
1 Ââåäåíèå.

Îòêðûòîé (íåïåðèîäè÷åñêîé) öåïî÷êîé Òîäû áóäåì íàçûâàòü ñèñòåìó, îïðåäåëÿåìóþ ãà-
ìèëüòîíèàíîì

H =
n∑
i=1

p2
i

2
+ g2

n−1∑
i=1

exp(2(qi − qi+1))

Çàìåíèì êîîðäèíàòû qi → qi + (i− 1) log(|g|). Òîãäà ìîæíî ñ÷èòàòü g = 1.
Óðàâíåíèÿ Ãàìèëüòîíà:

q̇i = pi

ṗi = 2 exp(2(qi−1 − qi))− 2 exp(2(qi − qi+1)), 1 < i < n

ṗ1 = −2 exp(2(q1 − q2)),

ṗn = 2 exp(2(qn−1 − qn))

Öåëü äîêëàäà � ïîêàçàòü, ÷òî îòêðûòàÿ öåïî÷êà Òîäû ÿâëÿåòñÿ èíòåãðèðóåìîé ïî
Ëèóâèëëþ, òî åñòü ñóùåñòâóåò N íåçàâèñèìûõ ñîõðàíÿþùèõñÿ âåëè÷èí â èíâîëþöèè.

Âàæíî îòìåòèòü òàêæå ÷òî ñóùåñòâóåò ìîäåëü ñî ñõîäèì ãàìèëüòîíèàíîì:

H = H =
n∑
i=1

p2
i

2
+ g2((

n−1∑
i=1

exp(2(qi − qi+1))) + exp(2(qn − q1))

Îíà íàçûâàåòñÿ çàìêíóòîé (ïåðèîäè÷åñêîé) öåïî÷êîé Òîäû è, âîîáùå ãîâîðÿ å¼ ïîâå-
äåíèå ìîæåò çíà÷èòåëüíî îòëè÷àòüñÿ îò ïîâåäåíèÿ îòêðûòîé öåïî÷êè Òîäû.

2 Îñíîâíûå ìàòðè÷íûå ñîîòíîøåíèÿ.

2.1 Îïðåäåëåíèÿ

E+k := Ek,k+1

E−k := Ek+1,k

Hj := Ejj − Ej+1,j+1

2.2 Êîììóòàòîðû.

Çàïèøåì äâà îñíîâíûõ ñîîòíîøåíèÿ, çà ñ÷¼ò êîòîðûõ âû÷èñëÿþòñÿ âñå êîììóòàòîðû äëÿ
ëèíåéíûõ êîìáèíàöèé ìàòðè÷íûõ åäèíèö.

EijEkl = δjkEil

[Eij, Ekl] = δjkEil − δilEkj
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Òåïåðü âû÷èñëèì ñàìè êîììóòàòîðû:

[E−k, E+j] = [Ek+1,k, Ej,j+1] = δkjEk+1,j+1 − δk+1,j+1Ej,k = δkj(Ek+1,k+1 − Ek,k) = −δjkHk

[E−k, Eii] = δikEk+1,i − δi,k+1Eik = (δik − δi,k+1)E−k

[E+k, Eii] = δi,k+1Ek,i − δikEi,k+1 = (δi,k+1 − δik)E+k

[E−k, Hi] = [Ek+1,k, Eii − Ei+1,i+1] = δikEk+1,i − δk+1,iEik − (δi+1,kEk+1,i+1 − δkiEi+1,k) =

= (2δik − δk+1,i − δk,i+1)E−k = CikE−k

[E+k, Hi] = [Ek,k+1, Eii − Ei+1,i+1] = δi,k+1Ek,i − δkiEi,k+1 − (δikEk,i+1 − δk,i+1Ei+1,k+1) =

= (δi,k+1 + δk+1,i − 2δki)E+k = −CikE+k

[E−k, E−j] = [Ek+1,k, Ej+1,j] = δk,j+1Ek+1,j − δj,k+1Ej+1,k+1 = δk,j+1Ek+1,k−1 − δj,k+1Ek+2,k

[E+k, E+j] = [Ek,k+1, Ej,j+1] = δk+1,jEk,j+1 − δj+1,kEj,k+1 = δk+1,jEk,k+2 − δj+1,kEk−1,k+1

3 Ïàðà Ëàêñà.

Äëÿ ïîèñêà íàáîðà ïåðâûõ èíòåãðàëîâ ìû âîñïîëüçóåìñÿ ïðåäñòàâëåíèåì Ëàêñà óðàâíå-
íèé äâèæåíèÿ.

3.1 Ïðèìåíåíèå ïàðû Ëàêñà.

Ïóñòü óäàëîñü ïðèâåñòè ñèñòåìó óðàâíåíèé ê âèäó:

L̇ = [M,L]

Òîãäà ðàññìîòðèì çàäà÷ó Êîøè:

U̇ = MU

U(0) = E

Òîãäà:

L̇ = U̇U−1L− L(̇U)U−1

U−1L̇U = −U̇−1LU − U−1LU̇

d(U−1LU)

dt
= 0

L(t) = U(t)L(0)U−1(t)

Òàêèì îáðàçîì íàáîð ñîáñòâåííûõ çíà÷åíèé L ñîõðàíÿåòñÿ ïîñêîëüêó ñîõðàíÿåòñÿ õà-
ðàêòåðèñòè÷åñêèé ìíîãî÷ëåí L. Òàêæå âîçâîäÿ ðåøåíèå â ñòåïåíü íåòðóäíî âèäåòü ÷òî
òîæå ñïðàâåäëèâî è äëÿ Lk ñëåäîâàòåëüíî ïîÿâëÿåòñÿ íàáîð ñîõðàíÿþùèõñÿ âåëè÷èí
Hk = 1

k
Tr(Lk).

2



3.2 Ïîñòðîåíèå ïàðû Ëàêñà.

Áóäåì èñêàòü ïàðó Ëàêñà â âèäå ðàçëîæåíèÿ ïî Eii, E+k, E−k Çàïèøåì óðàâíåíèÿ äâèæå-
íèÿ íà èìïóëüñû â ñëåäóþùåé ìàòðè÷íîé ôîðìå:

n∑
j=1

Ejj ṗj =
n∑
j=2

2Ejj exp(2(qj−1 − qj))−
n−1∑
j=1

2Ejj exp(2(qj − qj+1)) =
n−1∑
j=1

−2Hj exp(2(qj − qj+1)) =

= 2
n−1∑
k=1

n−1∑
j=1

−[E+k exp(qk − qk+1), E−j exp(qj − qj+1)] =

=
n−1∑
k=1

n−1∑
j=1

(−[E+k exp(qk − qk+1), E−j exp(qj − qj+1)] + [E−k exp(qk − qk+1), E+j exp(qj − qj+1)])

Ïîñêîëüêó

n−1∑
j=1

n−1∑
k=1

[E+j exp(qj − qj+1), E+k exp(qk − qk+1)] =
n−1∑
j=1

n−1∑
k=1

[E−j exp(qj − qj+1), E−k exp(qk − qk+1)] = 0

n∑
j=1

Ejj ṗj =
n−1∑
k=1

n−1∑
j=1

[(E+k + E−k) exp(qk − qk+1), (E+j − E−j) exp(qj − qj+1)] =

= [
n−1∑
k=1

(E+k + E−k) exp(qk − qk+1),
n−1∑
j=1

(E+j − E−j) exp(qj − qj+1)]

Ðàññìîòðèì òåïåðü

[
n∑
k=1

pkEkk,
n−1∑
j=1

(E+j − E−j) exp(qj − qj+1)] =
n∑
k=1

n−1∑
j=1

pk exp(qj − qj+1)(δj,k − δj+1,k)(E+j + E−j) =

=
n−1∑
j=1

(pj − pj+1) exp(qj − qj+1)(E+j + E−j)

Íà óðàâíåíèÿõ äâèæåíèÿ ýòà âåëè÷èíà åñòü ïðîèçâîäíàÿ ïî âðåìåíè âûðàæåíèÿ:

n−1∑
k=1

(E+k + E−k) exp(qk − qk+1)

Òî åñòü:

d

dt
(
n−1∑
k=1

(E+k + E−k) exp(qk − qk+1)) = [
n∑
k=1

pkEkk,
n−1∑
j=1

(E+j − E−j) exp(qj − qj+1)]

Ñêëàäûâàÿ ýòî óðàâíåíèå ñ ïîëó÷åííûì ðàíåå, ïîëó÷èì:

d

dt
(
n−1∑
k=1

(E+k + E−k) exp(qk − qk+1) +
n∑
j=1

Ejjpj) =

= [
n−1∑
k=1

(E+k + E−k) exp(qk − qk+1) +
n∑
j=1

Ejjpj,
n−1∑
j=1

(E+j − E−j) exp(qj − qj+1)]
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Òàêèì îáðàçîì ïîëó÷àåì ïàðó Ëàêñà:

L =
n∑
j=1

Ejjpj +
n−1∑
i=1

(E+i + E−i) exp(qi − qi+1)

M = −
n−1∑
i=1

(E+i − E−i) exp(qi − qi+1)

Äàííîå ñîîòíîøåíèå ïîëó÷åíî èç óðàâíåíèé äâèæåíèÿ. Îáðàòíî, ðàññìîòðåâ äèàãî-
íàëüíûå ýëåìåíòû ìû ïîëó÷èì óðàâíåíèÿ äâèæåíèÿ íà èìïóëüñû. Ðàññìîòðåíèå îñòàâ-
øèõñÿ íåíóëåâûõ ñîñòàâëÿþùèõ ìàòðèöû äà¼ò óðàâíåíèÿ íà ðàçíîñòè ñêîðîñòåé:

˙qi+1 − q̇i = pi+1 − pi

Ïàðà Ëàêñà:

L =
n∑
j=1

Ejjpj +
n−1∑
i=1

(E+i + E−i) exp(qi − qi+1)

M = −
n−1∑
i=1

(E+i − E−i) exp(qi − qi+1)

4 r - ìàòðè÷íàÿ ñòðóêòóðà.

4.1 Îáîñíîâàíèå èíâîëþòèâíîñòè ïðè íàëè÷èè r-ìàòðèö.

Áóäåì äàëåå èñïîëüçîâàòü ñëåäóþùåå îáîçíà÷åíèå: ïóñòü A - ìàòðèöà, òîãäà:

A1 := A⊗ E

A2 := E ⊗ A

Çàïèøåì:

Tr12({A1, B2}) =
∑
i,j,k,l

{Aij, Bkl}Tr12(Eij ⊗ Ekl) =

=
∑
i,j,k,l

{Aij, Bkl}δijδkl =
∑
i,k

{Ai,i, Bk,k} = {Tr(A),Tr(B)}

{A1B1, C2} =
∑
i,t,j,k,l

{AitBtj, Ckl}Eij ⊗ Ekl =
∑
i,j,k,l

∑
e,f

Aie{Bfj, Ckl}(EieEfj)⊗ Ekl+

+
∑
i,j,k,l

∑
e,f

Bfj{Aie, Ckl}(EieEfj)⊗ Ekl =
∑
i,j,k,l

∑
e,f

Aie{Bfj, Ckl}(Eie ⊗ E)(Efj ⊗ Ekl)+

+
∑
i,j,k,l

∑
e,f

Bfj{Aie, Ckl}(Eie ⊗ Ekl)(Efj ⊗ E) = A1{B1, C2}+ {A1, C2}B1

{A1, B2C2} = {A1, B2}C2 +B2{A1, C2}
Tr12((Eij ⊗ Ekl)(Emn ⊗ Ert)) = Tr12(EijEmn ⊗ EklErt) = Tr(EijEmn)Tr(EklErt) =

= Tr(EmnEij)Tr(ErtEkl) = Tr12((Emn ⊗ Ert)(Eij ⊗ Ekl))
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Èç ÷åãî ñðàçó â ñèëó ëèíåéíîñòè:

Tr12(AB) = Tr12(BA)

Èç ÷åãî ñëåäóåò âîçìîæíîñòü ïåðåñòàíîâêè ìíîæèòåëåé â ñëåäå öèêëè÷åñêè. Èç äàííûõ
ñîîòíîøåíèé ïîëó÷àåì:

Tr12({Lm1 , Ln2}) = Tr12(L1{Lm−1
1 , Ln2}+ {L1, L

n
2}Lm−1

1 ) = Tr12(L1{Lm−1
1 , Ln2}+ Lm−1

1 {L1, L
n
2}) =

= mTr12(Lm−1
1 {L1, L

n
2}) = mTr12(Lm−1

1 ({L1, L2}Ln−1
2 + L2{L1, L

n−1
2 })) =

= mTr12(Lm−1
1 ({L1, L2}Ln−1

2 + {L1, L
n−1
2 }L2)) = mnTr12(Lm−1

1 {L1, L2}Ln−1
2 )

Òåïåðü âîñïîëüçóåìñÿ äîêàçàííûì óòâåðæäåíèåì ïðî ñêîáêó ñëåäîâ è r-ìàòðèöåé:

{Tr(Lm1 ),Tr(Ln2 )} = Tr12({Lm1 , Ln2}) = mnTr12(Lm−1
1 {L1, L2}Ln−1

2 ) =

= mnTr12(Lm−1
1 ([r12, L1]− [r21, L2])Ln−1

2 ) = mn(Tr12(Lm−1
1 r12L1L

n−1
2 )− Tr12(Lm1 r12L

n−1
2 ))−

−Tr12(Lm−1
1 r21L

n
2 ) + Tr12(Lm−1

1 L2r21L
n−1
2 ))

Òðåáóåìîå ñëåäóåò èç ïåðåñòàíîâî÷íîñòè L1 ñ L2 è âîçìîæíîñòè öèêëè÷åñêîé ïåðåñòàíîâ-
êè ìíîæèòåëåé â Tr12

4.2 Ïîñòðîåíèå r-ìàòðèö

Ðàññ÷èòàåì ñêîáêó Ïóàññîíà äëÿ L1, L2:

{L1, L2} =
n∑
i=1

n−1∑
k=1

{pi, exp(ql − ql+1)}Eii ⊗ (E+l + E−l) +
n∑
i=1

n−1∑
k=1

{exp(ql − ql+1), pi}(E+l + E−l)⊗ Eii =

=
n−1∑
l=1

exp(ql − ql+1)(Hl ⊗ (E+l + E−l)− (E+l + E−l)⊗Hl)

[r12, L1 + L2] =
n∑
i=1

pi[r12, Eii ⊗ E + E ⊗ Eii]+

+
n−1∑
k=1

exp(qk − qk+1)[r12, (E+k + E−k)⊗ E + E ⊗ (E+k + E−k)]

Èç ýòîãî ïîëó÷àåì:

[r12, Hi ⊗ E + E ⊗Hi] = 0

[r12, (E+k + E−k)⊗ E + E ⊗ (E+k + E−k)] = Hk ⊗ (E+k + E−k)− (E+k + E−k)⊗Hk

Ìîæíî íåïîñðåäñòâåííî ïðîâåðèòü, ÷òî äàííûì ñîîòíîøåíèÿì óäîâëåòâîðÿåò:

r12 =
∑
j>i

(Eij ⊗ Eji − Eji ⊗ Eij)
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5 Íåçàâèñèìîñòü Hk

Êàê ìû ïîêàçàëè ðàíåå âåëè÷èíû Hk íàõîäÿòñÿ â èíâîëþöèè, îäíàêî ýòîãî âñ¼ åù¼ íåäî-
ñòàòî÷íî äëÿ èíòåãðèðóåìîñòè - íåîáõîäèìî ïîêàçàòü òàêæå è íåçàâèñèìîñòüHk. Çàïèøåì
L â âèäå: L = P + Q, Ãäå P =

∑n
j=1Ejjpj Òîãäà Q Çàâèñèò òîëüêî îò êîîðäèíàò è âñå å¼

äèàãîíàëüíûå ýëåìåíòû - íóëåâûå.

Lk = P k +R

Ãäå R áóäåò ïðåäñòàâëÿòüñÿ â âèäå ñóììû ìàòðèö âèäà P...PQ...QP...P... ïðè ýòîì âõîæ-
äåíèé P ìîæåò áûòü íå áîëåå ÷åì k − 1, òîãäà:

Tr(Lk) =
1

k
(
n∑
j=1

pkj +Rn−1(pi))

Çàïèøåì äèôôåðåíöèàë:

dHk = (pk−1
1 +R1

k−2(pi), p
k−1
2 +R2

k−2(pi), ..., p
k−1
n +Rn

k−2(pi), ...)

Ïîñìîòðèì òåïåðü íà îïðåäåëèòåëü ñèñòåìû ïåðâûõ n ñòîëáöîâ â ìàòðèöå ßêîáè: îòñîð-
òèðóåì ìîíîìû ñíà÷àëà ïî ñóììå ñòåïåíåé, òîãäà ñòàíîâèòñÿ ÿñíî, ÷òî ìîíîìû âûñøåé
ñòåïåíè âîçíèêàþò òîëüêî â âèäå ±pn−1

i1
pn−2
i2

...p0
in è òîëüêî ïî îäíîìó ðàçó, ÷òî äà¼ò îöåíêó

íà ðàçìåðíîñòü ïîâåðõíîñòè âûðîæäåíèÿ ñâåðõó êàê 2n - 1. Òàêèì îáðàçîì ïî÷òè âñþäó
èíòåãðàëû Hk íåçàâèñèìû, ÷òî äà¼ò ïîñëåäíåå óñëîâèå â îïðåäåëåíèè ñèñòåìû èíòåãðè-
ðóåìîé ïî Ëèóâèëëþ.

6 Âûñøèå Ãàìèëüòîíèàíû

Ïðèâåä¼ì ïðèìåðû âèäà Hk:
Ïðåäñòàâëåíèå Ëàêñà: L =

∑n
j=1Ejjpj +

∑n−1
k=1 exp(qk − qk+1)(E+k + E−k)

Èç ÷åãî ñðàçó ñëåäóåò, ÷òî

H1 = Tr(L) =
n∑
j=1

pj

L2 =
n∑
j=1

Ejjp
2
j +

n∑
j=1

n−1∑
k=1

(Ejj(E+k + E−k) + (E+k + E−k)Ejj)pj exp(qk − qk+1)+

+
n−1∑
m=1

n−1∑
k=1

(E+k + E−k)(E+m + E−m) exp(qk − qk+1) exp(qm − qm+1)

Â ñëåä âíåñ¼ò âêëàä ïåðâàÿ ñóììà, à òàêæå ñëàãàåìûå âèäà E+kE−k = Ekk, E−kE+k =
Ek+1,k+1 â òðåòüåé ñóììå.

Tr(L2) =
n−1∑
j=1

p2
j + 2

n−1∑
j=1

exp(qj − qj+1) = 2H

Òåì ñàìûì:
H2 = H
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Äëÿ ïîäñ÷¼òà H3 âûïèøåì åù¼ ðàç L2:

L2 =
n∑
j=1

Ejjp
2
j +

n∑
j=1

n−1∑
k=1

(Ejj(E+k + E−k) + (E+k + E−k)Ejj)pj exp(qk − qk+1)+

+
n−1∑
m=1

n−1∑
k=1

(E+k + E−k)(E+m + E−m) exp(qk − qk+1) exp(qm − qm+1) =
n∑
j=1

Ejjp
2
j+

+
n−1∑
k=1

(E+k + E−k)(pk+1 + pk) exp(qk − qk+1) +
n−1∑
k=1

(Ek+1,k+1 + Ekk) exp(2(qk − qk+1)) + ...

Ãäå ... - ìàòðèöà ñ íóëåâûìè äèàãîíàëüíûìè è îêîëîäèàãîíàëüíûìè ýëåìåíòàìè, ïîòîìó
(èç âèäà L) íå âíîñÿùàÿ âêëàäà â H3.

Tr(L3) =
n∑
j=1

p3
j + 2

n−1∑
k=1

(pk + pk+1) exp(2(qk − qk+1)) +
n−1∑
k=1

(pk+1 + pk) exp(2(qk − qk+1)) =

=
n∑
j=1

p3
j + 3

n−1∑
k=1

(pk + pk+1) exp(2(qk − qk+1))

Òåì ñàìûì:

H3 =
1

3

n∑
j=1

p3
j +

n−1∑
k=1

(pk + pk+1) exp(2(qk − qk+1))

6.1 Èíòåãðàëû äâèæåíèÿ êàê Ãàìèëüòîíèàíû:

Ðàññìîòðèì Hk êàê Ãàìèëüòîíèàíû, çàäàþùèå óðàâíåíèÿ äâèæåíèÿ:

dL

dtn
= {Hn, L}

Èç ñóùåñòâîâàíèÿ r-ìàòðè÷íîé ñòðóêòóðû ñëåäóåò, ÷òî äëÿ äàííûõ óðàâíåíèé äâèæåíèÿ
ñóùåñòâóåò ïàðà Ëàêñà L,Mn. Äîêàçàòåëüñòâî:

{Hn, L} = {Tr(Ln), L} =
1

n
Tr1({Ln1 , L2}) =

1

n
Tr1({Ln1 , L2}) =

=
1

n
Tr1(nLn−1

1 {L1, L2}) = Tr1(Ln−1
1 [r12, L1 + L2]}) = [Tr1(Ln−1

1 r12), L]

Â êà÷åñòâå èëëþñòðèðóþùåãî ïðèìåðà ðàññìîòðèì H1. Íåïîñðåäñòâåííûé ðàññ÷¼ò äà-
¼ò:

H1 =
n∑
j=1

pj

M1 = Tr1(r12) = 0

Ñëåäîâàòåëüíî H1 êàê Ãàìèëüòîíèàí çàäà¼ò ðàâíîìåðíîå äâèæåíèå âñåé öåïî÷êè êàê öå-
ëîãî ñ ïîñòîÿííîé ñêîðîñòüþ.
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7 Ñâÿçü ñ àëãåáðîé.

7.1 Îñíîâíûå îïðåäåëåíèÿ è òåîðåìû:

Îïðåäåëåíèå Íîðìàëèçàòîðîì ïîäàëãåáðû H àëãåáðû Ëè L íàçûâàåòñÿ:

N(H) = {x ∈ L|∀h ∈ H : [x, h] ∈ H}

Îïðåäåëåíèå Àëãåáðà Ëè L íàçûâàåòñÿ íèëüïîòåíòíîé, åñëè:

∃n ∈ N : Ln = 0

Ãäå Ln := [Ln−1, L], L1 := L
Îïðåäåëåíèå Ïîäàëãåáðîé Êàðòàíà àëãåáðû Ëè íàçûâàåòñÿ íèëüïîòåíòíàÿ ïîäàëãåá-

ðà, íîðìàëèçàòîð êîòîðîé ñ íåé ñîâïàäàåò.
Îïðåäåëåíèå: Àëãåáðà Ëè L íàçûâàåòñÿ ïðîñòîé, åñëè íå èìååò ñîáñòâåííûõ ïîäàë-

ãåáð, çàìêíóòûõ îòíîñèòåëüíî óìíîæåíèÿ íà ýëåìåíòû L. Åñëè íåò òàêèõ êîììóòàòèâíûõ
ïîäàëãåáð, òî L íàçûâàåòñÿ ïîëóïðîñòîé.

Îïðåäåëåíèå: Ïóñòü çàäàíî ïðåäñòàâëåíèå ρ àëãåáðû Ëè L íà êîíå÷íîìåðíîì ïðî-
ñòðàíñòâå V (íàä C), à λ - îäíîìåðíîå ïðåäñòàâëåíèå L.
Òîãäà:

Vλ := {v ∈ V |∀x ∈ L ∃n(x) ∈ N : (ρ(x)− λ(x))n(x)(v) = 0}
Åñëè Vλ 6= 0, òî λ íàçûâàåòñÿ âåñîì, à ñîîòâåòñòâóþùåå Vλ âåñîâûì ïðîñòðàíñòâîì.

Òåîðåìà: Äëÿ âñÿêîãî ïðåäñòàâëåíèÿ íèëüïîòåíòíîé àëãåáðû Ëè ïðàâåäëèâî ðàçëî-
æåíèå:

V =
⊕
λ

Vλ

Êðîìå òîãî Vλ èíâàðèàíòíû.
Áóäåì òåïåðü ðàññìàòðèâàòü ïðèñîåäèí¼ííîå ïðåäñòàâëåíèå ïîäàëãåáðû Êàðòàíà H

àëãåáðû Ëè L íà L. Â ñèëó íèëüïîòåíòíîñòè H, äëÿ ïðèñîåäèí¼ííîãî ïðåäñòàâëåíèÿ H íà
L ñïðàâåäëèâà òåîðåìà ïðèâåä¼ííàÿ âûøå.

Óòâåðæäåíèå:

L0 = H

Âåñîâûå ïðîñòðàíñòâà â ñëó÷àå ïðèñîåäèí¼ííîãî ïðåäñòàâëåíèÿ òàêæå íàçûâàþò êîðíå-
âûìè. λ 6= 0 òàêèå ÷òî Lλ 6= 0 íàçûâàþò êîðíÿìè.

Óòâåðæäåíèå:

[Lα, Lβ] ⊂ Lα+β

Îïðåäåëåíèå: Áèëèíåéíîå îòîáðàæåíèå Tr(ad(x)·ad(y)) íàçûâàåòñÿ ôîðìîé Êèëëèí-
ãà.

Óòâåðæäåíèå: Òåïåðü ïóñòü àëãåáðà Ëè L - ïîëóïðîñòàÿ, òîãäà ñïðàâåäëèâû ñëåäó-
þùèå óòâåðæäåíèÿ:
1) Åñëè α - êîðåíü, òî cα - êîðåíü òîãäà è òîëüêî òîãäà êîãäà c = −1
2) Ôîðìà Êèëëèíãà íà ïîäàëãåáðå Êàðòàíà íåâûðîæäåíà.
3) Lµ ⊥ Lν ïðè µ 6= −ν
4) Êîðíåâûå ïðîñòðàíñòâà Lλ îäíîìåðíû.
5) Ïîäàëãåáðà Êàðòàíà êîììóòàòèâíà.

Èç äàííûõ óòâåðæäåíèé ñëåäóåò, ÷òî êàæäîìó êîðíþ ñ ïîìîùüþ ôîðìû Êèëëèíãà
ìîæíî ñîïîñòàâèòü âåêòîð. Òàêîé âåêòîð íàçûâàåòñÿ êîðíåâûì. Â ñèëó îäíîìåðíîñòè è
èíâàðèàíòíîñòè Lλ ïîäàëãåáðà Êàðòàíà äåéñòâóåò íà íèõ óìíîæåíèåì íà ÷èñëî.

8



7.2 Î ñèñòåìàõ êîðíåé:

Â îáùåì ñëó÷àå ñèñòåìîé êîðíåé â âåêòîðíîì ïðîñòðàíñòâå V ñ çàäàííûì ñêàëÿðíûì
ïðîèçâåäåíèåì íàçûâàåòñÿ êîíå÷íîå ìíîæåñòâî âåêòîðîâ Φ òàêîå ÷òî:

< h >h∈Φ= V

∀h ∈ Φ : Sh(Φ) ⊂ Φ

2
(h, v)

(h, h)
∈ Z

Ãäå ïî îïðåäåëåíèþ:

Sh(v) := v − 2
(h, v)

(h, h)
h

Åñëè çàäàí ëèíåéíûé ôóíêöèîíàë íå çàíóëÿþùèéñÿ íà Φ, òî ìîæíî ïî çíàêó ýòîãî ôóíê-
öèîíàëà îïðåäåëèòü êîðíè ïîëîæèòåëüíûìè/îòðèöàòåëüíûìè.

Òàêæå ñðåäè ïîëîæèòåëüíûõ êîðíåé ìîæíî âûäåëèòü ñèñòåìó ïðîñòûõ êîðíåé - áà-
çèñ ëåæàùèé â Φ òàêîé ÷òî ðàçëîæåíèå ïî íåìó äëÿ âåêòîðîâ â Φ ïðîèñõîäèò òîëüêî ñ
ïîëîæèòåëüíûìè èëè òîëüêî ñ îòðèöàòåëüíûìè öåëûìè êîýôôèöèåíòàìè.

Â ïðèìåíåíèè ê àëãåáðàì Ëè îïðåäåëåíèþ ñèñòåìû êîðíåé óäîâëåòâîðÿåò êàê íàáîð
îäíîìåðíûõ ïðåäñòàâëåíèé λ íàçâàííûõ â ïðåäûäóùåì ðàçäåëå êîðíÿìè, òàê è íàáîð
êîðíåâûõ âåêòîðîâ.

7.3 Ñâÿçü ñ öåïî÷êîé Òîäû:

Â äàííîì äîêëàäå îñíîâíûìè èñïîëüçóåìûìè ìàòðèöàìè áûëè E+k, E−k, Hi, E+k îáðàçó-
þò ïðîñòóþ ñèñòåìó ïîëîæèòåëüíûõ êîðíåé àëãåáðû Ëè sl(n,R), à Hi ÿâëÿþòñÿ áàçèñîì
ïîäàëãåáðû Êàðòàíà â ýòîé àëãåáðå. Â ñîîòâåòñòâèè ñ ýòèì å¼ ðàíã: n - 1.

Ïðè ïîñòðîåíèè ïàðû Ëàêñà è r-ìàòðèö áûëè èñïîëüçîâàíû ñîîòíîøåíèÿ:

[E+k, E−j] = δijHi

[Hj, Hk] = 0

[Hi, E±j] = ±CijHj

Êîòîðûå èìåþò ñõîæèé âèä è äëÿ äðóãèõ ïîëóïðîñòûõ àëãåáð Ëè. Áëàãîäàðÿ ýòîìó óäà-
¼òñÿ ïîñòðîèòü îáîáùåíèå: äëÿ ïðîñòîé àëãåáðû Ëè ñ ïîäàëåáðîé Êàðòàíà < Hi > è
êîðíåâûìè ïðîñòðàíñòâàìè < Eα >. Ñòðîÿòñÿ âåêòîðû èìïóëüñîâ è êîîðäèíàò â âèäå:

p =
r∑
i=1

pjHj

q =
r∑
i=1

qjHj

Ôóíêöèÿ Ãàìèëüòîíà:

H =
(p, p)

2
+

∑
α simple

exp(2α(q))
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Ïðè ýòîì èñïîëüçîâàííûå íàìè êîììóòàöèîííûå ñîîòíîøåíèÿ áóäóò èìåòü âèä äëÿ ïîëî-
æèòåëüíûõ ïðîñòûõ α, β:

[E+α, E−β] = δαβHα

[Hα, Hβ] = 0

[Hα, E±β] = ±2 < Hα, Hα > CαβEβ

Ãäå Cαβ = 2
<Hα,Hβ>

<Hα,Hα>
, (α, β - ïîëîæèòåëüíûå ïðîñòûå) - ìàòðèöà Êàðòàíà. Çäåñü ïðåäïî-

ëàãàåòñÿ íîðìèðîâêà < Eα, E−α >= 1 Â ýòîì ñëó÷àå ïàðà Ëàêñà è r-ìàòðèöû ïîëó÷àþòñÿ
òàêèìè:

L = p+
∑

α simple

exp(α(q))(Eα + E−α)

M = −
∑

α simple

exp(α(q))(Eα − E−α)

r12 =
∑
α>0

Eα ⊗ E−α − E−α ⊗ Eα
(Eα, E−α)

Îêàçûâàåòñÿ, ÷òî ïîëóïðîñòûå àëãåáðû Ëè îäíîçíà÷íî îïðåäåëÿþòñÿ âèäîì ìàòðèöû
Êàðòàíà: ñ ïîìîùüþ íå¼ ñòðîèòñÿ äèàãðàììà Äûíêèíà ïî ñëåäóþùèì ïðàâèëàì: Ïóñòü
ðàíã àëãåáðû r. Ñòðîèòñÿ ãðàô èç r âåðøèí, âåðøèíû ñ ðàçëè÷íûìè íîìåðàìè ñîåäèíÿ-
þòñÿ nij = CijCji ðåáðàìè. Ïðè ýòîì èç ñâîéñòâ ñèñòåì êîðíåé ñëåäóåò, ÷òî nij ìîæåò
ïðèíèìàòü çíà÷åíèÿ â äèàïàçîíå îò 0 äî 3. Îêàçûâàåòñÿ ñïðàâåäëèâûì è áîëåå ñèëüíîå
óòâåðæäåíèå: ïî Äèàãðàììå Äûíêèíà îäíîçíà÷íî âîññòàíàâëèâàåòñÿ ðàçëîæåíèå ïîëó-
ïðîñòîé àëãåáðû íà ïðîñòûå è èõ âèä.

7.3.1 Ïðèìåðû:

Â îñíîâíîé ÷àñòè äîêëàäà ðàññìàòðèâàëàñü ñèñòåìà êîðíåé An−1 ñîîòâåòñòâóþùàÿ àëãåáðå
sl(n,C). Äèàãðàììà Äûíêèíà äëÿ íå¼:

Êàê ìîæíî âèäåòü èç ïîñòðîåíèÿ ïàðû Ëàêñà äëÿ sl(n,C) åé ñîîòâåòñòâîâàë íàáîð
êîðíåé {e1 − e2, ..., en−1 − en}

Ðàññìîòðèì òåïåðü ñèñòåìó êîðíåé Dn ñîîòâåòñòâóþùóþ àëãåáðå so(2n): Â ýòîì ñëó÷àå
äèàãðàììà èìååò âèä:

Ñîîòâåòñòâóþùèé íàáîð êîðíåé: {e1 − e2, ..., en−1 − en, en−1 + en}
Äëÿ íåãî ïîëó÷àåì Ãàìèëüòîíèàí:

H =
(p, p)

2
+

n−1∑
i=1

exp(2(qi − qi+1)) + exp(qn−1 + qn)
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