH

cebe KaK WHTErpaJ 1o BCeM BO3MOXKHBIM Tpaekrtopusam v = {a(7),a(T)} B mpocrpancTse

Co®---®C, ®..., Koropsle HaunHaOTCa B o’ mpn 7 = t( ¥ 3aKaEuWBaOTCA B A mpm
T==1
Ui(a.a%) = [ Da(r)Da(r) &),
v: a(t)=aX a(tg)=a0

iS[y] = a(ty)a® + /dT [(aTd(T))oz(T) —1H, (d(7)|a(7))]. (26)

~
[IpuBeieHHYI0 KOHCTPYKIIUIO HU B KOEH Mepe HeJib3sd PAacCMaTpUBATh KaK KOPPEKTHOE Ma-
TeMaTHIeCKOe ONPEeeHne. DTO CKOPee IBPUCTHUECKUN CIMOCOO pPACCYKIEHUM, KOTOPHIIT,
paB/ia, He pa3 yzKe J0Ka3aJ CBOIO 3(PpHEKTUBHOCTD.

BeraucanM KOHTHHYAJIBHBINR HHTErpaJl, ONpeIesSIoNIuil Spo ollepaTopa IBOJIOIUN B TO-

JIOMOP]HOM IpeICTaBIeHIU CBOOOIHON TEOPUHU, TO €CTh TEOPUH € TaMUJIHLTOHUAHOM
- s
H = E Emyy, Q-
m
0. HNcrnonb3yst cooTHOIIEHNE
1

Utaa @, 0%) = exp | 5(a"a" + Goao) | (@707 |a"),

npdaMbI€ BBIYUCJICHUA JaX0T
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1. TIpoBejieM BBIYHCJIEHUS, UCTIOAB3Ysl PEIIETOYHYO anpokcuManuio (25). Oboznauenue

Am = 1 —ieey,.

K— K-1
sy, (H dol) exp 3 (it — o) + ] =
k=1 k=0

Nsv:]

,_.

Oé’]:;n)i| / dd}nda}ne_a}na}n+>‘m6‘2na']r.n+>"mo_é}na9n —

H(H dak dak )exp[ (Amarttak —ak
m k=2
K-1

H(H da” da® )exp[ (Amaktlak — @,]fnaﬁl)} /da%lda?nea%%”‘%@“‘ma?nagn*)‘g”gn m =
m k=3

'_H/dO‘K 1daK 1 faf,i taB-tinaKal -1y K-1gK-140 He*K al \K

m K—oo
OTser:
Ut,to(o_é e —exp [Z aa —1am (t— to)}
m

2. Bpraumcaum 310 ke g7po IBOJIONNN, UCIIOJIH3YsI KOHTHHYAIbHYI BEPCHIO

Ut t, (@Kv OCO) = H /C_Vm(t)&,Kn D@m(’]—)Dam(T)
0

t

exp[&m(to)agn+/ dr

to

[(0ram (7)) ctm (7) — iemdm(T)am(T)H ,

Haiinem skcTpeMaibHyo (KIACCHUECKYH0) TPACKTOPHIO ITOKA3aTes SKCIIOHEHTHI (¢ TOYHO-
CTBIO 1O MHHUMOI €TUHUIIHI ;LeﬁCTBHH)

165, = 6, (to) a2+
/t dr [(3T6dm(7))am(7') + (af@m(T))5am(T)

0

— 1€ 0 (T) am (T) — i€man, (T) 5am(7)} =

t

_ /t (915 (7) — (7)) D) /t

0

dr 6a(7) (9ram (T) + iemanm (1)) = 0.

VpaBHEeHUs JBUKEHUS

Dy — i) @ (T)

(0r + iem)am(T) =0,

WX PEIeHnst
0 —iem(T—t0)

_ K —iem(t—T7 cl
=a,.e m( ), as. (17) = ap,e

CraemaeM B KOHTHHYAJILHOM HHTErpaJjie 3aMeHy TPAeKTOpPHit
{@m (1), am(7) : am(t) = ag,, am(to) = a?n} = {@m(7),qm(7)  Gm(t) = gm(to) = 0}
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o dopmyJie

Am(7) = @5 (7) + G (7). (7)) = @ () + g (7)-
IIpu Takoit 3ameHe
D (T) Dot (1) = Dy (T) D (1),

5,0 = &% (t0)al. + / a7 [(0:Gn (7)) g (7) — 1t (7)o (7)]

to

Taknm obpazowm,

Uno(@",a%) = Nexp[ D alfad,e om0,
m
rae BeJIUYUHY

N=]] / - (1y=0 Dam(T)Dam(7) exp [ /t ar [(87Gm (7)) gm(T) — iﬁm@m(TMm(T)H
M g (t0)=0 0

MOYKHO PacCMaTPHBATh KaK HEKWit HOPMUPOBOUYHBINT MHOXKUTEAb, KOTOPBIM MO MOCTPOEHUIO

ne sapucut or @, a u pasen (cm. Buite) eaunune N = 1.

XXIII. Ckajnsipuoe noJie
A. Yactuiia 6e3 BHyTPEHHUX cTeneHeil cBOOOIbI

CrobojiHast gacThia B KBAHTOBON TEOPHUH - 9aCTHUIA, Y KOTOPOil COXPAHAETCS UMITYJIbC:

[ﬁ?il] :Oa

~

h - raMHJIBTOHHAH YaCTHIIHL.
Pacemorpum cucremy Ha orpanmdeHHoil obsactu npocrpanctBa (—L < o < L). Bazaua Ha

cOOCTBeHHbIC 3HAYCHUA U COOCTBEHHDBIC COCTOAHUS UMITYJIbCa:

p |¢p> =P |¢p>' <27)

B koopiuHaTHOM TpejcTaBienuu |¢,) = ¢,(z) € L*(z € [—L, L],dx);p|¢,) = —id.dp(x),
¢p(x) - abcomorno HempepbiBHasa Gynkmus u3 L?(x € [—L, L],dz), Takag aro d,¢,(x) €
L*(z € [-L, L],dz) u, xkpome Toro, ¢,(—L) = ¢,(L) (BHIOPAHO OJHO U3 BO3MOKHBIX CAMO-
COTPSIZKEHHBIX DACIITHPEHHIT ).

CobcTBEeHHBIE COCTOAHNA U COOCTBEHHBIE 3HAYEHUSA

eipa:

dp() = pL=mn, n=0,21,42 ...,V =2L. (28)

Y

=
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Tak KaK raMHUJIBTOHHAH h KOMMYTHUPYeT C D, ¥ STUX OIePATOPOB CYIIECTBYET OOIMUN TOTHBIH

HAOOP COOCTBEHHBIX COCTOSTHUMU, MOITOMY

<p1|iL|p2> = €py Opy.pa-

31ech €, - SHEPIUd YaCTHUIIBI ¢ UMIIYJIBCOM p. B pesiaTHBUCTCKOI Teopun

gp:\/]mv

rJie m - Macca paccMaTpPpUBAEMOl JacTHIIH.
Ecin y paccmarpuBaemMbIx 4acTHI, HET HUKAKUX BHYTPEHHUX cTeleHeir ¢cBOOO/ b, TO KBaH-
TOBas TEOPHUsI TAKUX HEB3aMMOJIEHCTBYIONIX 9acTUIl B (DOKOBCKOM ITPOCTPAHCTBE OIUCHIBa~

eTCd raMUJILTOHUAHOM BHIa
- i
H = E EpQy, p, (29)
p

IpUYeM B KA4eCTBE OJHOYACTUYHOTO OIIepaTopa, HeOOXOAUMOTO JJIs TIOCTPOEeHUA (POKOBCKOTO

IPOCTPAHCTBA, BBIOpAH OllepaToOp UMIIY/IbCA YacTHILI Ha orpe3ke —L < x < L.

B. KBsaHTOBaHUME KJIACCUYECKOTO CKAJITIPHOTO TIOJIA.

CB060/IHOE MACCHUBHOE CKAJISAPHOE IOJIE OIPEIENIeTCd JarPaHKHAHOM

L— /V do % [0,6(t,2)0" (¢, 2) — M (t,x)]. (30)

Paccmorpum mosie B 60JIbINOIN, HO KOHeYHOl obnactu npocrpancrBa x € [—L, L]. B sroit
00JIaCTH Pa3/I0KUM II0JI€ B P/l IO IMOJHOM OPTOHOPMHUPOBAHHON CHCTEMe COOCTBEHHBIX CO-
crosiHUii omeparopa uMIyabca ¢,(z) (cm. 28). Ha 9170 MOXKHO CMOTpPeTh, KaK HA TOYETHYIO

3aMeHy lIepeMeHHbIX.

ot,x) =) onl(z)en(t).

BemtecTBeHHOCTD TOJIS HAKJIAIBIBACT CBA3L C_j = C.

B HOBBIX IepeMeHHbIX

L= g % [ (Oén(t) — en(Ber()], ol =K +m?
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MuoxkecTBo Beex k, k # 0, MOKHO pa30buTh Ha mapsl k, —k. MHO)KecTBO Takux k, aro k > 0,

obosznaunm K, a MHOXKecTBO Bcex ocrapiruxcs k # 0 — K_. Torna

L=2[a) —wdd®] + > [et)én(t) — wicr(t)a(t)].,

kEK+

mpuyeM Teneps ¢, ¢ k € K, — He3aBUCUMBIE NTepeMeHHbIe, a ¢y — JefiCTBUTeTbHAS.

Onpenesmm aeficTBUTEIBHDBIE (), QF

1
= —(q +1Qr), keK
\/§<q Q ) +
U 1IePeoIpeIesiuM Co = @o. 101/1a JarpaHzKual IpuMer Bu/l

L= -[@(t) — wRed(t)] + % > la+QF —wi(@ + QD).

keK

1
2

Otciofa caeayeT, YTO CKaasIpHOe MMoJe - Habop TapMOHUYIECKUX OCIILISITOPOB.

FaMI/IJIbTOHI/IEBaL[I/IH o4dyeBnaHa:

1 1
H =2 [pg +wigo) +5 D [k + PE +wilad + Q0]
k€K+
Kpanrosaunue.
laMuapronnan
[{[_1 A2 2 ~2 1 ) pz 2/ 22 A2
=5 [96 + wodo] + 5 Z (07 + P+ wiildi + QF)]-

kEK |

A~ ~

Kanonuueckue Kommyranuonnsie coornomennus (Qq = (4o, §i, Q:), Pa = (Po, i, Pi), i € K)
Qe Ps] = 16apl,  [Qa, Qs] = [Pa, Ps] = 0.
Onpee/iuM onepaTophbl POKIEHUS U YHUYTOXKCHH ]
Ao = (o, a4, Ay), AL = (a8 .4, Af), i€ K

CJIIYIOIIIUM 00Pa3oM

- 1

A, = !

2w,

(iﬁa + WaQa)u «213 = (_17504 + wa@a)'

5
;

2wWq

Torna
[«Aaw/zlg] = 50451 {AaaAﬁ] = [A;F7AE] = O?



A o 1 L AoA
H :wo[OéS_Oéo—l- 5] + Z wk[a,':ak +A;:Ak + 1}.

keK
Bresiem onepaTopbl poxKJIEHUS U YHUYTOXKEHHUS, ONPEJIEJCHHbIEe TIPU JTIO0bIX k:
—(ay +i4y), &} =
V2
1 . .
—(d_k — iA_k), Oéz =

V2

Hosoie nepeMeHHbIC IIOAYNHAIOTCA CTaHJaPTHBIM KOMMYTAllHOHHBIM COOTHOIIECHUAM

]{:EK+: a{k:

ke K_: Gy =

[, &) = Sirl, [, af] = [qu,a] =0, i, ke K, UK_UK,,

U raMHUJIbTOHHaH IIPHHUMAET BHUL

= Zwk@;&k + % Zwk.
A A
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(31)

TakuM 06pa3zoM, KBAHTOBAsI TEOPUST PEJISITUBUCTCKUX YACTHIL ¢ HYJIEBBIM ciuHOM (M. (29))

9KBHUBAJICHTHA KBAHTOBOM TEeOpUU CKaJIAPHOI'O I10JIAA. Ecrb CIJUHCTBCHHOEC OTJIMYNE. I'aMUJIb-

TOHHAHDBI 3THUX TGOpI/Iﬁ OT/INYal0TCd Ha ITOCTOAHHYIO BECJIMYUHY (Haqaﬂo OTC"IeTa)7 CM

. (31),

paB/a, PaBHYIO OECKOHEYHOCTU. B paccMOTpPeHHOI CHUTyaIlnyd 3TO W HE TaK YK W CTPAITHO

— x srarpanzkuany (30) ckaJspHOTO 1OJisl, He Hapymas [lyaHKape-HHBAPUAHTHOCTH, MOYKHO

IpubABUTH KOHCTAHTY. A TO, 9TO OHa HaeT GeCKOHEUHBIH BKJIAJ B SHEPIHIO, TO B KBAHTOBO

TEOpHH IIOJIA K 9TOMY HY2KHO IIPDHUBBLIKATD.

BoinosiHuB BblYKC/IeHNST, TPUBEJIEHHDBIE HUZKE, JIJIS OIIePATOPa 1O/ Oy YUM CJIe/Iyolniee

BBIpazKeHHNe

1kxA +e 1kxAZ)

1
P Pl

HpOCTbIe BbIYHCJICHUA JJId I'aMHUJIBTOHHAHA

Zwkak ap = Z wkak Oék-i- Z wkak Oék =

keK keK

Z k(@ ax + AJFA;,C - 1(A ayp — ,jflk))%—
eEK4

l\DM—~

+ = Zwkaka p + AT Ak+1(A - kfcﬁk,fl k) =
k’EKf

= Z wk(d;&k —&—A;Ak)
keK

(32)



92

Bripaxenne aas mosa

¢($) — \/1V ;Ckeikz _ Z Cr elk$ Z Ckelkx \}VCO _

kEK keK_
1 Z (cre™ + e ko) 4 Lco =
g v
+
. 1
1kx 71kx .
+1 — 1) + —F=q =
\/W k;{: (qr +iQy) + (qk —1Qk)] WQO
_ Z eikxaz—l-ak—l-i(Az—l-Ak) Lo 1k:):ak —|—ak—1(A —l—Ak)} Ozsr—i—ao _
B R 2/ Vwy, 20/ Vs V2wV
T+iAT +1Ag) 1A+
_ Z e—lkx 2k = + Z elkx ((;k Vl k + Z —ikz @ r
keK vV &k keK vV Wk keK \/T

(a—p —1A_ al + o
_|_Z lka: k ) 0 0:

ol 2V wy. 2V wo

—ikx + —ikx + 1k:s

+
ao + g _

keZK \/2ka kGZK V2 kV keZK V2 kV vk \/QWkV V2V wy

ikx

=2 v

ag + e Fah).

BazHo, uTo JeiicTue, 3amucantoe B popme (30), HHBADHAHTHO OTHOCUTEJIBHO MpPeodpa-
soBanuil [lyankape. O1ciona ciaeayeT BO3MOXKHOCTDH MOCTPOEHUS B3AUMOICHCTBHSI paccMaT-
PUBAEMBbIX YaCTHIl, KOTOPOE 3aBEIOMO MHBAPUAHTHO OTHOCUTEJbHO JIEHCTBUS TaKUX 1IPe0d-

pazoBanuii. [Tpocreiinuii BApuanT AByX4aCTUIHOIO B3aUMOJIEHCTBUSA
A 4
Ba}KHbIQ BEIIY, Ha KOTOPBLIE CJIeayeT O6paTI/ITb BHHUMaHHUE.
e BzamwmoseiicTeue mpuobperaeT HOBBIN, M0 CPABHEHUIO C HEPEIITUBACTCKUM
At At A A~
Ap, Ay Aps Apy
XapakTep, HallpuMep,
At st At A

Uy Gpy Cpg %4 + lp, Qpy Gy i, -

e lluBapmaHTHOCTL AEHCTBUSA OTHOCHTEIBLHO TPymHnbl mpeobpasosanuit [Iyankape.

[Ipencrasienust aToii rpymibl. ClIUH 9aCTUIIBL.



C. KomMiuiekcHOe CKAJIIPHOE 10J1e

Pacemorpum 1Ba ¢BOOOIHBIX BEIECTBEHHBIX CKAJIAPHBIX HOJS C OJUHAKOBON Maccoil
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L= [ e [0en(t:2)0%0n(t.2) — mP(t, )] + [ do 5 [Bualt,2)0 (e, ) — mP 3, )]

KsanToBanue

H= Z[sp&;dp - SPB;—ﬂp], g, = VP> +m?
p

[é‘pné‘;;] = 5171 D2 [@;a@;;] = [é‘pné‘pz] =0,
[ﬁpn ] p17p27 [ p1o ] [5])1751)2} =0,
[&;7 ;rg] - [ pluﬁpz] [&Plvﬁ;;] = {O}Puﬁlu] = 07

1 A 1
- lpJJ g _I_ (§] 1pl’d y €Tr) =
Zp: 1/25PV p) P2) zp: V2e,V
OHpe,ZLeJIHM KOMIIJIEKCHOE CKaJIHpHoe I10J1€
1 .
o= E(Qsl + ).

JlarpanknaH ¢BOOOHOIO KOMILJIEKCHOI'O CKaJISIPDHOTO TIOJISI

L= [ 4% 00,6(w,000(a,1) ~ m*6(a, )0(z. 1)

OHpe,ZLeJH/IM HOBbBI€ OII€PATOPLBI POXKIACHUA U YHUITOXKEHU A

1 . A4 A 1. P -
E[O&; —lﬁ;], ap = E[@p‘Flﬂp], b;r

y = (G +i8,1, b, =

1
V2

EIH

KOMMYTaIlHOHHbIe COOTHOIIICHUA Te 2Ke

[dpn&;;] = 5p1,p27 [&;pd;—a:] = [&pudpz] =0,

[Bp1s 03] = Gpr s 10 b] = 1By ba] = 0,

P1) ¥p2 p1’ Up2

i B = [ B = [ B

Pl’ P2 Pl’ pz] =

~

[apu bpz] =0,
KaK I TaMUIbTOHHAH
- TP
= E eplay Gy + by by).
P
Ouneparop 1o/t (HEIPMHUTOB) HIPUHUMACT BHJL

1 ipz —ipx 7+ 74+ 1
= b = _—
g, 9= b

(7B + 7P

[OA‘;D - in] :

(eipxi)p + efip:p&;) )

(33)
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IIpencrapnenne lpeauarepa TUHAMAKN B KBAaHTOBOI T€OpHH.

Ha6monaemsre O = O(p, §) onipenieNISIFOTCsT B TIPOTIECCE U3MEPEHUS U HE 3aBUCAT OT BPe-
MeHu. Besg quHaMuKa cBsizaHa, ¢ SBOJIONUEN COCTOSHUS, KOTOPas OMUCHIBACTCS YpPaB-

wernuem [Ilpemunrepa

d

iglo(t) = Hip(1)), ot =0)) = |¢o),

16(1)) = e |so).

Cpeamnne 3Havennsa HabIIOTAEMBIX

(6(1)]O]6(t)) = (ol O e |gy).

OTciona ciaeayerT BO3MOXKHOCTD IpeacTaBiennda [ajizenbepra IUHAMUKK B KBAaHTOBOM

TEOPUH:

3a/IaHO He 3aBHCsIIee 0T BpeMeHn cocTosine dbusndeckoii cucremst |¢o). Habarogaembie

duznYeckoll CUCTEMBI SBOJIIOIUOHUPYIOT COTVIACHO COOTHOIIEHUIO
O(t) — eltHO e—ltH’

njin

Oneparop noJs B npejactapiaenun ['aizenbepra

<Z5(l’ t 1pzap +e” 1p:vb+ E flspt+1pxdp + eu—:ptflpxb+).
2 p

1tH E :
\ /25p
Onpenesienne: €CJan B OIEPATOPE MOJsI CTOUT

® OIepaToOp YHHUITOXKEHHS (,, IPOCTPAHCTBEHHO-BpeMeHHOH dakTop exp(—ie,t + ipr) -

JaCcTHUIA,

® OIepaTop POXKIECHUS b;;, IPOCTPAHCTBEHHO-BpeMeHHOH dakTop exp(+ie,t — ipx) -

aHTHU4YacCTHUIla.

TpaxkToBKa. AHTHYACTHIIA - YACTHUIA, KUBYIAsi B OOPATHOM BPEMEHU: YHUUITOKEHUE 3aMe-
HAeTCd Ha pOXKIeHue, Bpemd ¢ — —{ u, caeJoBaTebHO, HMIYILC P — —P.

Y BelllecTBEHHOI'0 CKAJISIPHOTO IIOJIS YACTHUIIA COBIAJAET C aHTHYACTHUIICH.
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HpOCTbIe BbIYHMCJICHUA

(ata)’a=ataalata—1)=a(ata—1)%
(aTa)ka = a(ata — 1)k,

iet(ata—
elat(a a—1) )

JlarpauKuas cBOOOJHOTO KOMILIEKCHOTO CKAJISPHOTO 10Jg (33) HHBADHAHTEH HE TOJBKO

OTHOCHUTEJILHO IpeobpaszoBanmii rpymnmnsl llyankape, HO H OTHOCHTEILHO TVIODATBLHBIX KaJIHO-

POBOYHBIX IIPEOOPa3OBAHMI
o(z,t) — “é(x,t), w = const.

Jlokamm30BaB 9TH NpeoOpa30BaHMs, MOy IUM JIAIPAHZKHAAH KOMILJIEKCHOTO CKAJIAPHOIO MOJIs,

B3ANMO/IEHICTBYIOMIETo ¢ ToaeM KamuopoBounbiM (AX(z,t)):

L= /ddac ([0, + iAu(z, V)] (x, 1) [0 — 1A (,t)|o(x,t) — m*P(z, t)p(x,t)).
HeiicrBurensao, mycts ¢(z,t) — e @D ¢(x, t), Torma
At — @9, + ipduw),
¥ yCJIOBHE COXPaHEeHWs WHBApWAHTHOCTH Tpebyer BBegenus mous A,(x,t), xoropoe
U3MEHsIET BUJI IIPOU3BOIHOI
Oy — D,y = 0, —iA,,
U 0py KaTuOPOBOYHBIX MPE0OPA30BAHUAX BeIeT cebst CIeAYIONMM 06pa3oM

A, — A+ Ouw.

Takaga momuduranus JjarpanzKuana HE COJAEPKUT MPOU3BOJAHLIX 11O BPEMEHH OT IOJsd
Au(oc, t). To ecTh, TaK BBeJIEHHOE TI0JIe MOKHO PACCMATPUBATEL TOJIHKO Kak BHerrHee. 1ToGbI
3aMKHYThH CHCTEMY, JJ00aBUM K JIaTPaHzKUAHy MPOCTEHTINH JUHAMUYECKUN WIeH, KOTOPBIi
JIOJI7KeH OBITh MHBApUAHTEH OTHOCUTEJBHO MPeoOPa30oBaHmil KaK KaJTMOPOBOYHBIX, Tak u [1y-

aHKape:

Lela = F,F", F,, =0,A, —0,A,.

4e2
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XXIV. CunuHopHOe 110J1€

PacemoTpuM KBaHTOBYIO TEOPHIO B (POKOBCKOM IPOCTPAHCTBE CBOOOIHBIX YACTHIL C Mac-
coit m u ciimaOoM § = 1/2. B KadecTBe mOIHOrO HAOOPA OTHOYACTHIHBIX OMEPATOPOB, HEOD-
XOJUMOTr0O Jjid HOCTPOeHnd (POKOBCKOTO NMPOCTPAHCTBA, BbIOEpeM OnepaTophl Dy, Py, Pz, 0.

lamunbronuan Takoit Teopun

H = Zepd;:o-dp,ay f‘:p = \/pi +pZQJ +pg —+ 7fn27 p= {px’py’pz}’ o :T’J/ .

b,o

Bajgaua - n30aBUTHCS OT KOPHSI \/p% + pg + p2 + m2:

® JJId CKAJIAPHOTO IIOJIAd - TaAaMWJIbTOHWAH OCOUJITIATODA (BOSBe,Z[eHI/IG KOPHA B KBa/-
par)
2

1 . .
5(29?) + 8pq§)v

e ceifuac - Teopus /lupaka (u3BedeHme KOPHA KBAIPATHOTO)
+ep|@) = (Qupi + mp)|o),

e

JImpakoBcKasi KapTWHAa KBAHTOBONH MeXaHWKHU PEJATHBUCTCKOTO JIEKTPOHA HAMeKaeT, UTO

HA0OP YaCTHIl HYy2KHO YJIBOUTH
oy At sy 7
H = E Ep [apﬂap,(, +b,,b ’g}.
p’a-
,ZLHH BJIOZKEHHUS ITOU TeOpHUHU B IPOCTPAaHCTBO €CThb d6a TOJTHBIX Ha60pa CcOOCTBEHHBIX COCTO-
STHAN VKa3aHHbIX OJHOYIaCTHYHBIX OIIEPaTOPOB
eipx 1 eipx 0
) )
vV o A

3/1eCh PX = Po & + Pyy + p.z. O0beIuHUM UX B 0dum, IIPOCTO YJBOUB YHC/I0 KOMIIOHEHT B

cTOIOIIAX

CD»—
o]
»”
o o o

£
<o
—
o)
8
SN~—
I
S
===
<o
—
—
8
N~—
S
o O = O
T o
—
~
8
~—r
(Db—‘
) ¥
o o= O O
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Cros161bl B IPUBEICHHBIX BbIPpaXKeHUAX - COOCTBEHHBIE COCTOSAHUA raMuabTonnana /lupaka
¢ cOOCTBEHHBIMH 3HAYEHUSAMH dHePIuu +m. BBIIOIHEM yHUTapHOE IIpeodpa3oBaHue, mepe-
BOJISIIEE STH CTOJIONBI B cOOCTBEHHBIE COCTOSHUS TaMUJIbTOHHAHA /lupaka ¢ coOCTBEHHBIMHE
3HadenuamMu te,. Tem xe npeodpaszoBanueM HOJAKPYTHM U OIEPATOPbI POXKJIEHUdA U yHU-
9TOKeHUs (raMUJIbTOHNAH W KAHOHHYECKHe KOMMYTAIMOHHbBIE (MM aHTHKOMMY TAIlHOHHBIE )

COOTHOIIIEHUST COXPAHST MPH 3TOM CBOIi BHI).

0 A ~
Up (T u, (@ Qp, apoll
ps() =U p’() ; l=u|.f U,
Uy () vg’g(x) bp.s bp.o
rie yautapaag Marpuna U pasmepom 4 X 4 uMmeeT BUT
1 Ep +m —pﬁl

U:

2ep(ep +m) pio;  €p+m

CocrosiHust u, (), vps(2) OPTOHOPMHPOBAHHBIE

/d337 u;,sl(x)upzm () = Opy 201,505 /dgﬂﬁ 0;751 () Vs, (T) = Opy py0sy s (34)

IleiicTBue, OTIpe/IeIsTIoNIee MOKa3aTe b SKCIIOHEHTHl B KOHTUHYAJIhHOM UHTEIrpaJje JIJId 5/1-
pa omepaTopa 3BOJIONME IIPH HYJIEBBIX I'DAHHYHBIX 3HAYCHUSIX IOJOMOP(MHBIX IepeMeHHbIX,

nMeeT BUIL

is = / " 47 S [t (7)pa(7) + Bpa(7)pa(7) — 10y @ (T)tps () + B (1) Bpa (7))

7
[TepBbIit 4ieH NPOUHTETPUPYEM IO YACTAM U BOCHOJIL3YyeMCS YCJIOBUSIMU OPTOHOPMUPOBAH-

HoCTH (34), IPOYNTAB MX CIIpaBa HAJIEBO,

tf
S:/ dT/d?’x
t; 1%

[iaP2,82 u;;,SQ (x)uplm (x)dp1,81 - inlm Ui_pz,sz (x)v—m,Sl (x)ﬁm,éa -

p1,P2,51,52

- dpz&“?;;,@ ($>5p1up1781 (x)o‘pha + Bp1751vi_p2,52 (x)gmv—mm (x)ﬁpz,@} .

BOCIOMB3YeMCs TeM, UT0 £yt o (1) = (i +mB)up (), epv_ps() = —(ips +mB)v_ps(2):

! E] .
S = /t; dr /‘;dgl‘ Z |:O_5p2,szu;)r2732 (LU) [IE — Op; — mﬂ] Up, sy (‘I)Oépl,sl_

P1,pP2,51,52
E)
- ﬁp1,81vip2,52 (x) [i_ - 651]51, - mﬁ} V—p1,s1 (x>5p2,82 :

or
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Eci npenoioKuTh, 9T0 MHTEIPUPOBAHUE BEJIETCsI 0 TPACCMAHOBBIM IIepeMeHHBIM (fep-

MUOHDBL), TO MEHSIS MECTAMH [, 5, U [y, 55, HOIYTAEM

or
Y(r,x) = Z(O‘;D,S(T)UM(I) + BP,S(T)U—ILS(I))J

p7S

_ i 3 + -ﬂ_u‘_ 5
S—/ti dT/Vd (T, )i ;D mﬁ]@b(T,x),

HCIIO/IL30BAHO, YTO /dgm wf o () Upy 0 (x) = 0.

,ZLHH OpuaaHud peJdTUBUCTCKHA NHBapHaHTHOI'O BHU/Ja BBOJATCA HOBLIE II€pEeMEHHbIE

B, v =Ba, =019, Y+ = 29",
U(r,z) =T (r,2)7°.

'70

JleiicTBHe CIIMHOPHOTO MOJI IPUHUMAET BU/L
tr _
S = / dr / B @Z)(T,x)(iv"@“ — m)@/J(T, x),
t; 1%

PU 3TOM BarKHO MOHUMATh, YTO CIIUHOPHOe ToJie (T, x), (T, ) — rpaccMaHOBO.
Bripazkenue 11 0OJId TakzKe HepeluchiBACTC B APYTOM BHAJE U3-34 BBCJICHUA "DEIATHBUCT-

CKH KOBAapHAHTHO# HOPMUPOBKH':

e,V e,V
_ /&p _ /ép 4+ 0 = 4.0
Up,s = m Uy 5(0), Vps = m V_ps(0), Tps = U, 7 Vps = Vp Vs

OcHOBHBIE CBOIICTBA HOBOTO Hasuca

(V"pp — M)y =0, (V'pu+m)vps =0, p = (g,,p),

Up,s; Up,sy = 5517827 Vp,s1Vp,sy = _551,527 Up,s1Vp,ss = 0.

Oneparopbl CHUHOPHOTO TI0JIS

) [mos i ; i 2 m ., . . .
¢(l’) = Z ﬁ(a%sup,selpx + b;sz’se IPX)7 1/}<x> = Z ﬁ(a;sup,se ipx | bp,svp,selpx)-
pss p p,S p

3ajada: MOCTPOUTH JJIsd CIIMHOPHOTO TOJIs TeHepaTopsl rpynmbl [lyankape u yoenuTbes,
4TO Teopusd cBOOOIHOIO cuuHopHoro noJjs Ilyankape-koBapuanrHha.
JleficTBue COIUHOPHOTO 1O/ WHBAPUAHTHO OTHOCHUTEIHHO KAJIUOPOBOUYHBIX IPeobpa3oBa-

HUI

V(T 2) = “P(T, ), (1, 1) = e “Y(r, 7).
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Takum 06pa3zoM, BO3MOXKHO B3aUMO/IeficTBUE CIIMHOPHOIO ITOJIs C 3JIEKTPOMAarHuTHBHIM. KBaH-
TOBas TEOPHUs B3aUMOJAEHCTBYIONIUX CIUHOPHOTO W JIEKTPOMATHUTHOIO TI0JIell Ha3bIBAETC s

KBaHTOBOH dsiekTpogunamukoi (QED). /leiicTBue KBAHTOBON 9JI€KTPOIMHAMUKY

/ dr / &[5 ("0, —iA,) — )¢—%(auAy—ayA#)(auA”—ayAﬂ) (35)

XXYV. Kgauropanue sjeKTpoMarHuTHOTo cekropa QED

JlarpauzKuaH 371eKTPOMAarHUTHOTO CEKTOPA
1
- / P[4, = (0,4, — 0,4,)(0" A" — 0" 4],
174

3mech j* = ey 1) — 4-IUIOTHOCTD TOKA, IPUYEM U3 yPABHEHHH JBHKEHHS CIHIHOPHOTO IO
caenyer, uro 0,j* = 0. Kpome roro, nepeonpejiesen 4-sexrop-norennuan A* — eA*.

OrpanmuanM 061acTh uccaemyemoro monst oovemom V (—L, < z < L,, —L, < y <
L,, —L, < z < L,) n nepeiigem x psagam Oypre 10 IPOCTPAHCTBEHHBIM KOOPAHHATAM (CM.

KBaHTOBaHUE CKaJIAPHOT'O HOIIH)Z
1

A*(1,x) ‘kXA“ H( el (T),  kx = kyx + kyy + k2.
- > y

B sTom ciiydae srarpaHkKuaH MOXKHO TEPEIUCATh B BUIE
L:Zb [(Af 4k AD) (A ik A° ) — (892 KW ) AL AT J450A°, —jiAl |, 0,5 =1,2,3.
k

MuozxkecTBo Bcex k MOxkHO pa3douTh Ha napot k, —k. Beibepem u3 mapbl TOJIbKO OJIHOTO IIPeJI-
craBuresd. Muozxkectso Takux k oboznaunm K, a MHOXKeCTBO Bcex ocTapiuxcd k - K, cum
KBAHTOBaHWE CKAJSIPHOTO 10jid. I yauThiBasi, 9T0 4-BEeKTOP-MOTEHIIUAT U MJIOTHOCTH TOKA
BEJINYUHBI TefCTBUTE/IbHBIE, Oy IAM

L= [(A - ik AD(A] +ik'AD) — (672 — K'k) ALA] + jOAD + JOAY — AL — LAL].

keK
Kak u panbine nojoxnm Al = (QF 4 igl') /v/2, Toraa

L= 3 [5 QK (K + (G K QDG K Q) — (59 kW) Q4] + )] +

keK

+ \/—[Qk%]k + @S — QLRjL — Qf{%]liﬂ .
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Kpowme toro, pasnokum BexTopa Q% qf, i = 1,2,3, mo 6asucy e, el,, A = 1,2. Exuauanbrii
BEKTOD €, HAIPABJEH BIOJb BEKTOpa K', a BEKTOpa €}, JIeKAT B IUIOCKOCTH, TIEPIIEHIAKY-

AapHON k', ¥ B3aHMHO HepIeHINKYISIPHEL.
i Gl L i A P 2 B R
Qr = €/Qy + enQi, @ = g + e

(Ho HMOBTOPSIONIAMCS UHIEKCAM \ — CyMMI/IpOBaHI/Ie). B sTx nepeMeHHBIX JarpaHKHAaH IPU-
MeT BUJ
L= [La(QL O Qr Qi ) + Lalar, dii a4 QW) (36)
keK
1 ... 1, . . . .
Ly = S(QeQx — K*QxQi) + 5(Qk — k) + V2GS — QR — QeRz),
1

- L . . . .
Lo = G(@d — K ada) + 5 (@ +kQD)* + V2RI — a3k — wSi).

ypaBHeHI/Ie HereprBHOCTI/I JJIe IIJIOTHOCTHU TOKa
RiL — k5L =0, S5 + kRjL = 0.

Jlarpamxkuan pasOuiicd Ha JIBe HE3aBUCHMbIE YACTH, MOITOMY JaJbHeilliee paccMOTpeHue
IPOBEJIEM JIJIst OJIHO# U3 HUX (Jpyras aHAJU3UPYETCsT AHAJIOIHIHO).

[Tepeiijiem K ramMuabTOHOBY (POPMaJIU3MYy, HEOOXOJMUMMOMY JIJisi KAHOHUYECKOIO KBAHTO-
Banusi. Ho: jarpamkuan BOOOIE He 3aBUCUT OT IepeMeHHOit ql({), U COOTBETCTBYIOIINAN €i
0000IIeHHBIN UMITYJILC O0OpalaeTcss B Hy/Ib. Teopust ocobennas. Ilepeiigem K 0bOOOIEHHBIM
UMITYJIbCAM JIIsd T€X IePeMEeHHBIX, /I KOTOPBIX 9TO BO3MOKHO:
= 0Ly —=Q), Pl= 0L =
aQy Y F oL

BBIITHIIIEM ,[LGﬁCTBHG B raMHUJbLTOHOBOM (bOpMaHHSMe.

o llTax,

tr . .
Sa= [ dr 3 [PlQk-+ RAGE - HaPL QL QD + dafa(BL QL]
t

i keK

o [ammibToHMaH

1 , 1 .
Hy = SRR 1 RQUQY) +VIQURIY + L(P)? + VIQLRIL
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o Muoxurens Jlarpanxka

>\§R = —qg.

e Caasp (mepBoro poja)

fr = kP = V23,

Teopust co cBA3AMHM He TPUTO/IHA JIJI HETIOCPEJICTBEHHOIO KAHOHMYIECKOTO0 KBaHTOBaHUd. B
HeHl HY2KHO BBIICJIUTD HE3AGUCUMBLE KGHOHUYECKUE Nepemertble T AMCHHO Ha HUX HAJIOKATH
KAQHOHUYECKUE KOMMYTaIIMOHHbIE COOTHOIIEHU. [j1s1 9TOro paccMOTPUM KJ1aCCUYeCKKe yPaB-
HEHNS JBHKEHNA PACCMAaTPUBAEMON TEOPHUN.

Yerbipe ypaBHEHWST ABUKEHNS HA MOTEPEUYHBIE KOMIOHEHTHI
Qi=PR. B =-KQ; — V2R
JIBa ypaBHEHUS HA TPOAOJbHBIE KOMIIOHEHTHI
Q=P +ak  B=—V2Rj,

1 ypaBHEHWE CBA3A

kPl — 2352 = 0.

[IepeMerHBIE pa3AeUINCh: €CTh YeThIpe YpaBHEeHHWS Ha YeThIpe MepeMeHHBbIe Pk)‘, QY N =
1,2, u Tpu ypaBHeHUS Ha TPU NepeMeHHbIe Pli, Qf{, qg.
[Ipoauddepennupyem 1Mo BpeMeHH ypaBHEHHE CBSI3U M BOCIOJIL3yeMCs YpaBHEHHEM Helpe-

PBIBHOCTH Ha IIJIOTHOCTH TOKa
0= kB! — V2350 = k(P + V2Rj}).

Otcrosa cieayer, 9o u3 Tpex ypasnennit na Pl QL ¢) ne saucumbl muimn npa
kP — V2350 =0, QL= P+ ¢k

Takum 00pa3oM, UHCJIO HE3aBHCHUMBIX yPAaBHEHUH MEHBINE, 9eM YUCI0 OHPEIeIsIeMbIX IIe-
pemenubix. CrienoBaTeIbHO, KAKYIO-HHOYIb OJHY MepeMeHHY0 (nim GyHKIMIO OT MepeMeH-
HBIX) MOYKHO TPOU3BOJBLHBIM 00pa3oM 3adUKCHPOBATh — HAJOKUTH KaanOpoBky. TpeboBa-
HUe K TaKoil (PHKCAIMH TOJBKO OJHO — PelleHne He3aBUCHUMBbIX YPABHEHHI )11 OCTABIIIXCS

IIepeMeHHbIX JOJI2KHO OBLITD CIMHCTBEHHbIM (yCJIOBI/Ie JOIIYCTHUMOCTH KaIII/I6pOBKI/I).
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B paccmatrpuBaeMoM caydae Bce JOCTATOYHO MpocTo. VI3 mepBoro ypaBHEHNA HAXOAUM IIPO-

JIOJILHBIH 0OOOIIEHHBIHT HMITYJIBC
1
! 0

Eciiu BoiOparh KaJmbOPOBKY B Bujie

TO IIepeMeHHad qg onpeaeadercd OJHO3HaAYHO U PpaBHA

1 1
a=—1R= -5 V2

Taxkum o6pazom, n3HadaabHoe 6-MepHoe dha3oBoe mpocrpancTBa (PL, Q) Teopun nocsie Ha-
JIOYKEHUsI CBSI3W M KAJMOPOBKH TIpEBpaIiaercs B 4-mMmepHoe (a30BOe MPOCTPAHCTBO C HE3ABH-

cumbiMuE TiepeMennbiME (P Q7)) 6e3 Kakux-m60 CBsi3ell ¢ raMHIBTOHHAHOM

) N
Hy =5 (PP +K2QRQ0] + V2R + E(%JE)Q-

AHa.HOI‘I/I‘IHI)IG paCCY)K,ZLeHI/IH JJId ;prroro ceKTopa
l 1\/_ -0 ! 0 1 \/_ -0 1 A \/_ ACk )\ 1 -0\2
Pe=— 2R, . =0, Q) = 2 2%, Hg = 3 [pepk + KR a] + V24 S + @(%k) :

JanbHeiiliee KBAaHTOBAHWE TelMePb HE COCTABUT TPYJAa (CM. CKaJspHOe moJie). JacTuiss
9JEKTPOMArHUTHOTO 10T ((DOTOHBI) XapaKTepH3yoTcs UMIyIbcoM k = (ky, ky, k) u mous-
puzarueit (A = 1,2), ux Maccel paBHBL HY/TI0. OTepaTOpPBl POXKIEHUs B YHHITOKEHIST TAKIX

acCTUul HOAYNHAIOTCA KaHOHUYICeCKUM KOMMYTaOlWMOHHBIM COOTHOHIICHUAM

Gl Gy xg) = OkdaOnides [Canes Choa) = (G Gy rg) = 0

laMuapronnan

ey ot /
H ZwkaACkA+Z\/% —C_ k,A ]k—l-z k2jk] _k» Wk = k‘%—i—k’;—Fk‘g,

i i
(zcnosnzoBano, aro npu k — —k BeKTOp mosApusanmu e, — —ej, ).

Buipaxkenus s noJis

A

1 4 el :
AO x) = — j()elkx7 kA é )\elkx T é+ eflkx )
( ) Zk: \/ka k Z \/m k,A }
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XXVI. 4dapo oneparopa 3sosironuu 8 QED

Knaccuueckoe neiicTBue 37eKTPOIUHAMUKH
ts 5 [/ . 1
S = dr [ d°x [w (iv"(8, — 1eA,) —m)p — Z(a"A” — 0,A,)(0"A” — 0V A")|.
t; 14
D10 JielicTBHEe HHBAPUAHTHO OTHOCUTEIHLHO KAJIUOPOBOUYHBIX Ipeobpa3oBaHmii
w N eiw(‘r,x)w’ & s efiw(T,x)QZ’ AM N A,u . iefiw(‘r,x)aueiw(f,x).
Omno OBLIO IpeICcTaBIeHO B BUIE

ty -~ ty
S—/ dT/dew(i’y“OM—m)w—i-/ dr L,
t; VvV t

rae L — jarpamkuan saektTpoMarantHoro cekropa QED (36).

PeSyﬂbTaTbI KBAaHTOBaHNI.

e QED npencrasisier coboit ¢ TOYKHN 3peHNs] KBAHTOBON TEOPUW CJIeAYIOMni HAOOD da-

CTHI] — (POTOHBI, JIEKTPOHBI ¥ IMO3UTPOHBI.

e DJIEKTPOHBI U MO3UTPOHBI — YACTHIIBI CO CIIHHOM, PaBHBIM 1/2, Maccoit m u 3apsia-
MU, DABHBIMU 110 BEJIMYHHE €, HO ¢ MPOTUBOMOJIOKHBIMA 3HAKAMHU (YACTUIA - AHTHU-
qacTuna). VX onepaTopbl pOXKIEHUS W YHUUTOXKEHUS HOMIUHSIOTCS KAHOHUIECKUM
AHTUKOMMYTAITMOHHBIM COOTHOIIEHU M

~
A

s + — p+ —
[am,sw ap2,52]+ - [bphSl?bpg,Sz]"F - 51717172581,527

[&p1,817&p2,82]+ = [&;,sp &;-2,82}4’ = [bp1,51>bp2,82]+ = [b;_l,sl? b;_Q,SQ]Jr - 07

[dpl,sp bp2752]+ = [dp1,817 b;g,SQ]-l- = [d;l,slv bp2752]+ = [dz—;,sp b;g,SQ]-i- =0.

DJIEKTPOH-TIO3UTPOHHOE TOJIe

~ ipx 7+ —ipx
(ap,sup,se + bvayse ) .

e DOTOHBI — YACTUIIHI C MACCO, paBHOM HYJIIO, U IBYMS HE3aBUCUMBIMU MOJTAPU3AIAIMEA
ef{)\, A = 1,2, nepneH IuKyJIAPHBIMIA HAIPABICHUIO UMITYIHCA (k:iei)\ = 0), 3/1eKTpuYe-
ckn HedTpaababl. Oneparopbl POXKIAEHUS W YHHYTOXKEHHS MOAINHAIOTCS KAHOHHJE-

CKUM KOMMYTAaIlUOHHBIM COOTHOIICHUAM

[ékl,)q’ él—l_g,)\g] = 5k17k25>\1,/\2’ [ékl,)\lv ék27>\2] = [éli_l,)q’él—:g,)\g] =0.
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Omneparopsl poxaeHust (YHHITOXKeHHsI) (POTOHA, JEKTPOHA U TTO3UTPOHA KOMMYTHDY-

10T (WM AHTHKOMMYTHDPYIOT - 6e3 PasHHIb) MeXKIy OOt

Omneparop 371eKTPOMArHATHOTO TIOJISA
i

Z \/_k2jk lkxv Az(x) = Z /—QVwk

k,A

[ék ikx + éi)\efikx}’

3/16Ch JP — omneparop, 3aBUCAIIAH OT ONePATOPOB POXKJICHUS U YHUYTOKEHHs 3/IeKTPO-

HOB W TO3UTPOHOB, TO/IYUYEHHBIH C/IeIYIONIM 00pa3om

S o300 B0 () — - ()70 (x) -
yk—W/Vde P, 0 = P -

ABoeTo4vue ClipaBa U CJI€Ba O3HaYaeT B3dTHE HOPMaJIbBHOI'O IIPOM3BEIACHUA (STO OIIpe-

JeJISIeT 3apsil BAKYYMHOIO COCTOSTHUS B pocTpaHcTBe POKa, pABHBIM HYJIIO).

e [ammiabronunan QED

f{ = ﬁep + [:Iph + f{intv

371eCh TAMHJIBTOHAAH CBOOO/IHBIX JIEKTPOHOB U MO3UTPOHOB
_ At i+ 7 _ \/ﬁ
He, = ng (ap,sa’I%S + bp,sbp,8)7 €p = VD" +m*,
p,s
raMuJIbTOHUAH CBODOIHBIX (DOTOHOB

2 S At 4 —
Hy, = E Wil Gy wk = VK2,

k,A

raMHIJIBTOHHAH BSaI/IMOﬂeﬁCTBI/IH

6

2 : kA A+ §
mt —cC_ k,A j + j ]

m k/\ k kg kJ—k>
orepaTop jf( IIOCTPOE€H AHAJIOTHYHO OIepaTopy ]19 u3 OolepaTopa IIJIOTHOCTH TOKa
Si0o) — e ol ™ )
J'(x) = P)YY(x) -

Jlng Burancsiennst GU3NIecKnx BeJIMINH B KBAHTOBOI TEOPUH 1M0JIA HEOOXOIMMO 3HATH KaK
N3MEHSIeTCS COCTOSTHIE HCCJIEIYeMOI CUCTEMBI ¢ TeYEHHEM BPEeMeH!. DTOT TMPOIECC OMNCHIBa-
eTcd /IpOM olepaTopa IBoIonuu. B Hatelt cxeme spo omrepaTopa IBOTIONIH IPeICTaBIeHO

B BUjie KOHTHHYya IbHOTO uHTerpana (cm. (XXII))

Ulaps, l_)pjs, Cix; pss bp sy Cra [ty — 1) = /DEL(T)Da(T)DE(T)DZ)(T)DE(T)DC(T) eism,
Y
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TPaeKTOPHUH Y

v dp,s(tf) = ap,sa bp,s(tf) = Bp,sa Ek,)\(tf) = Ek,)\; ap,s(ti) = Qps, bp,s(ti) = bp,s; Ck,)\(ti) = Ck\

neficTBUe, 33JJaHHOE HA TPAEKTOPHUAX 7,

Syl = Seply] + Spulv] + Sint[7],

JieiicTBHE CBODOHOTO 3JEKTPOH-TIO3UTPOHHOTO 10,15

1Sep[7] = Y (G (i) ap.s + bps(ti)bp.s) +

p,s
+ / A7 > [(0:8p,(7))apa(7) + (0:bp,a(7))bps(7) = igp (s (T)tps (T) + bps (T s(7)) ]
Y p,s
JefCTBHAE 3JIEKTPOMATHATHONH BOJIHBI
1Spn[v] = Zék,)\(ti)ck)\ + /dT Z [(aTEk,A(T))Ck,/\(T) - iwkék,A(T)Ck,/\(T)}a
kA 2 k,A

B3aNMOAENCTBHE OIUCHIBACTCA NECTBUEM BHIA
g — ila i i L .o
1Sim[y] =1 [ dr Wik T o ik
~ - 2k

npuuem (ypbe-KOMIIOHeHTa BEKTOP-TIOTeHIUaa Al Bblpazkaercs 4epes KOMILIeKCHbIe Mepe-
MeHHBIE Cy 5(T), Cx A(T), KOTOPbIE HOJCTABICHBl BMECTO OIMEPATOPOB POK/ICHUA U YHUITOKE-
HUSI, COOTBETCTBEHHO. AHAJIOTHIHO (byphe-KOMIIOHEHTa 4-ITOTHOCTH TOKA jj BBIPAKAIOTCS
Tepes TPAcCMAHOBH MePeMeHHbIe Gy o(T), ap s(T), bp.s(7), bp.s(T).
KonrunyaJsibubiit maTErpas onpejesistercsd cBoeil pereroynoit annpokcumaiueit, cm. XXII.
WNraxk, B3anmoeiicTBre B IPEJCTABIEHHON cxeMe MmpejicTaBsier coO0il B3aMMHOE BIANSHIE
TOKa 3JIEKTPOHOB ([IO3UTPOHOB) 1 SJEKTPOMATHHTHOTO TIOJIsI U KYJIOHOBCKOE B3auMOJIeficTBIe
IIOTHOCTEH 3apsAI0B 37€KTPOHOB (mo3uTpoHOB). Takoil BUJ B3aUMOJEHCTBUS ,HApyIIaeT"
SBHYIO JIOPEHII-HHBAPUAHTHOCTH JeHCTBUsS (HATIPUMED, KYJIOHOBCKOE B3aUMOIeHCTBHE MIHO-
BeHHO). [109TOMY BBIMIOJIHUM PsIJI MATEMATHUYECKUX TPEOOPA3OBAHUI BOCCTAHABIUBAIOIITAX
YKA3aHHYIO CHMMETPHUIO B SIBHOM BUJIE.
JIj1s1 3TOTO HYKHO KAKIM-TO 006pa3oM BOCCTaHOBHTH mepemennbie Pl QL. q) u np., xoropuie
OBLIN YTEPSHBI B MPOIElype KAHOHUIECKOTO KBaHTOBaHUsl. VITak, HAYHEM ¢ BEJTUINHBI

ciSmant = exp [—ier S [Va@ e + (S]]

k=1 keK
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BBesnem paspeleHHYIO CBA3b

=TT 10 / (P RS (K(P)* — V2ASIDH).

keK, k=1

TOTIa,

1

eSen = T ﬁ / A(PE KO (kP = v2(350)*) exp | —ie [ V2(QD (i) + 5 (P’ |

kEK, k=1

Beegem mHOXKHUTEIb JlarpaHnzka, npeacTaBuB 0-(hyHKIUIO B BUIE

5(k(P)Y — V2(S5)F) = /d(q{i)'“% exp [—ie(q))* (k(P)* — V2(S5)")].

B pesyabraTe momydaercs ciaeyroliee BhIparKeHUe

s = TT T1 / d(q{z)’fd(Pﬁ)’“%exp[—iekmﬁ)kwﬁ)’f—ie%((Pb’“f]

keK, k=1
exp [iev/2[(a) (S70)° — (@) (Ri2)"]]
Brimosinum uarerpuposanue 1o (PL)F (nepexos ot rammisronosa K arpanzkesy gpopmasns-

My)

v = 1T [ d<qg)k%exp[ie%(k@ﬁ)’“)g+ie¢§[<qﬁ>’“<%jﬁ)’“—(Qﬁ)’“(%ﬁj@’“]]-

(37)
OcTaercst BBECTH yTepsiHHYIO KoopauHaTy QL. B paceMoTpeHHOll KaTUGPOBKE 3TO CIeIaTh
COBCEM ITPOCTO:

=T 10 [ a@rs(@n.

keK, k=1

AHanorudHBIE PACCYKICHHSI HYKHO MPOBECTH [JI APYTrOro CeKTOpa, TO eCTh /s mepe-

I OO I
MEHHBIX Py, Qy, G-

B pesyabrare gaapo oneparopa sBosonun g QED B mpejactaBuMo B BHje
U(ap,sy Bp,s; Ek,/\; ap,s; bp,57 Ck,)\|tf - tz) = / D&leDA# 5 [azAZ]
r

exp [i /tvtf dr /V dx [J}(jy/@u —m) — iFWFW + e&y“@bAuH. (38)

BesycsioBHO, 9T0O BRIpaykeHme He Dojiee, 9eM CHMBOJ, HMeOINii, TpaBa, O0JIBITIOe SBPHCTH-

yeckoe 3Hadenue. Pacmmudpyem.
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K—1
DyDy = H H d(ap,S)kd(ap,S)kd(Bpﬁ)kd(bp,S)ka
p,s k=1
UHTEeIrPUPOBAHUE BEJETCS MO I'PACCMAHOBBIM MEPEMEHHBIM.

pa=[I1 T H Rl N ) h ] [Eﬁd(ak,wd(cm’f],

MHTETPIPOBAHNE BEJETCA 1O (PU3NYECKIM KOMIJIEKCHBIM TTePEeMEeHHBIM Ck )\, Ck A W TIO

JneficTBuTeIbHBIM Kaaubposounbiv QY ¢0 QL gt

o OFpaHI/I‘{eHI/IG HMHTEerpupoOBaHud Ha OJHOI'O INpeacTaBUTe/Id PAaCCJIOCHUA

0[0;A"] HH& Q) ((a1)")

keK, k=1

e Pemerounas Bepcusi ¢cBOOGOIHOTO 3JIEKTPOH-IIO3UTPOHHOIO OIS

ty _ 1
/ dT/ dx(iv"0, — m)y = i Z [ap s0p.s + b sbpst
t; 1%

p;s

+e€ - [(ap,é’)k(ap,S)k + (gp,S)k(bRS)k - igp((ap,S)kap,S)k + (Bp,S)kH (bp,S)k)H )

rpaHuvHble TOYKU TpaekrTopuu [’

(dP7S)K = Qp,s; (ap,S)O = Qp,s, (bp78)K = Bp,& (bp,8>0 = bps.
e JleiicTBHE 3JIEKTPOMATHUTHOTO TOJIS

¢ K—-1
_ le/tide/VdXF#VFlw _ Z %€k2 Z [((Qg)k)2+ ((qg)k)2]+

kEK 4 k=1

1 K—-1

1 0 sk SN | k
+ g; [Ck,,\ck)\ +e kz_o [(Een)" (crn)" — ik (Ce )" (e ) H,

IpaHUYHbIE TOYKHA TPAECKTOPUH JIJIA IEPEMEHHBIX (DU3UIECKUX

(Ek,,\)K = Cx,x, (Ck,,\)o = Cx-
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e BzaumoieiicrBue

ty -
/ dT/ dx ey A,
t; Vv
_ Z i((ap7s)kup7seipx + (Z’)p?s)k+1vpvse7ipx)’
s \/ epV

TIOJIA SJICKTPOMATHUTHBIC! CK&J’[HprIfI IIOTCHIIAJI

ot hbepMUOHHBIE

((QF +ig)*e™ + (QF —igy)Fe ™),

AO:Z\/W

k€K+
BeKTOpHBIH norenrman (i = 1,2, 3)
i

Aizzm

keK

(@ + i)™ + (Q — i) *e 7]+

ek)\
_|_
Z V2V wy
XXVII. S - marpuiia. CkajagapHoe moJie

PaCCMOTpI/IM TCOPHIO BECIICCTBCHHOI'O CKAJIAPHOIO IIOJIA CO B3aUMOJACUCTBUCM
S = dd+1 18,u o . 1 2 42
- x|z ¢ ,u¢ _mOQb
2 2
BI)I,ILGJH/IM CBO60,ZLHYIO TCOPHIO IJId KaHOHNYCCKOI'0O KBaAaHTOBaHUA

S = 50+ Sint,
Sy = l/derlx [3“¢3u¢ _ m2¢2], S, = /dde [%(5m2¢2 _ ;1)@4

2

rje ydreda BO3MOXKHOCTD IIepeHOPMUPOBKU MaCChL CBO60,ZLHOfI TE€OPUH U3-3a B3aUMOJCHCTBUA

m? =m2 + dm? (cMm. uyTh BbiIIe).
['aMUIBTOHMAH COOTBETCTBYIOMIEH KBAHTOBONW TEOPUH IIOJI UMEET CJIeIyFONHHA By

a B3aMMO/ICCTBHE, IIPUBEJICHHOEe K HOPMAaJIbHO#M (popMe, MOKHO 3aIllUCaTh CJIEAYIONHIM 00-
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pasoM

, BA 1 1 1
V=Vot (550 = = 50m )V o (@fa, + Gyt + 20, ,)+
p

4V Eq 2Ve,
q
A Z Vo
p1+p2+p3+pa,0 (A A A A A Ad oAt AL
- Ay Gy Gy Gy, + G G Q7 AT )+
P1-"p2 P33 P4 p1-p2p3pa
4 P1,P2,P3,P4 \/2‘/87’1 \/2‘/87’2 \/2V€p3 \/2V€p4
A Z 4V o,
P1,p2+P3+p4 <A+A PN AdoAd oAt oA
- a’ ap,p,ap, +a' at at a, )+
p1'P2'P3 P4 P2 'p3 'p4a T P1
4 D1,P2,P3,P4 \/2V€P1 \/2V€P2 \/2V5P3 \/2V5P4
A 6V5p1+p2,103+p4 A4 oAt oA
4 Ay Ay Aps Ay 5

s V2V Ep\/2VEp,\/2VeEp,\/2V ey, p1 ps

rJje olieparopbl d;’;, dp IMOJYNHAKTCA KAHOHUYECKUM KOMMYTAIIlMOHHBIM COOTHOIIICHUAM, Ep =
m?2 + p?, Vi - nekoro
, Vo pad, moka He 3a(pUKCHPOBAHHAS, KOHCTAHTA.

IIpeamer Buraucaenus - S-marpuia. OnpeaeneHne oneparopa:

SY — hm eitfﬁoe_i(tf_ti)ﬂe_itiﬁo
tf—)-i-OO ’
ti——o0
CHuMBOJI HOPMAJIBLHO YIOPSI0YEHHON S-MaTPHUITBI
8(a,0) = (alSla) = lim [ dagdasdddasale’ ®ag) fagle™ 0 jag) (agle 0] a).
ti——00

Hcnonb3ys ¢BA3b MATPUIHOTO JIEMEHTA M0 KOTePEeHTHBIM COCTOSHUSAM C SPOM OllepaTopa
SBOJIIOIUH

(agle ™ |ag) = e 200U (@, ayft)e 3%,

CHUMBOJI S—ManI/IL[bI MOZKHO IIepeluncaTb B BUAEC

S(a,a) = tfl_igrlooeaa/do‘zfdafddidaieafo‘on(d,af|—tf)U(6zf,ai|tf—ti)U0(di,a|t)eO‘io‘i.
t;——00

Anpo oneparopa 3BOJIONUN OIIPEILTACTCH KOHTHHYAJTbHBIM HHTEIDAJIOM

U(ay, ailt) = [Y ya, DA(T)Da(T) exp alti)alt) + /t Tdr (d(r)a(r) - iH (a(r)a(r))]

Oz(ti)zai i

SAnpo oneparopa spomtonmn coboaHoit Teopun (cm. (XXIT))

Uo(ary, ou|t) = exp [Z @p,f%,z‘e_itgp]?
p

KpOMe TOT'O

/d@idai f(oéi)efaia¢+&iae*“5 _ f(OéeiitE), /dafdafg(@f)eafaf+aafeit€ _ g(o‘zeits).
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OTcroa HAXOUM

— _ : —apa — itre —it;e
S(ay, ) = tfl_l)rJrrlooe P (0p,e™ I cppe” P |ty — t;).
ti——00

CHMBOJI S-MaTpHIIBI B pacCMaTPUBAEMOM TEOPHH MPUHAMAET BUT

S(ay, ap) = lim oG /C—yp(tf)ape“ffp Da,(1)Day (1)

tf—>+oo
ti——oo P ap(ti):ape_itisp

exp i (t:) (1) + /t " 4 (6P (7) — iz, (r)a () | exp i /t _tf dr / dla Ve(r, )]

%

B 3TOi popMmy.ie

Vig(r,z)] = 2[&(7, r) + foo (1, 2) + co],

elP? @p(T)e_ipI),

o1r.2) = 3 =l

20m? 1 4V,
= — — 3 JEE— —_
fO Ep Vgp ) Co

A AV

Teopist Bo3MymIeHHi:
exp[—i/tjf dT/dde[ng(T, x)]] ~1 —i/j dT/dde[qb(T,x)] 4=
[1—i/t;fdr/ddx‘/[i5j(i,x)] +] exp[i/t;de/ddw(T,x)j(T,x)]
- [Mar [atev[ L e [Mar [wotaia)

Taxum 06pa3oM, B paMKaX TEOPUH BO3MYIIEHMIHA

=0

J=0

)
J=0

(Y o _ .
S(ay, ) = exp[—l/t. dT/dde[i(Sj(T xJSo(ap,ap]j)

npuyiem

So(dp,apU) = lim e~ oo _ _ itge de(T)Dap(T>
ap(ty)=ape f°P

tf%Jroo
ti——oo P ap(ti):apeiitiep

exp |y () (t:) + / " (6 (7)ap(7) — igyiy(r)aty () 61, () () + iy (7)),

1 d, . —ipx :
np(T) = \/2—7810 /d ze Pri(T, x). (39)

WuTerpan KBaJpaTuIHbIA, BRIYUCASIETCS CTAHIAPTHLIM 00pa3oM
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1. IIepeBaJibHad TPpaeKTOPHA
O_ép<7—> - igpdp(T) + l'f_h)(’]') = O’ @p(tf) — apeitfsp’

il. perreHue

. ty .
a,(1) =¢"" (dp + / dn iﬁp(ﬁ)e_map),

1il. moka3areijb 3KCIOHEHTHI

(1)t (1) + / iy (r)n(r) = Gyt

i

ty . i ty ty ,
; / Ar (G, () + 7 (F)age 758 — / d”/ dry & (7)) (72),
L t; T2
1v. KOHTHHYaJbHBIII HHTErpaJ

/a,,(tf)zo Day,(T)Dayy(T) exp [/ttf dr (ay,(7)ay(T) — ispdp(T)ap(T))] =1,

Qp (tz) 0 i

So(yp, aplj) = exp [i/dedw ¢o(T,2)7(T, )+
1
i/dngTlddI'Qdd.Tl §j(7'2, IQ)DC(TQ — T1,T2 — $1)j(7’1,l‘1) )

rJe BBEJAEHbI HOBad IMepeMeHHad

+iTep 7'1p:1:)
)

1 . .
¢U(T, yc) = Z \/m(apeh'ﬁp+lpl‘ + @pe
p

u npuunnHas Qyuimug ['puna

1 : .
Dc(Ta :[;) = 12 57z e—1|7'|5p+lpx.
p

p

OtBer jy1d S-MaTPHUIBI B TEOPUU BO3MYIIEHU I

4 2

Slo(x)] = exp [_ig/dd—ux [(iéjix))‘l + fo (15]-(5()())2 + COH

exXp [i/dd+1X1 ¢0(X1)j(X1) -+ i/derngderle %j(Xg)DC(XQ — Xl)j<X1>:|

j=0

0. Hyaxaesoti nopadox meopuu 603myusenul

Soldo(x)] = 1.
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1. Ilepswiti nopadox meopuu 603myuserud

IIpocTsie Hy2KHBIe hopmy.tsl (obo3nadeHme So(j) = So(ay, pl))):

J

Wso(j) = 2(x)5(j), @(x) = do(x) + /ddﬂxl De(x —x1)j(x1),
o 1

i) T = D).

i

Bapuanuonubie npou3Bo/Hbie

52 ,
(105(x))? i
53 , 1
(i67(x))?
1

503) = 3(Dc(0)) So(d) + 65 DelO)F2()0 () + F ()50 (1)

(107 (x))*

OTciona HaxoIumM
Silon(0] = (~0/4) [ a0 [0+ 636 (fo - GD.(0)) + (c0 ~ DO} o~ 3D2(0)].
Bpewst BHGUPATE KOHCTAHTHI

fo = 6iD.(0), o= —3D2(0).

[Tocrosinubie fy, cg BRIOpaHBI Tak, YTOOLI MMEPBBIA MOPSIOK TEOPUU BO3MYIIEHUI

OIMCHIBAJI JJIEMEHTAPHBIN NPOIECC PACCedHAsl YaCTUL, IPYT HA JApyTe.

3uaueHneM fo ONpPeNeIsaeTcsd BETUINHA NePeHOPMUPOCKY MACCHL

3\ 1 dp 1
dm? = —6iAD(0) = 2= )~ — =3\
m 6iAD.(0) v S 3 /(

2m) \/p? + m?

Brimucannbiit uHTErpas pacxoauTcs Ha BepxHem mnpejene rnpu d > 1. Caenosa-

TeJIbHO, JIJIsi TOr0 YTOOBl Macca m ObLIa KOHEYHOH M JefiCTBUTEIBHOMN, KBaIpaT

"3arpaBoYHOI Maccm"m% JOJI2KEH OBITH OTPUTATETBHBIM 1 OECKOHETHO HOJBITNAM.

B 3Tom ciyyae mepBblil MOPAI0K TEOPUH BOZMYIIEHUN IPUHAMAET BU/I, KOTOPBIH MOXK-

HO TipejicTaBuTh rpadudeckn (quarpavva Paiinvana)

oo (X) ®o (X)
S1léo(x)] = (~iA/4) / A i) = o (v [t
Po(x)  do(x)
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[IpaBuia quarpaMMHON TeXHUKNT:

— BHEITHUM KOHIAM COTOCTABJISETCS TI0J€e (@,
— B KaXKAYI0 BEPITUHY BXOAAT YeThIpe JUHUM,
— BepUIXHE COMOCTABALETCS 4-KOOp/MHATA X U UHTETPUPOBAHUE 110 3TOU KOOPUHA-
Te ¢ BecoM (—i\/4) /dd“x.
2. Bmopoti nopadox meopuu 803myuienud

Bapuanuontbie npou3BoIHbIe

5 atrarg (1 g S0 L 050() P
ity 50U) = Sl Grret T 45500 665 m))°

o) 00 | OSl) S0 g 3Sul)

Wi 0) ()2 T 665m))E @5(y) (155 (y)1

So(1)24(=1Dc(x — ¥))* + 4i80(5) (x) 24(~iDe(x — y))*®(y)+
+650(j)@%(x)12(=1De (x — ¥))?((=1Dc(0)) + ©°(y)) +
+450(j)®° (x)4(=1Dc(x — ) (3(=1De(0)) 2 (y) + &7 (y)) +
+80 ()@ (x) (3(~1Dc(0))* + 6(~iDc(0)) D% (y) + ®*(y))-

R0 | aS) 6 L 6%So()
@i %) = Sl arrmene 2650 (o))

S0(7)@*(3)12(=1D(x = ¥))* + 250 (5) @ (x)4(~iDe(x — ¥)) @(y) + So(j)@* (x) ((—1Dc(0)) + @*(y))-

Mcnomb3ys 3TH BhIpazKeHWs, HAXOIUM, ITO

54 ) (52
IS A TR

D5(x) B (y) + 05 (x)16(—1De(x — ¥)) o (v) + 05 (x)72(—iD.(x — y)) ¢ (y)+
+¢0(x)96(—1De(x — ¥))*do(y) + 24(—1De(x — y))™.

— 3D2(0)| ©()S0(;)

Anajnrunyeckoe BblpazK€Hue /1Jisd HOPpMaJIbHOI'O CUMBOJIA S—ManI/IHbI BO BTOPOM IIO-
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psJiKe TeOpur BO3MYIIEHUI

+%(—i)\/4)2/dd+lxdd+1y [65(x)16(—iD.(x — y)) 5 (y) ]+
SRV [ ity [ghT2(-iDux - v)) o))+
SV [ Aty [on()96(iDu(x — ¥)) ool +

(—i)\/4)2/dd+lxdd+1y 24(—iD.(x — y))4.

['pacduyeckoe npeacrapieHHe BTOPOTO MOPsIIKA TEOPUH BO3MYIICHHIA

><X¥<
e e

[TpaBuia auarpaMMHONR TeXHUKH (IIPOJOJIZKEHNE):

— BHYTPEHHUM JIHHHUSIM COMOCTaBJIsieTcss npudannnast dbyukmusa ['pura —iD.(x — y)

C Pa3HOCTBHIO 4-KOOPJAMHAT BEPIITNH, KOTOPbIE COeTUHSIOTCH 3TOI BHYTpeHHEI 1-

Huei,

- KOSCI)CI)I/H_[I/IGHT Ipu AuarpamMme onpegesadeTcd HelIOCpeACTBEHHBIM BbIYUCJICHUEM.

XXVIII. PacxoamMocCTH, peryjJasspu3aliui U BbIYNCJIEHUS UHTETPAJIOB
A. IMpuuyunanasg dyskiua 'pura

CsoiicTBa npuaunHoi dpyukiuu ['‘puna

1 . .
DC(X) - DC(T, l’) = 12 e e—1|7'|€p+1p:p'
p p
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B mpeene 60/1b110r0 AIMUKa M8 OIS

PP v/ (gjf)’d.

p

Oypne-o6pa3 npuununoit pyuknuu ['puna

i i —iep|T
D.(p) = D¢(po,p) = 2% /dT plPoT—iep|T|
P

WNurerpan pacxogurces, JaIbHEHRIITNE BRIYUCICHUS BO3MOYKHBI B KJIacce 00OOIIEHHBIX (DyHK-
nuii (TO ecTh HENPEPBIBHBIX JUHEHHBIX (DYHKIHOHAJIOB, 3aaHHbIX HA (DYHKIUIAX U3 MPO-
crparcTBa [1IBapua uin Ha GUHATHBIX QYHKIUAX).

1
p2—m2 416’

: 00 : 0

1 o 1 . .

Dc(D) _ d etPoT—iepT ot + d elp07+15p7+57
28? 0 261’ —o0

0—+0

rae p* = p; — p*.

Y npuunnaHO# dyHKIUN ['pruHa, Kak PyHKINA KOMILIEKCHONR YaCTOTHI Py, €CTh JBa IOJIOCA:

pg:zsp—ié ‘
)

Py = —€p +1i0 0

Taxkoe mos1ozKeHue TUX HOJTIOCOB BBLIEAIET NIPUIHHHYIO0 (pyHKIHIo ['puna u3 ceMeiicTBa pyH-

JaMeHTaJbHbIX peIHGHI/Iﬁ YpaBHEHHUA

(02 + m?)D,(x) = 6(x).

B. Ksagpar dbynknuu I'puna D?(x)

Urak, npuunanag dynknuss ['puna — obobmennas dynkius. Ksaapar o000IeHHOM
GYHKIMH MaTeMaTrudecKu He onpejesieH. Brupodem, 310 He HPUYMHA OCTAHOBUTHCH, €CJIH
pemnaercs dpusndeckas 3agaqa (mosromy ganee d = 3). Pacemorpum dypre-o6pa3 kBajgpara

c c ( )4 c L c p ]::

,Z[JIH OIEHKH CXOAUMOCTH 3TOTO MHTEI'paJia BBIIIOJHUM IIEPEXO/ K €eBKJIUJOBLIM IIepEMEHHbIM

ko — iko (BuKOBCKHiT TOBOPOT).
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[Tpu 110BOpOTE KOHTYDA MHTErPUPOBAHUS BAYKHO HOMHHUTD O 110~

JIFOCAX TIOJIBIHTErPAJIBHOIO BHIPAZKEHUS B I€PBOil 1 TpeTheil uer-
BEPTAX KOMILIEKCHOH mockocTn. OHAKO, /I ONEHKH CXOJNMO-
CTU WX HAJHYHE HE CYNIECTBEHHO. 3aMeHa MePeMEHHBIX B HHTe-
rpate d*k — idkg, k? — —k% = — (k3 + k?).

['pybas onenka cXoauMOCTH

dik d*kp A dkp k3
——D.X)D.(p—k)~ | —= ~ [ —E ~InA
/(2w)4 () De(p — ) /k;; / g

Urak, uarerpast pacxojurest Ha BepxHeM npejedte (yabrpaduoseroBast pacxoaumMocts). st
JAJIbHEHATIEr0 MPOJABHKEHNAS HYKHO CJEIaTh 9TOT MHTErPa] OCMbBICJICHHBIM, TO €CTh NpoGe-
cmu pezyaapusaruto. PakTHUECKH TIPU OMEHKH ero CXOAMMOCTH PEryJisipu3alus yiKe Mpo-
BEJIeHA: HHTErPUPOBAHUSA 110 BCEMY 4-MEPHOMY €BKJIHJIOBY HPOCTPAHCTBY 3aMEHEHO Ha WH-
TerpupoBanue 1o mapy k% < A?. CHATHe Peryagpu3ald O3HAYACT MEPeXO] K Hpeesy
A — 0o. D10, TaK Ha3BIBaEMas, pe2ysapusanus oopesanuem. HecMoTpst Ha ecTeCTBEHHOCTH
OHA He Beerja yJao0HA JJisl BBIYMCJICHUN (CABHI MEPEeMEHHON MHTerpUPOBAHUS HAPYIIAET
CHMMETDHIO).

CymiecTBy 0T 1 Jpyrue cnocobsl peryasipusanuu. Pasmepras peeysapudaius COCTOUT B TOM,
gro unrerpai no diky dopManabHO 3aMeHseTcd Ha WHTTPUPOBAHUE 110 UMIYJILCHOMY IIPO-

ctpaicTBY D = 4 — 2¢, € > 0, u3mepenuii. JIerko BuaeTh, 9TO B 9TOM CJIydae WHTerpaJi

/ d4726kE
ki,

OKa3bIBaeTCd CXOAAINUMCA Ha BEPXHEM IIpeaeJie. CHHTI/IG peryjadpu3danuu COCTOUT B IIpede/ib-
HOM Tiepexofe € — 0.
Anarumuneckas peeyaapusayus n3Menser Bua GyHKIUN ['pruHa

1 1
—
m? —p? — i) (m2 —p? —i§)N’

A>1,

a TIpeJleTbHBIHN mepexon A — 1 BOoCcCTaHABIMBAET ee MCXOJTHOe 3HAUEHHE.
AHATIOTHYHO yCTPOEHA pe2yAapusatus BucuMu npoussoaubiMu ([Tayau-Buarapea). PyHK-

O FpI/IHa CKaJIAPDHOTO II0JId 3aMeHdeTCd Ha CJACAYIOUYIO

1
D.(p) = T S DY (p) =

1 1 B
m2—p?—i§ M?2—p2—if
M2_m2

e —wor—p -
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CHaTHe peryiIgpu3aIyuu oTBedaeT NpeeabHOMy nepexony M — oo. lIMenHO Takymo pery-
JAIpu3anuo u Oy/1eM UCIOJb30BaTh Jlajlee.

Nrax,

d*k M? —m?
Df(p) = / (27‘()4 (m2 k2 — 15) (M2 — k2 — 15) (m2 — (p — k)2 — i5) .

Taxue uHTErpa bl yI00HO BHIYUC/IATE, UCHOIB3YS napamempusayuto Patinmara

1 -1
_ (N1 / dor- - / don o(z1+---+an zv
ar .. lar2y + -+ + anay]

B paccmarpuBaeMoMm ciydae

d*k M? —m?
/(27r)4( 2 k2 —10)(M2-k2—id)(m2 — (p—k)2 —id)

d*k 5 . “1(M2 - m2
l/ / dl‘l/ dl’g/ dfﬂg (I’l—i‘ +.’EN )( m) 3
M2m1 +m?(1 — 1) — p?x3 — 2pkzs — k? — i(ﬂ

Brimonnm 3ameny nmepemennnix k + pry — k

— 1 M? —m?
2(p) / dazl/ d:1:2/ dajg/d4k oot Fan = 1) m’) 3
(2m)t [M2z1 4+ m?(1 — z1) — p?x3(1 — x3) — k2 — i0]

Murerpuposanne mo 4-uMITy/IbCaM BBITTOJIHsIETCsT 110 POPMYJIe, B CIIPABEITUBOCTA KOTOPOH He CI0K-

HO yOeauThesd,

dk . 5 (N = 3)! 1
= > 3.
/[X e_w” ey E e M2

+oday = D(M? —m?)
D2(p) = dzy [ dzy [ d G :
2(p) = im’ 271' 2! / ml/ xQ/ U M2y + m2(1 —x1) — plw3(l —x3) — 10

BrimomnnM mHTErpupoBanue cHadas a Mo X2, 3aTeM IO X1, 4 WHTETPUPOBAHNE MO T3 3aMeHseM Ha

WHTErpUpPOBaHUE TIO T

i

2
De(p) = 1672

/1 dz [In(M?(1 — z) + m*z — p*z(1 — ) —i6) — In(m? — p*z(1 — z) — i6)].

Cugarue perynspusaiyu (M — oo)

i M? 1
DZ(p) = W]nﬁ +regDZ(p) + O(ﬁ}
1 2

; dz ln<1 — %x(l — ) — i5).

[lepexons B KoopauHATHOE MpeacTaBIeHne, TTOTyIaeM

i M?
Dz(x —y) = @5@( —y)ln s + reng(X —y). (41)
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C. Ky6 dynknuu I'puna D3 (x)

Oypbe-06pa3 Kyba dyukiuu ['puna

DY) = [ et Dep —ka — k) Dl Dol

Peryasipuzanns Iaynu-Bunnapca aus D.(kq), D.(ks)

- [ 3
1

(m? — (p — ki — ko) —i6) (m? — k% — i6) (m? — k3 — i) (M2 — k3 — i6) (M2 — k3 — i6)

DaitHMAHOBCKAs [1apaMeTPU3aus

1
(m2? — (p — ki —ko)2 —18) (m2 — k3 —i6) (m2 — k% — 16) (M2 — k3 — i) (M2 — k3 —i0)
1
B) -1
— 4l / Ay dagdzsda,das (w142t oyt ostas—1) -,
0 [m2f + M?2g — k3a — k3b — 2kikoc + 2p(ky + ko)c — p2c — id]

31eChb @ = 1+ X2 + x4, b =21+ T3+ x5, c =21, f =21 + T2+ 23,9 = x4 + T5.

3amMeHa mepeMeHHbIX
1 c \~1/2 c \~1/2 pe(b —c¢)
ko —=[(1+ =) Tkt (1-—=) k| +22F
' V2 ! Vab 2 ab — c2
1

Vab
c \~1/2 c \~1/2 pe(a — ¢)
o Sl 7m) -(-77) e+ TmE
2 — + Jab 1 Jab 2| + ab — 2
npuueM skoGuan mepexona pasen (ab — ¢?) 72, ab — ¢ > 0.

MuTerpasnbr mo uMmyabcam

1 p—

/dkldkg 5
[m2f + M?2g —k3a — k3b — 2kikoc + 2p(ky + ko)c — p2c — id]
1 1 w2 1
= —= [ dk;dk =—
(ab—02)2/ H [X—k%—k%—ié]s 24(ab — )2 X —i§’

X =m2f + M2%g— c(b—c)(a—c)pQ.
ab — 2

B pesyabrare

oy = - [ S(as 4 tas 1) )
D;(p) = 25672 ) dzy...dzs (ab— )2 .. cla—c)b—c)’
(MQ—mQ)g—&—mQ—l(S—W

CumMerpu3yromas 3aMeHa

U=2T1, V=0T +Tg, W=23+2T5, t =9 =x4+T5, S=T5.
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B sTom ciaygae

2

ab — ¢* = w + vw + wu, c(a—c)(b—¢) = uvw,

1 1 w s+v
/dxl...dx55(x1—|—~-~+z5—1)...:/dudvdwé(u+v—|—w—1)/ ds/ det....
0 0 0 s

Nrak,
m2 1 (5(U+U+w_ 1)
D3 = — dudvd J(u;
() 25671'4/0 v (uv + vw + wu)? (w0, w)
e
1w s+v dt m2 p> uvw
(u; v, w) e/o S/s t+ eF(u,v,w)’ T ME g (u, v, w) mZuv+ow+wu

I/IHTeI‘paJ[ BBIYMUCJIACTCA U OKA3bIBACTCA PAaBHBIM

F F F
vte ln(v—|—eF)—ijE ln(w—|—eF)—|—7v+wJre In(v + w + €F).
€

J(u;v,w)=FInF + Flne —
Boiiesnsiem peryispHyio 9acThb

D} (p) = regD2(p) + 6D3(p),

m? 1dudvdw5(u+v+w—1)( p? uvw )1 ( p? uvw —i)

D3 — _ _
Te6%e 2567 Jo (uwv + vw + wu)? m? uv + vw + wu m? uv + vw + wu

B ocrasmeiics wactu § D3 qacTu4HO cCHUMaeM pery/spu3aiuio (OCTOPOXKHO, 9TOObI He 3apaboTaTh Pacxo/Iu-

MOCTH KOHEYHOro MHTerpana), € — 0, e(F — 1) — 0,

s p2 m2
D = I — 1, 1
5DY = 5B I(e) — e Ti(0) + (1),
1
-1
If(E):/ dudvdwé(u+v+w )u w|ln cotw+e) —-1],
o (uv + vw 4+ wu)3 (v+e)(w+e)
1
] -1
Ig(e):/ dudvdw (utv+w )V—i_w—'—eln(v—f—w—ke)—v+eln(v+e)—w+eln(w+e)+lne.
0 (uv + vw 4+ wu)? € € €

TTocsie psiia MPOCTHIX 3aMEH TlepeMeHHBIX WHTerpas It(€) MOKHO MPEICTaBUThH B BUIE

u—+e€

1
Ii(e) = / du (1 +In )(2f(1 —u) — f(u)).
0
Brimosnasiss OKOHYATEIFHOE CHATHE PEryJISPU3ANNN, Oy IaeM

1
It(e) = 3 Ine — Cr + o(1).

BBesennas orpanudennas dbysxius f(u) U NOCTOSHHbBIE OIPEIEJIEHbL CIIEAYIONMM 00pa30M:
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1.2 dbyuKIHST

v(u — )

Fu) = <1u>/"dv< -

u—+uv —u? —v?2)3

0.8

8(1 —u) th !
arc
£(u) 0.64 w?( 4 3u)? 4 3u 4 3u 8( 4 3u)? S 8u’

0.41 IIOCTOAHHBIC
1 1
0.2 9 :/O duf(“)a
1
’ 02 o 05 03 1‘ Of:/ du (Inu+1) (f (u)—2f(1—u)) = 0.7813024129.
u 0

I, (e) = /01 du (u te In(u + €) — lne) (9(u) —29(1 — u)),

€

371eCh

81 u 1
= d .
of 9(w) /0 v (u 4 wv — u? —v?)?

w1 (u)_ﬁ( m )3/2arcth U n 2
) I =3\ 134 41— 3u u(l—u)(4—3u)

Boinenum B g(u)—2¢g(1—u) orpanuvennyio yacrb h(u):

,47‘ | | | ‘ g(u) —29(1 —u) = —% +4(21nu—1n(1 —u)) + h(u).

B unTerpase ¢ orpanudeHHoi yactoio h(u) ycrpemum € — 0

I (e) = Io(e) + %/0 duh(w)ulnu — lne/O du h(u) +/0 duh(u)(Inuw+ 1) + o(1),

UHTErpa ke

1
3
Iy(e) = / du (u te In(u + €) — lne) (—f +4(2Inu —In(1 - u)))
0 € u
BBIUHC/IAETCHd B TePMUHAX ausorapudmudeckoil GbyHkunu u npu € — 0 OKa3bIBACTCs PABHBIM

m™24+3 3 2

Iy(e) = 3 —§1n26+7ln6+1+€+0(1).

Ilocrosinubie HNHTEerpaJibl

1 1 1
/ duh(w)ulnu = -1, / duh(u) = 3, / duh(u)(Inw + 1) = —4.418941343.
0 0 0

Uraxk,

2 3 2
I(e) = %—§1n e+41ne+§+c +o(l), Cy=—5063875411.
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OrBer jgg Kyba dyukiuu ['puna B KOOpJAHHATHOM IIPEICTABICHUN

1 ) M2 3, M2 M2
= gt |00 =) (G — 1 A G
2

1. M
+ gu0LO8(x — y) (5 = of)} tregDi(x —y). (42)

Di(x—y)

D. ®yusknua I'puna B Touke x = 0

Tax xak yukus ['puna — byuknusg obobmennas, seananua D (x = 0), KoTopasi paHee
BCTPEYAIaCh B TEOPUH BO3MYINEHU, He onpejenena. Haiigem ee B paMKax peryisapu3alium

[Taysmm-Buanapca. s aToro 3amerum, 910

Do(x =0) = /%Dc(p).

Nurerpan pacxoauTcs CUAbHO: CTAHIAPTHON pery/spusanuu pyuknuu ['puna ne gocrarod-
Ho. Bocriosib3yemcst obobierunem peryasipusanuu [laynn-Buinapca va takue ciydan.

1 1 M? — m?

D, DM (p) = — — .
(p) — D."(p) m2—p>—i0 M2—p2—i6 (M2—p2—if)?

Boranciienns 6e3 KoMmMeHTaprien

d*p 9 99 d*p 1 B
| et = 82— | o -

91 1 1
— 2| dz,dzedass -1 [ a =
(2m)? /0 w1dwzdas 6(z1 + @2 + a3 )/ P [m2x1 + M?(1 — z1) — p? — i0]3
20,1 ! 1
(2ﬂ)4m o1 /o v1dwades 0(zy + 22 + 25 )[m2x1 + M2(1 — 27) —if]

. 1 . 2
1 2 2y2 - _ 1 [ 2 _ 2< %)]
_16772(M m)/odxM2—(M2—m2)x_16772M m 1—§—lnm2 .

Taxum obpasoM, dyHKIU ['pruHa B HYJIeBOH TOYKe MPOCTPAHCTBA-BPEMEHH PaBHA

2

D.(0) = 16;2 [MQ —m? (1 +ln %)] (43)
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XXIX. IlepeHOpMHUPOBKHN B KBAaHTOBOII T€OPUU MOJIS

Tenepb BTOpPOil MOPSAOK TEOPHUU BO3MYIIEHUH I S-MATPHUIIBI MOXKHO IPEJICTABUTH B

BHUJIE

Sa[do(x)] = regSs|¢o(x)]—

—%9{/&%;%@%@W%ﬁ@—%%%@—i&%&ﬂﬁﬂ,MQ

311eCh 1eg S5 [Pp(X)] — KOHeUHAsT YACTH S-MATPHIIBI, OTBeYAIONIasd (DU3HIECKOI TPOTeLyPe pac-

CedHHnd JaCTHUI, BO BTOPOM IIOpA/JKe TeOpUun BOSMYI_[IGHI/IfI7 e¢ 3Ha4ycHue

1 _iDc(X - Y)
wasia)= g X s e

(—i)%*regD?(x — (—i)3regD3(x —

O

J1o6aBOYHBIN Y4jIeH B BBIpAKEHUH JJIsd S-MATPHUIIBI 00LETUHUII BCEe PACXOIAIINECS IIPU CHATUN

peryasipusanuu (M — 00) BbIpazkeHusi (CM. MPeIBIIYIIIH Pa3ies), TP ITOM

3 /1. M? 3m?2 /2 M? 3 M? M?
dpm DA ), T B0 Wy
D= g 2n f 8t \3 m2 2 m2 nm2+ 8
M?
&:EQnQ,f%:Am/&mxw.
T m

KpaitHe BaxKHO, 9TO MMoJieBasg CTPYKTypa 3TOT0 PacXOoIdIIerocd 4ieHa MOJTHOCTHIO BOCIIPO-

U3BOJIUT CTPYKTYPY HCXOIHOIO JeiCTBUSA
1 1 1
_ 4 “w 2,2 4
5= de8¢@¢—ﬂ%¢——%¢]
2 2 1
DTO JaeT BO3MOXKHOCTDH BOCIOJIB30BATHCA HMPUEMOM, KOTOPBIH yxKe MPUMEHSLICS B IMEPBOM
HOP&JIKE TEOPUU BO3MYIIEHUI: LPU OIPeJeieHuU CBOOOJIHON Teopuu Jijisi KAaHOHUYECKOI'O
- o 2 12 5 2 12 6
KBaHTOBAHWS MACCHBHBIN WeH B JeficTBUM mgd® dacTuaHo (0m”¢”) ObLI OTHECEH K BO3MY-

IMEHN0. DTO MO3BOJINIO HPUAATH (PUSHIECKUI CMBICT MEPBOMY TOPSAKY TEOPHUH BO3MYIIIE-

HUil 1 n30aBUTHCS OT HEONPeIeTeHHBIX Bhlpazkenuii Tuna D.(0).
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CyTb 0600TIeHHA 9TOr0 IpHeMa TakoBa. BBeieM HOBbIe HapaMeTPhl MacChl M2 1 KOHCTAHTHI

CBA3U A\ Takue, 9TO jeiicTBre cBOOOJHON TEOPUU IPUMET BHU/I

Sy = %Z / d'x [0 9, — mP¢?] + C,

a BoaMmymeHue S;,; = S — Sy 3aluieM CJIeayomuM 00pa3om

Sw==5 [ [0+t +a] = (5) [ dx[0ot+ fi6? + did*00,0+ e,

TO €CTh pa3HeceM MCXOHOe JeficTBrue S O BCEM PACCMATPUBAEMBIM MTOPSIKAM TEOPUU BO3-
MYIIEHHH 110 HOBOW KOHCTAHTE CBS3H .

YciioBre TOro, 9TO MBI IMeeM JeJI0 ¢ Toft »Ke Teopueil, BBITISINT CJIedyIONIM 00pa3oM

R S IR OPE S N

Ecrb eme o710 ycaoBue paseHcTsa geiictsus ucxonnomy Co — (A/4)co — (M/4)%co = 0. Ho oHO He mpumnim-
MMATHHO, TAK KK 33J4€T, BOOOIIE TOBOPS, HE OMPEIeISeMyl0 B pAMKAX PACCMATPUBAEMON TEOPUH, SHEPTHIO
BAaKyyMHOI'O COCTOsiHUs (CM. BbILLE).

Takasg cxema TeOPHUH BO3MYIIEHHIl IT03BOJISIET BO BTOPOM IOPsiJIKE ITPABUILHBIM BHIOO-
POM TOCTOSIHHBIX C1, dq, f1, g1 KOMIIEHCHPOBATH BCE PACXOJSIIUECS cIaraeMble B S-MaTpHIIE,

eCJIM OHU CTPYKTYDHO COBIRIAIOT C HCXOAHBIM JeficTBueM teopuu, cM. (44)

JleficTBUTEILHO, B BTOPOM TOPSJIKE JOMOJTHATEIHHO BO3HUKAET BOZMYIIEHUE CJIEY IOIIET0

BHUIA
AN 2
S =(3) [ [0 + 116+ 110°00,0+ c1].

1 ero BKJIAJ B S-MATPHUILY HECJOKHO BBIIUCIUTD
N [ 4 : 2
- 1(;) d*x [g1¢* + (f1 — 6ig1 D.(0)) ¢*+
+ d10"¢ 0,0 + (c1 — 1f1D.(0) +id10°D.(0) — 3g1.D7(0))].
Eciu BeiOpars
1. 3 1, ..,
C1 = —AO —+ §Am1DC(O) — ZLA)\DC (0) + §AD18 DC(0>,
1 1 3. 1
dy = —§AD, Ji= §Am + §A/\1DC(O)7 g1 = ZA/\’

TO pacxoadimuecd cjaaracMble B S—M&TpI/IHe IIOJTHOCTBIO KOMIICHCHUDYIOTCA U

Sal¢o(x)] = regSa[¢o(x)].
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Buanne koabdunuentos dy, fi, gr, k = 0, 1, mo3soasger o dopmyram (45) HalTH 3HAYCHHST
m, A\, Z Kak (GpYHKIUH 3aTPABOTHBIX ([OJIBIX) MACCHI 1M, KOHCTAHTBI CBSI3U Ag W TapameTpa
peryngpuzanuu llaymu-Bunnapca M. OusndeckKu 9TO OTBEYaeT NEPEHOPMUPOSKE 3a CUET
LpOIECcca B3auMOJIeCTBHUS 3aTPABOYHbBIX [IAPAMETPOB UCXOJHOIO JIEHCTBUS, KOTOPbIE, CaMu
1o cebe, SKCIEPUMEHTAJIHLHO He HAOJIIOIAeMbI.

Teopuu, mo3BOJISAIONTNE B JTIOOOM TOPSIKE TEOPUU BO3MYIIIEHUH CXOXKUM 00Pa30M CJAEIATh
BBIYHC/ICHUS] OCMBICIEHHBIMU, HA3BIBAIOTCS NEPEHOPMUDYEMBILMU.

3/1ech HY?KHO OTMETHUTH, UTO YKa3aHHas IpoIeaypa IepeHOPMHUPOBKH HE OJHO3HAYHA.
Jles10 B BBIIETIEHUN PACXOISIIMXCS CIaraeMbIX: K PACXOIAIIeMycsl BBIPAKeHNI0 MOYKHO MPH-
6aBUTH YTO-TO PEryJIIPHOE, HE U3MEHsIs CBOMCTBA PACXOIUMOCTH. DTOMY OTBEYACT HEOIHO-
3HATHOCTH PETY/ISIPU30BAHHBIX cTeneneil (hyuknun [ puna. YCTPAHUTD 3TY HEOMHO3HATHOCTH
MOZKHO TOJILKO U3 (hpuzndeckunx TpeboBanmnii. B paccMOTpEeHHOM CJiydae eCThb TpH CBOOOTHBIX
napamMerpa. [loaToMy HYXKHBI TpH SKCIEPUMEHTAJIbHbIE TOYKH B CIIEIHAJBHO IMOA00PAHHBIX
SKCIIEPUMEHTAX, YTOOBI 3TU MapaMeTPhl 3apUKCHPOBATD, TO €CTh BLIOPATH MPAaBUIbHbIE 3HA-
denust m, \, Z. U1 torma Jo0ble Ipyrue SKCIepUMeHTAIbHBIE JAHHbIE MOJIYyYaloTCs (ecn
BBIIOJTHEHO TTpaBusio Poka) HOACTAHOBKON B COOTBETCTBYIONIHE HADJIIO[aeMble yKe 3auK-
CHPOBAHHBIX 3HAYEHUI MACChl, KOHCTAHTHI CBSI3H U HOPMHUPOBKY CKAJISIPHOTO MOJIS.

Nraxk,

1. B mepBOM NOpsiJIKE TEOPUU BOSMYIIEHUH HAOIIOAACTCS IIEPEHOPMUPOBKA TOJIHKO MACCHI

3\ M2
m2:mg+—[M2—m2ln—2], X=X, Z=1.
16 I
2. BO BTOpOM HOpHILKe HepeHOpMI/IpyIOTCH y}Ke BCE HapaMeprI 1\/IO,ZLeJ_H/I7 HaHpHMep,
o M2 32 M2
)\0:)\[1+ 1n—2}, Z=1--—""1"
16m2 gy 25674

Opnako, kax ropoput . TioTuH, 97006l TOUYBCTBOBATH BCE UyIeCa TEPEHOPMHPYEMOI TEo-
pUU II0JIsd, HY?KHO HCCJIEI0BATh TPETHIl OPI0K TeOPUH BO3MYyIeHui. Texaudecku 3To Jio-
BOJIbHO TPYJIOEMKOe 3aHATHe, HO, Ja IMoMoxKeT HaM Maple, u pe3yjbrar npeB3oijeT Bce

oxkumanud. ['padpudeckn oTBeT BBINVISIAT BOT TAKHM 00Pa3oM

Wigo(x)] =
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48 O 36 8 / \

.

576 \
96
288

+IeHbI, CTPYKTYPHO BOCITPOU3BOIMIIINE UCXOIHOE JTeiCTBUE.

S[po(x)] = exp(Wgo(x)]).
Ananns pacxoauMoCTeil STOr0 BLIPAsKeHUs U UX YCTPAHEHUE — Ta 3a7a4a, KOTOPYIO HEILIOXO

OBl PeIIuTh.

XXX. S-marpurna QED

[MosropuB paccyxaenusi pazgena XXVII B caydae KBaHTOBOH 3J1€KTpOAMHAMHKE (CM.
XXVI) mig cuMBoJIa S-MATPHUITHI B PAMKAX TEOPHH BO3MYIIEHUT MOKHO MOy IHTD CJIeyI0-

niee BbIpazKeHue
S(dp,sa Bp,Sa éq,)d Qp,s, bp,sa Cq,A) = S[Ag(x)a JJO (X), ¢O (X)] =

) 0 0
_ : 4 j
- [1/ X a0 107,09 M(x)]

S6” [0 (x), Yo(x)15(x), 3(x)] S5 [A§ G| T* (]| g j—jg - (46)

Pacmudposka obo3nauenmit

® dys,0p5,0p5,0ps — IDACCMAHOBBI CHUMBOJIBI OIIEPATOPOB POKAECHUS N YHHITOKCHHA
3JIEKTPOHOB U TO3UTPOHOB, COOTBETCTBEHHO, Cy4 )\, Cq )\ — KOMILUIEKCHBIE CHMBOJIBI Olle-

PATOPOB POXKJICHUA U YHUUITOXKEHUS (POTOHOB,



126

e 1oJie pepMHUOHHOE

/ m —ipx 7 ipx
%(X) = Z W(ap,sup,se P + b ,sz,sep )7 p= <€p>p)>
s p

I10JI€ 3JICKTPOMATrHuTHOE

AJ(x) =0, Aj(x cane "+ e ], g = (wg, ),

=2 el
o 2Vw,
® BHENIHWE MCTOYHUKH CIMHOPHOTO MOJIS (FPACCMAHOBBI) Jo(X), jo(X), @ = 1,2,3,4, un

3JIEKTPOMATHUTHOTO (felicTBuresbubie) JH(x), p = 0,1,2,3. BHelHuii TOK 3JeKTPO-

MATHUTHOTO IOJISl IOAYUHSETCS YPaBHEHHIO HenpepbiBHOCTH O, J"(x) = 0.

S—ManI/IHa CBO60£LHOFO QJIEKTPOH-IIO3UTPOHHOIO IIOJIA B HpI/ICyTCTBI/II/I BHEIITHETO UCTOYHUKA

SeP o(x), Yo (x)]i (%), J(x)] = SPIT1j.7) = / DYDY expi / a'x [Py O —m) 5] |

S-marpuna ¢cBOOOIHOIO JEKTPOMATHUTHOTO IOJIS ¢ BHEITHHM HCTOYHUKOM
SEM[A(x)|J*(x)] = SEm[D|JM] = /F DAV 5[0, A"] exp [i / dix [—EF“”F,W +A“J“”,

MOHWMAHNEe CHMBOJIOB KOHTHHYAJTHHOTO HHTETPUPOBAHUS 15 oIy dennst S-marpuisl B QED
BO3MOKHO, €CJIH PACIPOCTPAHUTH BBIBOJ, BhipazkeHus (39) Ha sipo omepaTopa SBOJIOIUI
(38).

Brraucienne mHTErpasos.

DJIEKTPOHBI

SO(aP,Saap,sU»j) = thiTOO e~ tpsaps / Gp.s (tf)=ap Loitiep DanS(T)Dap,s(T)

ti——oo P8 ap,s(ti)=ap,s(t;)e"ticp
ty .
exp |Gp,s(ti)ap,s(t:) + / dr (‘_lp,S(T)ap,S(T) — lepp,s(T)ap,s(T) + iap,s(T)1p,s(7) + iﬁpﬁ(ﬂ%ﬁ(ﬂ)}a
t

Jm Vi / -
s = —/=—Ups d’xe®j (7, 2)uy.s.
Tlp, (T) \/m P, \/Vié‘p J(T ) P,

WaTerpan KBagpaTudHbli, BEIYUCISETCS CTAHIAPTHBIM 06pa30oM

d3xe_ipxj(7, x), Tps(T)=

1. mepeBasBHAS TPAEKTOPUS
§p78(7) — igplp s(T) + if)ps(T) = 0, Cip,s(tf) = dp,seitfg’],

ii. pernreHune

. tf .
C_vas (T) = elTEp (dp7s + / dTl iﬁp7s(7—1)e_l7—1€p)’
T
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1il. mOKa3aTejb SKCIOHEHTHI

ty
(1) ap s (t5) + / AT iy o (7)11pa(7) = G, st

i

ty X
/ dm el(‘rz771)6pﬁp78(7—1)77p7s(7-2)’

T2

ty ) . ty
i/ A7 (ap,s€' 71, s (T) + Tp,s (T)ap s€7757) — / dry
t ¢

i i

iv. KOHTWHYAJILHBIM WHTErpaJs

Joita PP () e [ A (i (P)palr) — iy ana(1)] = 1

ap,s(ti):() ti
V.
So(ap,& ap,8|j75) = €xp [i / d*x (&S(X)](X) + 3(X)¢8(X))+
+1 [ dhadba )6t - x1)ita)],
IIe BBEJICHBI IEPEMEHHBIC
Jm p L
0 X) = ——F——Up,slp s€ lpx7 Ge = 9 17’6p+1p$’

; VVep ; 2Vz-:p

IpH TOIYYEHAN ITOCAeIHedl pOPMY/ILI YUTEHO, U9TO
_ 1 L
> (ps)allps)s = %((vp) +m) g (P) =Dy
S
ITozuTponn

: ﬁ) lim e_bp.,sbp,s / [;p S(tf):Bp seitfsp Dbp’s(T)Dbp’s (T)

tf—>+oo )
timo0 P by (1)t 1) 550

e Bty (8) + [ 7 (o (7)1 (D7) = ()G (7) = 3 (P (9)]

SO@p,s» bp,s

) -
(. = 7\/5 v 3pelP?i(r 7\/> —iprSr )y
Goalr) = s [ () Guolr) = F/ 3, 2)vps.

MaTerpasn KBagpaTHYHbIi, BEIMACIIETCI CTAHIAPTHLIM 00pa3oM
1. mepeBabHAsA TPACKTOPHS
7 _ 7 it re
bp,s(T) — igpbyp,s(T) — iCps(T) = bp,s(ty) = bpse™ /7,

ii. perrenne

_ ) _ 7] _ .
bp,s (1) = &7 (bp,s — / A7 iGp s(1)e ),
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1il. mOKa3aTejb SKCIOHEHTHI

ty _
by e (1:)bp a(t:) — / A7 1By, o (7)Cpa(7) = Bp.abpa—

i

ty - _ ) ty tr . _
_i/ dr (bPJeITEpCP,S(T) + Cp,S(T)bp,se_lTEp) - / drz / dn llr2mmer Cp.s(T1)Cp,s(T2),
ts t; T2
iv. KOHTHHYaJbHBIM HHTETrpaJ

- tr - -
20 Pl (D)D) exp| [ a7 (B (T)byo(7) = iphps (Tbps(7) | =1,
bp,s(t)=0 t

bp,s(t)=0 g

So(@pes apslds ) = expli / d'x ()5 (x) + ()0 (x)) +
+1i / d4X2d4X1 j(Xg)Gp(X2 - X1)j(X1)],

TJe BBEJCHDbI IICPEMECHHDBIC

Z \/7Vps p,se ipx , Gp( — _19 Z 2V€p 17-51,711;3137

p

[pU TOJIYYEHUU TT0Ce Hel hOPMYJIBl YITEHO, YTO

1
2m

Z(VP,S)a (Vp,s)p =

s

5= ((vp) =m) 4

S—M&TpI/IL{a paccednnda CIIMHOPHOI'O II0JIAd Ha BHEIIHEeM HCTOYHHKE

So” [0 (%), Yo(x)]j (x), j (x)] ZGXP[i/d4X (Y0(x)5(x) + j(x)0(x))+
+i / d*xad*x, (x2) Gelxa — x1)j(x1)],  (47)
¢ npmanuHOil dyukmedt [puna
Geo(x) = ((7#0, +m) De(x).

JleiicTBUTEIBHO,

_ (Wp) +m —itep+ipx _ : 1Tsp—ipx _
Ge(r,x) =10(T) Z e, e zp: 2V€p =

1 : : 1 . )
= 10(7') (1("}/6) + m) Z ﬁefw€p+lpx + i@(—T) (1(’)/8) + m) Z e elTEp—ipT _
P P » P

Ep

= (108) + m)i 3 g = (179) + m) Delr, ),
p
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rie D.(x) — npuunanag dyHKIMA ['prHa ¢cBOOOTHOTO CKATAPHOTO TOJIS

Brerunciiennsa HHTEer'paJia IJid (bOTOHOB IIOJIHOCTBIO aHaJIOTHMYHO BbIYUCJ/IEHHUAM B CJIydae

. i i
CKaJIAPHOTO ToJist ¢ 3amenoft J(x) — —e;yJ' (%), €, — wq

Sgh(ch, cor|J’ ) = eXp[ /d4X AZ( ) (x) + ié/d4X2d4X1 J' (x2)T2 (xo — x1)J? (Xl)],

¢ dyunknueit ['puna
ﬂ)

q2

T (7_ fL‘) =i e—1\7'|wq+1q:c § el =i e—1\7'|wq+1q:c 59—
c ) g A~ g 2V
W
q A q q

2V w,
OcTa/soch BBIYUCIUTD WHTEIPAJIBI II0 BCIIOMOTATEJIbLHBIM MepeMeHHbIX. VHTerpupoBamme

IO MpPpOJOJBbHBIM KOMIIOHEHTAM IIOJIA TPUBUAJIBHO, HHTEIPUPOBaHUE 110 CKaJAPHBIM KOMIIO-

HeoTaM He HaMHOI'O CJIOZKHee.

ky/ed(QP)F ky/ed(q?)*
HH/J lk \Q%()

So(J%) = lim
tf—>+oo
{——o0 k€K, m=1

exp[ieg R[(QDm)” + (@Dm)’] + e[ @i + (@D (91)m] |
3. 70 3. 70
f(7T) \F/d x J°(7,x)cos(kx), gr(T)= \F/d x J° (T, ) sin(kx).

Brruncagem 6e3 3areit

So(J°) = exp 1/d7’ Z k2 fk: ())}:

keK4
1 1 .
= exp [—12/d7/d3$2d3x1 JO(T, xg)zk:welk(”_“)JO(T,wl)}.

Buimosaum psti npeobpazoBanuil, UCIOIB3YsI, YTO

1 —iwg|T
(95 +wz)me KTl = 5(r),

1 ypaBHenue menpepbisHocT JyJ0 + 0;J° = 0:

5y — .
/ngXm JO(XQ) Z welk(mz_xl)Jo(Xl) = /ngXm JO(X2>DC(X2 — Xl)JO(Xl)—
k k
71wk|7—2771|+ik(zgfx1)JO(X1) —

/dXQdX1 J (XQ 87—2871 Z 2Vw
k

. i . . ,
= — [ dxodxy 8;J(x2) e~ Wrlr2—Ti|+ik(z2—z1) 9. 77 (x1) =

= /ngXm JO(XQ)DC(XQ — Xl)JO(Xl) — /dXQXm Ji(XQ)Lij(XQ — Xl)Jj(Xl),
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npuaeM pyHKIud I'puma
k1
k2 2Vwy

—lwg|T|+ikz

OrBer a1t S-MaTPHUIBL 3JIEKTPOMATHUTHOIO OISt

S AR (x)]JH(x)] = exp [i/d‘lXAg(x)Jy(X)—i-
+ 1% / d4X2d4X1 JM(XQ)D?V(XQ - Xl)Jy(Xl)], (48)

¢ mpuuuHHoil pynkmueit I'puna

DH(x) = —g" D.(x).

[

3aMmedanue.
Hecmorps Ha TO, 9T0 KOMIOHEHTHI BHEIIHero Toka J# 3apucumer 0,J" = 0, HezaBucumoe BapbupO-

BaHHKE T10 KOMIIOHEHTaM TOKa IIPpU ITOCTPOECHUU TEOPpUHN BOSMyH_LeHI/Iﬁ BO3MOXKHO.

XXXI. Teopus Bozmyrinenuii B8 QED

DopMaibHBI ACUMIITOTUYECKHUH PSIJl TEOPUU BO3MYIIIEHUIT B KBAHTOBO! 3JIEKTPOIMHAMHU-

Ke TIOPOKIAeTCS MTPOU3BOIASIINM (DYHKIIMOHATIOM

) 5 }
i0ja(x) **16j5(x) 167 (x)

expi [ s (G0)alor) + o)) + A5 ufx)

S[AG (), Do (), v x)] = explie / dix

j=j=J=0

- . 1. Y
exp [i/XmdX2](Xl)Gc(Xl>X2)]<X2)+§l/dX1dX2 Ju(x1) DY (X].)XQ)JZ/(XQ)]

JlmarpamMHast TeXHUKa (MepBbIii MOPSIJIOK).

Al (x) BHEIIHIE KOHITHI BEpIINHA
g
X
Tu _
XO——— w X
X olx) ie / dx 4#

- X ONANANNANL Ag (X)

o (x) Yo(x)
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AnaJsiurTndeckoe BbIpazKeHue

S[Af (x), Yo(x), o (x)] = ie / dx o () 9100 (%) A (),

npu BeBOZE yureHo, 4to Sp(74G.(0)) = 0.
JlmarpamMHast TeXHHKa (BTOPOH MOPSIJIOK ).
Caa3aHHble JIPeBECHBIE THATPAMMBIL:

BHyTpeHHHE JIMHUHU

1 v’ o Y,V X0
o 2 s s D2y
y X .
YiG(y,x)* —iDM (y, x) &———o iG(y,x)
[leTieBble AUMATpPaAMMBI:
iG.(y,x) iGe(y, x)
1 v 7 1
¥ U 5(=1) 5(=1)
v > 2 y X 2
—1DgH(y, x) iG.(x,y)

JIEKTPOH-TIO3UTPOHHAS TeTJist — dhakTop (—1)

AHAINTHKA, ApEBecHOH S-MATpHIBL
(e [ vt [A5()0(3) (Gl 0) 0 (AL )+
+ 5By (<2 (3, %)) Bo(x) ()]
eTJIEBON
(e [ dtyd'x [in(3) (Gult ) o) (~iD2 (. 3) ~

— A (Gely, )3 (Gl ) A4 + -]

Borancienne cooTBEeTCTBYIONMMWX WHTETPAJIOB, BBIJIE/IEHHE PACXOJNMOCTEH W UX YCTpaHeHue
— HeoTheMJInMas 9acTh KBAHTOBON JIEKTPOJUHAMHKHN, KaK MepeHOPMHUPYEeMOil KBaHTOBOMU

TEOpPUU MOJIs.

XXXII. AnomajibHBIN MArHUTHBIN MOMEHT 3JIEKTPOHA

MaruuTubiit MOMEHT 3JieKTpoHA ObLI ompeseseH panee, B pazjaeine X VIII. Maruaurubrii
MOMEHT OTIPeJIeeT B3auMO/IeiCTBHIE 3JIEKTPOHA ¢ BHEITHUM MArHUTHBIM T10JIeM U BO3HUKA-

eT U3-3a TOTO, U4TO JIEKTPOH, GY/LyYd 37eMEHTAPHBIM (TOYeUHBIM ), 00J1a/1aeT BHY TPEHHEH, He
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CBSI3aHHOI C JIBHXKEHHEM B IIPOCTPAHCTBE, CTEIIeHbI0 CBOOOIbI — cunHOM. Kak BUIHO U3 Ipu-
BejieHHoro B pasaene X VIII BeiBoaa, HemmocpeacTBeHHOE HAOIIOIEHHE STONO B3aUMOIeCTBUS
BO3MOZKHO JIJISI HEPEAATNUBUCTCKO20 IAEKMPOHA B JTOCTATOYHO OJHOPOIHOM MU IOCTOSHHOM
BO BpEMCHU Mal'HUTHOM IIOJIE.

OHaKO, MPOBEIEHHOE PACCMOTPEHHE OCHOBBIBAJIOCH HA OJHOYACTUYIHON KapTHUHE DEeIsATH-
BHCTCKOTO 3JIEKTPOHA, KOTOPOE, BOOOIIE TOBOPsI, HE COCTOITENBHO (B OMHOYACTHIHOI mocTa-
HOBKE CIIEKTD DeJSITHBUCTCKOIO 3JIEKTPOHA HE OIPAHHYEH CHU3Y). YCTPaHEHHe TOH Heco-
00pa3HOCTH NMPHUBOJMT K KBAHTOBOM TEOPUM I0JIsd, B JIAHHOM CJIyYae — K KBAHTOBOM 3JI€K-
TponuHamuke. [loHgaTue omHOYACTHYIHOTO TAMIIBTOHAAHA IPU 3TOM TepsieTcs. Ero 3amenser
Jpyras HabJrogaeMast KBAHTOBOR TEOPHUH IOJIS — S-MaTPHILA, BEPHEe, ee MATPUIHBIH 3JIeMEeHT
JIJIsI OJTHOYACTUYIHOIO ITPOTIECCA PACCEsIHUSI BO BHEITHEM I10JI€.

Saﬂa,ZLI/IM Ha4vaJIbHOE U KOHCYHOC COCTOAHUA CJAEIYIOINM 06pa30M

’¢l> = &;ori,si

0) @ [mf), (¢ = (mf| @ (0], s,

311eCh A - OLEPATOPHI POZKJIEHNS U YHUUTOKEHUS HEPEIATHBIUCTCKOTO (p;, pr < m)

piosit Upgss
9JEKTPOHA B HAYAIHLHOM H KOHEYHOM COCTOSHUSX, |mf) Takoe cocTosmnme 3,1eKTPOMATrHATHOTO
TOJIsT, ITO

<mf|r0t/:f0|mf> = B,

—

rae B - nocroganoe u OIHOPOAHOEC MaIl'HUTHOE I10JIC.

Borancsinm Marpuanstii agement (¢f|S|¢;) B IePBOM HODSIKE TCOPHH BO3MYIICHHUI

(6r13168) = (65162) ~ e [ XX AN Oy, : Dol dalx) s 35, 10),
B s10it opmyse (mf|Aj|mf) = Aj(x).
[IpocThie BEIYUCIEHUS JAOT
& . m i1\ i i i ikx
<¢f|5’¢l> = 5Pf,p¢58f,si - 16‘/\/FAO<k>upf,sf’y Up;,s; A()(k) = /d4XAO(X)ek )
Pfr=pi

BBEJICHBI TepeMennble Kk = py — Py, Dri = (€p,.5 Dryi)-

B mepensgruBucrckom mnpejese, cMm. pasuaen X VI,

Ps 1 0 N
Ep =m, u,s: kk y P+ = y P— = , S = y T
8 8 Upgps 0 1

2m
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I[I09TOMY HaXOJIHUM, 4YTO

~ e . . . e . .
(6718100) = 8y iy — il 0, + PLAN) = b5 (93,00, B (K).

Orciofa BHJIHO, YTO MATHUTHBIA MOMEHT 3JIEKTPOHA [ OLPEIE/IAeTCA B IPOIECCe PACCeTHHST
HEePEeTATUBUCTCKOTO JIEKTPOHA BO BHEITHEM OJHOPOJIHOM W MOCTOSHHOM MArHUTHOM IIOJIe

B' ¢ nepepoporom cuuna (sy # ;)

(051516:) = =i(2m)*6(ep, — £p,)0py st (B” +1BY), = o—,

HallpaBJICHHE HAYa/JIbHOT'O CIIMHA BbI6paHO BOOJIbL OCH 2 WU YYTEHO, YTO

Bj(k) = Bi/dT e'hoT /\/de e M = B'(2m)*0(ep, — €p, )V Opp -

[TocmoTpuM, 9TO MPOMCXOJAUT C BEJIUUNHON MArHUTHOIO MOMEHTa 3JIEKTPOHA B CJIEIyIO-
MMAX TOPSAAKAX TeOPUH BO3MYIEHUN KBAHTOBOH 3/7eKTpoJAmHAMUKe. V13 mpeaplayInero pas-
Jiesia caejiyer, 9TO BO BTOPOM TOPsiJIKe TEOPUH BO3MYIIIEHWH MOIMTPABOK K MCCJIeyeMOU BeJu-

YuHe HeT. B TpeTheM mopsijike TeOpHH BO3MYIIEHHI TpeOyeMble JUAIPAMMBI €CTh.

y éw@m

3J/iech cieayer OTMETHTb, 9TO BTOpas JiMarpamMMa oTBedaeT (pU3UYECKU He HabJIIoaeMoil
MePEHOPMUAPOBKE OJJHOPOJHOTO W TMOCTOSSHHOT'O BHEITHETO T10Jisd, TPEThs U YeTBepTas Iepe-
HOPMHPYIOT MacCy HEPEIITUBUCTCKOTO 3JeKTPOHA. BRIIUCIATH HY?KHO TOJBKO ITepBy10. Pac-

mudpyem ee:

upfvsf

(071651:) =

Af (k)i / 2 (=D (@)1 (1Ge(ps + @)1 (1Ge(Pi + @) Y Ups s,

d*q

m

= (ie)? ———
V' \/EriEni
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WNurerpan JjiorapudMUYeCKH PacXOJIUTCHA, UCHOJIb3yeM perysagpusanuio [laymu-Buiiapca

mst pyuknun ['puna dorona.

/ d*q ( I 1 ) , m+(pp) + (), m+ (i) + (9) , :Mz/ d'q N
2m)Ai\—q2—i6 M2—q2—i6/" m2—(pf+q?2—i6' m?2—(pi+q)?2—ié "~ (2m)4 D’

N =~"[m+ (ypg) + (va) 7" [m + (vpi) + (va) |,
D = [—q¢® — 18] [M? — ¢* — 6] [m® — (py + q)® — i8] [m® — (pi + q)* — i6].
Ilapamerpusamus Patrmana

1

1
5 —1
== 3!/ dz1dzadesdey (@1t 22+ 23+ 24— 1)
0

[M2zy — q? — 223(qpy) — 224(qpi) — 15}47

yuTeno, ¥ro p}; = m*.

Il Beraucienus uurerpada 1o d*q caenaem B 9TOM MHTErpajie 3aMeHy IIePeMeHHBIX  —  — T3P f — T4D;-

B sTom caygae

0(x1 + o+ 235+ 24 — 1)
[M2x1 — @2+ m?(x3 + x4)? — KPx324 — 1(5]

% = 3! /01 dzidzodrsday 1
N = m*y" vy, + " (ya)y* (va) o+
+m(L = za)y Y (vpi) v — masy (P g ) + m(l = 23)7" (P )V v — mray” (vpi )y v+
+(1 = 23)(1 = z)7" (v )V (vPi) Ve + 232y’ (YR (V£ )Y —
—(1 = z3)z3y" (o) (o) — (1 — za)zay” (vPi)V" (VPi) Yo+
+4J1eHBl, IUHEWHBIE IO , KOTOPBIE 3aHYIAIOTCA MTOCJe NHTETPUPOBAHUA 11O d4q.

Teneps Bpems anrebpsr marpuil Jupaka, onpeaensionee CBORCTBO KOTOPOi

%

Y+t = 29"
Tpebyemble COOTHOIIEHS,TOJTY YAIOIIUEC U3 OMPEIeICHNUS,
VY =4 VAN = =20, PV = 49 VY P = =29
IIpumensem:
N = [27“(12 —49Yqtq”] — 2m2y* + 4m(1 — 2x3)p‘; +4m(1 — 2z4)p'+
+(1 = x3) (1 = 2a) [49" (Dspi) — 4(vp )P — 4% (vpi) + 2(vp )7 (vp3)] — 22324 (D )V (7Di) —

—x3(1 — 23) [2(yp5)* 7" — 4(vp)Pf] — 2a(1 = 24) [29"(vp:)* — 4D (vPi)]-
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Mcnonpsys, 4ro Ty, s, (VPf) = Tp,,s,M, (YDi)Up,,s; = My, s, , TOTYTUM
ﬁpf»SfNum,si = Upy,s; {2 ['YMCIZ - QVVQHQV} - 2k27#(1 —z3)(1 —24) + 2m2'y“ [(2 — I3 — x4)2 - 2] +

+4mp‘; [:1:4 — T3%4 — xi] + dmp! [xs — T3%4 — xi]} Up, s,

Nurerpuposanne mo d*q, obosnagenme X = M2z + m?(w3 + 14)? — k22324 — i6.

/d4q 291 q? — 47 qtq, _ 7,L/ d*q q? LQ
[X—q2]4 (2m)* [X—q2]4 3X’

1
4 .
/dq[X_q2]4 ~lexe

Takum obpa3zom,

d*q 1 Nuy, . i 1
= — 2 PfiSf PirSi 2
Ty, oy Ty, o = M / S = o5 M /0 daydzadasdry 6(2 + w2 + 23 + 24 — 1)

2m2 (2 — z3 — 34)? — 2) + 2m(p +pi) (23 + 24)(1 — 23 — 24) — 2K29#(1 — 23)(1 — x4)+
[M2I1 + m2(x3 + 564)2 - k21731’4 — 15}2

upf,Sf [

29+
Up, s,
M2x1 + m?(z5 4 24)? — k2324 — 101 70

YUCJIUTEIb CHMMETPHU30BaH I10 IIEPEMEHHbIM I3 U T4.

Nurerpupyem no dxydrs u cHEMaEM pPeryIsapU3aIuio

/1—”53—“4 dazy M? Moroo, | M?(1 — x3 — )
n
0 M?(1 — a9 —x3 — x4) + m?(xz3 + 24)? — K2x324 — 10 m2(z3 + x4)% — k2x374 — 16’
/1—”3—”4 day M? Moo 1
0 [M2(1 =z — 23 — 24) + m?(z3 + 24)? — K2w324 — 15]2 m*(zs + 74)? — k2324 — 107

WNurepecnas u ymobHas B JaHHOH curyamnuu GhOpMyIia

ﬁpf,s,f (psf + pg)upi,sl' = l711)‘f,8f (55 - VVVlt)p;upi,Si + ﬁpf,Sf (55 - P)’MFYV)p;'/uPi,Si + 2mﬁpf75f’yuupi’5i =

B 1
=Ty, s, [5(7“7'/ Yk, 4 Zm«w} Up, s,

Tenepb JJIAA UCKOMOW BeJIMYMHbI BO3MO2KHO TaKOe opeacraB/I€Hue

_ i i
Upy,sy Jrap, s = 8?upf;5f f(kQ/mQ)'Y#upi,Si + @upf,ng(kz/mQ)(’Yﬂ’YV - ’YV’Y#)ﬁupi,sw

re BBeJeHBbI (DyHKIMI

1, M? 1 1-u (1—u—wv) 2(1 —u—v) — (u+v)? — 2(1 —u)(1 —v)
f(z)_ilnﬁ—k/o du/o dv[ln(u+v)2_zuv_ié+ CETS T, :

(u+v)(1—u—w)
u+v)2—zuv—id’

g(z) = 01 du/ol_u dv(
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Urak,
(6;108|¢3) = _ELA“(k)ﬁ f&2/m*)y, + gk /m*)( — )K]
f i/ — 87T2 V —8pf€pi 0 DfySf 'Yu g ’yNﬁYV P)/nyl‘« 2m PirSi

s yerpanenust pacxogaumoctd B GyHKuuu f(z) HEOOXOMUMO TepepacipeieeHne re-
Ha B3aUMOJICHCTBHSA ieozﬁv“zﬁAH Ha CJIeYIONUe MOPSAJIKA TEOPUH BO3MYIIEHUN, CM. pas3jies
XXIX. Takast mporeaypa yeTpaHeHHs PACXOIUMOCTH ([EPEHOPMUPOBKA 3apsijia), Kak yiKe
0TMeYaJI0Ch, He OJHO3HAYHA. B KaKOM-TO 3KCIEepUMeHTe HeoOXOAUMO 3a(pUKCHPOBATH 3HA-
yenue (pusndeckoro 3apsja. B KauecTBe TaKOro SKCIEPUMEHTa IIPUHATO BHIOMPATH B3aUMO-
JIefiCTBUE /IEKTPOHA C OJHOPOIHBIM WM TOCTOSHHBIM 3/IEKTPUYECKHUM ITIOJIEM. DTO O3HATAET,

YTO KOHEUYHBIH ITapamMeTp MpH MepeHOPMHUPOBKE BLIOUPAIOT TaK, YTOOBI

£(0) = 0.

OcTaoch BBINOJIHATH nepexo K HEPpeJIdTUBUCTCKOMY 3JIEKTPOHY U OAJHOPOJIHOMY H IIO-

CTOAHHOMY MarHHTHOMY IIOJIIO

A e e2g(0 4 .
(6710816 = —io= D (2 o0, ) Bl = 0).

Borancours ¢(0) me cocrasaser tpyaa, ¢(0) = 1/2. Bor u Bce: MArHUTHBI MOMEHT 3JICK-

TpOHa C Yy4€TOM IIOIIPaBKN KBAHTOBOI AJIEKTPOAUMHAMHUKN PDaBEH

1+ ]
o= o2m 72

IMEHHO 3TO 3HadeHue moaydua J.Schwinger B 1948 romy.

XXXIII. 3azga4uu
A.

1. Tlycts |¢pn), n = 0,1,... - HOpMEUpOBaHHbBIE COOCTBEHHBIE COCTOSIHUS (DU3NIECKOIT CH-

CTEMBI. PaCCMOTpI/IM COCTOAHHNE BHIA

) = 3 f|¢n

rie & — IpoOu3BOJbHOE KOMIIJIEKCHOE YHCJIO.

e BBIYHC/IUTD CKAJISPHOE POU3BEICHHE ((n|Pg).
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e Borancaurs oneparop [ dzdy |da)(¢a|, tre o = x + iy u mETerpan Gepercs uo

BCeil KOMILIEKCHOH MIO0CKOCTH (1, ).

2. Jlan rapMOHUYECKHUiT OCIHAASTOD ¢ 9acToToil w n Maccoit m = 1. I[lycts |@y) - HOpMHE-
POBAHHOE KOTePEHTHOE COCTOSTHIE, TO €CTh d|(q) = &|pa), G - OMepaTop YHHUTOKEHUST

OCIIIJIJIATOPA.

e HaiiTu cpemnee 3navenne KOOPJAMHATHI M UMIYJIHCA U UX JUCIEPCUU B KOT€PEHT-

HOM COCTOSTHUH.
e HaiiTu cpejnee 3nadeHne SHEPTUN B KOT€PEHTHOM COCTOSIHUH.

o HaiiTn maTpudnblii 3/1eMeHT

—itH
(Pale™ [0a).
3. Haittu cocrosiusi OCUuJLISTOPA, MUHUMU3UPYIONIAE COOTHOIIEHUE HEOUPE/IEJIeHHOCTH.
4. Jlan rapMOHMYECKHUH OCHUJIATOD ¢ 9acTOTol w u Maccoit m = 1.

e Tlycth B MOMeHT Bpemenu ¢ = () OCHUJLISTOD HAXOAUTCA B COCTOSHUN |¢,) - HOP-
MHUPOBAHHOM KOTEPEHTHOM COCTOSTHUH, TO €CTh G|Py) = a|dy), G - oneparop yHu-
YTOKCHHS OCIUJLIATOPA. B MOMEHT BpeMeHu ¢ H3MepgeTest SHePrud OCIILIATOPA

1 OHA OKa3bIBAeTCs PaBHOM 5/2hw.
Haiitn BEpOATHOCTH 3TOr0 COOBITHSI.
e Ilycts B MoMenT Bpemenu ¢ = () OCHH/LIATOD HAXOAUTCS B cocrogunu |¢) = (|A)+

¢'®|B))/V/2, tie |A), | B) - cobeTBenHbIe COCTOAHNS raMUILTOHUANA C SHEPIHAMMI
3hw/2,5hw /2, cOOTBETCTBEHHO.
Haiitu cpeanee 3HadeHre OLEPATOPA KOODJAMHATDHL M UMILYJIbCA B MOMEHT BPEMEHU
t.

e Ilyctb B MOMeHT Bpemenu ¢ = () OCIUILIATOP HAXOAMTCSI B OCHOBHOM COCTOSIHUH.
BrezamHo gacToTa oCnu/LIsITOpA MEHSIETCS U CTAHOBUTCS paBHOiT €.
HaiiTi BepOSITHOCTH TOTO, YTO OCIHHJLIATOD OCTAHETCS B OCHOBHOM COCTOSIHHH.

e llycts B MOMeHT BpeMeHH ¢ = () OCHMIIATOP HAXOJUTCS B OCHOBHOM COCTOSIHUH.
BHe3amHO OCIUIIATOP CMEIIAIOT HA PACCTOSHEE a.

Haiitu BepoATHOCTH TOrO, YTO OCHULIATOP OKAXKETCH B COCTOSHWUM C dHEPrueit

(n+1/2)hw.
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5. Ilycrp a™,a - omepaTropbl POXKICHHA M yHHYTOXKEHHS, COOTBETCTBEHHO, TO €CThb

[a,at] = I. Haiiti cobcTBenmble 3HaYCHUS U COOCTBEHHBIE COCTOSTHUS ONEPATOPOB (€ -

NEeHCTBUTEIBHOE YUCIO (v - KOMILIEKCHOE THUCJIO, A - JIEHCTBUTEILHOE YHUCIIO).
o H=cita+adt + aa
o H=cata+alat)?+ aad’
o H=\at)*(a)®+eata
6. /lan ramujbronuan H = P2/2m + A\G*Y, a > 1, p,§ - KAHOHMYECKH CONPSIACHHbIE

UMITYJIBC U KOOpJAHHaTa, COOTBETCTBECHHO.

e [lokazaTh, 9TO B COOCTBEHHOM COCTOSIHUM TAMHJIBTOHHAHA |(,) BBIMOIHEHO Da-

BCHCTBO

]52
<¢n‘%‘¢n> = )\Oé<¢n’qua‘¢n>

7. Jlana mpsaMoyToJibHAS sMa,

0, 0<g<a
Ulg) = :
Ub? q §§0>q 2:@

e Haiitu cobcrBenHble 3HAYEHUS dHEPIMU U COOCTBEHHbBIE COCTOSAHUS B Ipejelie

Uy — oo tipu (bUKCUPOBAHHOM 3HAYEHUH (.

e Haiitn cobcTBenHbIe 3HAYEHUS SHEPIMU W COOCTBEHHBIE COCTOAHUS B Hpejesie

Uy — 0 npu pukcupoBaHHOM 3HAYEHUH d.

e Haiitu cobcTBeHHBIE 3HAUEHUS YHEPIUH W COOCTBEHHBIE COCTOSIHHS B TpeJIese

Uy — o0, a — 0 npu dpukcupoanuom 3uadennu Uypa = K.

8. . /lana noreHnua/ibHas HEPrUus

—U, —a<qg<a
Ulg) =V, —b<qg< —a,a<qg<b-
07 qg_baqza

e HaiiTu ycimoBue cymiecTBOBaHUS CBA3AHHOTO COCTOSHUSI.
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11.
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lana mpaMoyroJibHad IMa

—Uo, 0<g<a
Ulg) = :
0, q<0,g>a

e Hajitu ycjioBus, Ipu KOTOPBIX B M€ GOJIBIIE OJHOTO YPOBHIL.
YHacruia Maccsl m = 1 aBmkeTcs 1o npsamoit B norenruaie U = —0(¢ —a) —0(q¢+a).

o HOCTpOI/ITb rpachKH 3aBUCUMOCTH 9HEPI'UU CBA3aHHBIX COCTOIHMI OT BEJAMYUHDBI

a. Penmurnb 3a/a41y B UMIIYJIbCHOM IIpEeACTaBJICHUN.

Hacruma ¢ Maccoit m aBukeTcs no npsamoit B notenmuaie U = —kd(x). Ha paccrosnun

[ OT siMBI HAXOJUTCS HEIPOHUIAEMAS CTEHKA.
e HailiTu ycioBue cyliecTBOBaHUS CBA3AHHOTO COCTOSHUSI.

Jlanbl oniepaTopbl

A 1 A 1 A
A= (@ +a), B=@ta+aat), ¢ = (@) —a),

rae G, d - oneparopsl POXKIEHUS U yHUUTOKEHN s, COOTBETCTBEHHO, TO ecTh [a, at] = I.

e Haiitu [A, B, [B,C],[C, A].

B.

[Tycrs |m,l) ... - coberBennoe cocrosinue oneparopos M., M? ¢ cobcTBeHHBIMU 3Ha-

genusivu m u (1 4 1).
Haiitn cpennee snadenne oneparopos M,, M, B 3ToM cocTogHUN.

BolaucanTh B KOOPIHHATHOM IPEJICTABICHUN Bce coOcTBenHble cocrostaus ¢ | = 3 (f-
cocrosinust) u nocrpouth rpadukn (3d plot) mmorHocTeli BepogTHOCTH OOHADYKUTH

JaCTUILy B 9JIEMEHTE TeJIECHOT'O YyTJla.

Onpenennts ypOBHU SHEPIUU sl JBUKEHUS YaCTHUILI ¢ MoMeHTOM | = 0 B cepu-
geckoii npsimoyrosbHoit sme: U(r) = —Uy npu r < a, U(r) = 0 npu r > a. Haiitu

yCJaoBHuE CYHIECTBOBaHUA CBA3aHHOTIO COCTOAHUA.
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Breruucianrs u IIOCTPOUTL paJuaJibHbl€e BOJHOBbLIE (byHKHI/H/I B aTOMe BOJAOPOda, €CJIn

IJIaBHO€ KBaHTOBO€ YUCJIO PaBHO 4.

Onpe;LeJme BEPOATHOCTD IIepexXo/a B aTOME BOAOPO/Ja U3 OCHOBHOI'O COCTOAHUA B oJ11-

JKalilnee BO36y>K,ZLeHHO€ IpU BHE3aITHOM BKJIIOYCHHNU cJ1aboro AJIEKTPHICCKOT'O IT10JIA.

B mozemn aroma Bomopoga ToMcoHa MOIOKHATEIbHBIN 3apsi He TOYEedHBIN, a paBHO-
MEpPHO pa3Ma3aH 1o mapy paguyca [y Caurass Ry MHOrO 60/1b1e OOPOBCKOIO paiu-
yCa, HaliTH I[IepBbl€ TPpHU SHEPIETHYCCKHUX COCTOAHHA TAKOT'O aTOMa U CPaBHUTH HUX C

Hacrosmumu (Mofes Pesepdopa).

HaiiTu monpaBKy K SHEPruu OCHOBHOTO COCTOSHHA ATOMA BOJOPOIA 34 CUET PEeJIsITH-
BHCTCKOI 3aBHUCHMOCTH MAaCChI 3JIEKTPOHA OT CKOPOCTH.

. -~ 2
JlBe OIMHAKOBBIE YACTHIIBI MACCOH M, OTTANKHBAACH IO 3aKOHYy ——, o« > 0 (1, —

T12

PACCTOSTHHE MEK Iy YACTUIAMHU ), HAXOJATCS BO BHelTHeM norernuae U(r) = §mw2r2.

Haiitu snepreruvyeckuit ClieKTp CUCTEMBI.

Ba HelTpoHa, B3auMOJeHCTBYIONME MO 3aKoHY J51Sy, J < 0 (§ - omeparop cmu-
. 1 2 9 o
Ha HeJiTPOHA), HAXOIATCS BO BHeNTHeM morennuaste U = 5w T, Haiigiure obsracth

napamMerpoB (J,w), KOrja OCHOBHOE COCTOSTHHE CHCTEMbBI — TPUILIETHOE.

C.

HaiiTn crekTp m KpaTHOCTH BHIPOXKICHUS YPOBHEH CHCTEMBI

rie Sy, So, 93 — oneparopsl cuuna ¢ S = 1.

JBe uactuupl co cumHoM 1/2 HaXOAsTCsl HA paccTostHuu R apyr or jipyra U B3auMo-

JTEHCTBYIOT CBOUME MAarHUTHBIMU MOMEHTAMU [, fiy IO 3AKOHY

rJie 70 - eIMHUYIHBI BEKTODP OT OJHON 9acTuibl K Apyroil. [lepnesmKyasspHO TPsAMOii,

Ha KOTOPOIl OHM PACIIOJIOZKEHBI, IPUJI0KEHO MaruuTHoe noJse B. CucreMa HaXOIUTCS
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B OCHOBHOM COCTOsIHMH. BHE3aIIHO 110Jie MeHsIeT CBOe HallpaBJICHHE Ha IIPOTHBOIIOJIOZK-

noe. Hafitn BEPOATHOCTDL TOI'O, YTO CHUCTEMa OCTaHeTCd B OCHOBHOM COCTOAHHH.

Haiitu B_1uHEHHOM 1O MArHUTHOMY TOJIIO TPUOJIHKEHUN pACIIelIeHne MepBoro BO3-
Oy2KJIE€HHOI'O COCTOSIHUSI aTOMa BOJOPOJA MO JeficTBueM MarHuTHOrO mojst (sddexr

Beemarma).

B HavalbHBIl MOMEHT BpPEMEHH CIIHH JEKTPOHA MMeeT Npoekiwioo 1/2 Ha och z. Cu-
cTeMa HAXOJWTCS B OTHOPOAHOM MarHuTHOM moje B = (Bcosf,0, Bsinf). Haiitu

BEPOATHOCTH TOTO, YTO Uepe3 BpeMs ¢ MPOeKIns CIINHA OCTAHeTCd MperKHel.

[IpuaymMaTh U peruTh 3a/[ady M0 KBAHTOBOH MEXaHUKE.

D.

Bbi11oJIHUTH CyMMUPOBAHUE 110 0 B IIPOU3BEICHUIX
A
YYYe, VY Ve, VYV Vs

IIycrs pl, py - nBa 4-BekTOpa, oboznadenue (yp) = v"p,, MO HOBTOPSIIONTAMCS HHIEK-
caM T0/Ipa3yMeBaeTMs CyMMHPOBaHHE, OIyCKaHHe WHAEKCOB IPOBOJIUTCS MeTPHUKO

MunkoBckoro, m - napamerp. Boraucantb
tr[((vpr) +m)y* ((p2) +m)"].

[Mycrs Hy = E €m0, A Boraucsurns (1151 6030HOB 1 hpepMUOHOB)

m

iAot A+ —iH iAot~ —iH
el Ota;e 1 Ot’ el Otame 1 ot‘

[IpoBecTn HOpMAJILHOE YIOPSAOYEHHE OLIEPATOPA

exp [aéﬁ + d&}, « — KOMILIEKCHOE YHCJIO0.

Haiitu oneparop U(q), ocymecTBasgiomuii yaurapuoe npeobpasosanue ot a', a, moj-
YUHAOMIUIMCA KAHOHUYECKUM KOMMYTAIIMOHHBIM COOTHOIIEHUAM, K OollepaTOopaM

A~

A=UYa)al(a) =da+a, A" =U"Ya)atU(a)=a"+a,

IIe « - JeficTBUTeAbHOE YHCJIO.
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[Iycts a,at m b,b" - nBe mapnl 6o3e-0mepaTOpPOB, KOMMYTHPYIOUIHE MEXKIy CO-
ooit. Onpenennm HPOKOBCKOE TPOCTPAHCTBO COOTHOIIEHUSIMU HA BAKYYMHOE COCTOSHHE

a|0) = b|0) = 0. Haiitu B 370M IPOCTPAHCTBE COOCTBEHHBIE COCTOSIHUS TAMUIBTOHUAHA

H=¢ea"a+eb" b+ g(a™b+ab™).

[Tycrs okOBCKOE HPOCTPAHCTBO MOCTPOEHO IIPU HOMOIIU OJHOYACTUYHOIO IIOJIHOTO
nabopa OneparopoB UMILyJibca p;, 1 = 1,2,3, saganubix na Tope 1° (—L; < x; <
Li,—Ly < w9 < Lo, —L3 < w3 < L3) ¢ NepuoguyecKiMi TPAHUIHBIME YCIOBHSIMH.
Toxk1ecTBeHHBIEe YaCTHIB (PeJATUBACTCKAE MAcChl M) MOmMapHO B3aUMO/IEHCTBYIOT

o 3akoHy HOKaBbI

v g O elomlE = i
T INTE

Haiitu raMu/ibTOHHAH CUCTEMBI, BHIPAYKEHHBII Yepe3 OlepaTopbl POXKICHUA U YHHITO-
JKenus, B mpejiese Ly o3 — 00, BBIINCATH KAHOHUIECKHE KOMMYTAI[HOHHDIE (AHTHKOM-

MYTaLLHOHHbIe) COOTHOIIICHU .

zi, © = 1,..., N, - KOMIUIEKCHBbI® TIepeMeHHbIe. BoraucjuTh uHTerpas (MOXKHO s
N =2)
N _ N N
dZZ' AN dZZ _ _ _
H—. exp E ZiMijzj + E (zifi + Gizi) |
. 2mi < ,
=1 i,7=1 =1
3aech fi,gi, 1 =1,..., N, - HaDOP KOMILJIEKCHBIX YHCE.
zi, © = 1,..., N, - rpaccMaHOBbI NepeMeHHble. BbraucauTh uHTerpan (MOXKHO s
N =2)
N N N
/H dZidzi exp[ E EiMiij + E (Elfz + gzZZ)i| s
i=1 ij=1 i=1
3nech fi, g, t=1,..., N, - HADOp IPacCMAHOBBIX IIEPEMEHHBIX.

[Iycts f(Z) - anruronomopdrast GyHKIusa. BoraucauTsb

/ dZ A dzf(z)e—éz-i-ﬂz’

27

U - KOMIIJICKCHOE YHCJIO.

Haiitu Kak JieficTBYIOT OlepaToOpbl POXKJICHUS U YHUYTOXKEHHS B IOJOMODP(MHOM TTPeji-

CTaBJICHNH.



143
E.

1. Craructudeckas cymMMa OOJIBIION0 KAHOHMYECKOT'O aHCaMOJIs UMeeT BHI

Z = Z exXp [_/BA’H} )

371ech [ - obpaTHas TeMIlepaTypa TepMOCTaTa, A, - COOCTBEHHBIE 3HAYEHUSI OIEPaTOPa
H—pN (H, N -raMuJIbTOHHAH U ONEPATOp YUCJIA JACTHUIL, COOTBETCTBEHHO, (i - XUMHU-
JeCKUii OTEHIHAT CHCTEMbI) B (DOKOBCKOM TpocTpancTBe H g, CYMMUPOBAHUE BEJIETCS

110 BCEM COOCTBEHHBIM COCTOAHUSIM.

HaiiTu BoIpazkenue 71 3TON BEJIMUUHBI B TOJIOMOPMHOM TPEICTaBJICHUN U BHIUYUCIUTH
CTATUCTUYECKYIO CyMMY cBOOOIHBIX O030HOB. [Ipomenars To xke camoe jjis (hepMuo-

HOB.

2. [leiicTBue Tpex BeleCTBEHHBbIX CKaJISPHBIX 10JIEH nuMeeT BU/L
K 1 a\ QU La 1 a a 2\2
S= [ dr [ dedeadey | 50,606 — 2M6"6" — 67)?).
t;

37eCh A, g - TOJIOKUTETbHBIE TAPAMETPBI, TT0 MOBTOPAIOIUMCS UHIEKCAM MOAPA3YMe-
Baerca cymmupoBanue. OHO WHBAPHMAHTHO OTHOCHUTEIBHO T/IOOAJIBHBIX Mpeobpa3zoBa-

HUN IoJIei

(ba — Uab¢b7 Uab € SO(B)

JIoKa/Im30BaTh 9TY CUMMETPHIO BBEJICHHEM KaJIHOPOBOYHBLIX HoJiei. CraesaTh mocsie/-

Hue 1MHaMUIYeCKUMU.

3. IlocTpouth renepatopsl Ipynnsl llyankape 1jsg COHHOPHOTO MAcCCHUBHOTO TOJIS, Jeii-
cTBytomue B npocrpancTtBe Poka Hp. Mcnonap3ysa KaHOHHYECKHE aHTUKOMMYTAIIMOH-
HBI€ COOTHOIIEHUS, BHIUUCIUTD aJredOpandecKiue COOTHOIIEHUsT MeXKIY I'eHepaTopaMu

rpyunbl [yankape.

4. Ompezennm 3apsiji KAK MOTOK BEKTOPA JIEKTPUICCKOTO MOJIsT 4epe3 HOBEPXHOCTb, OXBa-
THIBAIOIIYIO PACCMATPUBAEMYIO cucteMy. [locTpouTh omepaTop 3apsijia Jjis CIUHOPHO-
10 [0JIst, HCLOJIb3Ysl JOLOJHUTEILHOE YCJIOBHE PABEHCTBA HYJIIO 3apsijia B BAKYYMHOM
cocrosnmuu (boxkoBckoro npocrpancrsa Hp. Iokasars, uro cocroanus af|0), 3;8\0>

At bt
(37ech Gf ,, b, - omepaTophl POKIEHNS 3TeKTPOHA U TMO3UTPOHA, COOTBETCTREeHHO, |0)
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- BAKYYMHOE COCTOSIHEE) - COOCTBEHHbBIE COCTOSIHUS Olleparopa 3apsiaa. Haiitu ux cob-

CTBEHHBIE 3HAUYEHUSI.
Kak cooTHOCATCS Macchl, CIIUHBI M 3apsIbl JIEKTPOHA U TMO3UTPOHA?

Boraucantn AaPp0 onepaTopa IBOJIOIUN AJId MaCCUBHOI'O BEIIECTBEHHOI'O CKaJIAPHOT'O

MOJIsT ¢ BHEITHUM HCTOYHWKOM J (T, ):

ty 1 1
S:/ti dr/Md dxl...dxdb(@uqﬁ(ﬁ :p))a%(ﬂ ) — §m2¢2(77$)+<](7'7$)¢(7-’ !L“)},

saech My - top T? (—=Ly < w1 < Ly,...,—Lg < 24 < Ly) ¢ nepuogudecKuMu rpaHuy-

HbIMHU YCJIOBUAMMU.

BeraucanTs KOHTI/IHyaHI)HbHL/'I narerpadJl

U(ap,57 bp,s; ap,sa bp,s’tf7 tl) = ap,s(tf):ap,57ap,s(ti):ap,5 D&Dw

BP,S(tf):Bp,s7bp,5(ti):bpys

t.
exXp [Z (dpﬁapﬁ(tf)_’_[_)p,s(ti>bp75)—|—i / ! dT /]V[ d{L’leEQde’g (g@(lyltﬁu—m)’@b—l—jlb—l—lzj)},

p?'s

snech J(7,x), J(T,x) - TpACCMAHOBBI BHEITHIE HCTOYHUKH TPACCMAHOBA TIOJISI

m i A —ipx
U(ra) =), /ﬁ(ap,s(ﬂup,selpx + by (T) Vs,
p.s p

(ry#p,u - m)up,s =0, (’Yﬂp,u + m)Vp,s =0, pﬂ = (5pvpi)a

Up,s1 Up,sy = 681752’ Vp,s1Vp,sy = _581,827 Up,s1 Vp,so = 0,

1, HAKOHETT,

DYDY = | [ Day..(7)Day,o(7)Dby o (7) Dby (7).

p?s

Kanonuueckn IMIPOKBAHTOBATL CUCTEMY

S = /t T [A(T)gw (Box* (7)) Bo” (7) + |,

A7)
rje m - HOJOXKUTEJNbHBIH mapamerp, ¢, i,V = 0,...,d - Merpuka MHHKOBCKOIO
¢ curHarypoii (+,—,...,—), x*(7T) - mepeMeHHbIe MOJEJIN CO 3HAYEHWUSIMH Ha BCeil

NeHCTBUTENIbHO OCH, epeMeHHas A(T) MOJOKUTEIBHO ONpe/Ie/IeHA.

Kakoii u3BecTHO# KJIacCHYeCKON CHCTEME COOTBETCTBYET PACCMOTPEHHAA MOIEDb?
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Boiwucaums S-MaTpUIy KBAHTOBOH 3J€KTPOJIUHAMHKH.

Buivucaums mepBbIit 1 BTOPOil TOPSAI0K TEOPUH BO3MYTIEHUH.
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CdopmymuposaTh mpaBmia anarpaMMHoil Texauku PeiiHMana 171 KBAHTOBOI 3JI€K-

TPOIJUHAMHKH.

BribpaTh ojHONIETIEBYIO JUATPAMMY KBAHTOBOI JIEKTPOJMHAMHUKH, CIIOCOD ee pery-

JIAPU3allud U BBIYUCJIUTDL €€ PpaCXOAdIIyIOCAd 1aCThb, BOSHUKAIOMIYIO IIPDU CHATHHN pery-

JIApHU3alluu.

OnpeieTNTh KOHTPYUIEHBI B JICHCTBUHU, KOTOPBIE JI€/IAI0T PACCMOTPEHHYIO JUATPAMMY

KOHEYHOIA.
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